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The Constitution of India
Chapter IV A

Fundamental Duties

ARTICLE 51A
Fundamental Duties- It shall be the duty of every citizen of India-

(@)

(b)

(€)
(d)

(e)

(f)
(9)

(h)

(i)

1),

(k)

to abide by the Constitution and respect its ideals and institutions,
the National Flag and the National Anthem;

to cherish and follow the noble ideals which inspired our national
struggle for freedom;

to uphold and protect the sovereignty, unity and integrity of India;

to defend the country and render national service when called upon
to do so;

to promote harmony and the spirit of common brotherhood amongst
all the people of India transcending religious, linguistic and regional
or sectional diversities, to renounce practices derogatory to the
dignity of women;

to value and preserve the rich heritage of our composite culture;

to protect and improve the natural environment including forests,
lakes, rivers and wild life and to have compassion for living
creatures;

to develop the scientific temper, humanism and the spirit of inquiry
and reform;

to safeguard public property and to abjure violence;

to strive towards excellence in all spheres of individual and
collective activity so that the nation constantly rises to higher levels
of endeavour and achievement;

who is a parent or guardian to provide opportunities for education
to his child or, as the case may be, ward between the age of six
and fourteen years.
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The Constitution of India

Preamble

WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC and to secure to
all its citizens:

JUSTICE, social, economic and political ;

LIBERTY of thought, expression, belief, faith
and worship;

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of
the individual and the unity and integrity of the
Nation;

IN OUR CONSTITUENT ASSEMBLY this
twenty-sixth day of November, 1949, do HEREBY
ADOPT, ENACT AND GIVE TO OURSELVES
THIS CONSTITUTION.



NATIONAL ANTHEM

Jana-gana-mana-adhinayaka jaya hé
Bharata-bhagya-vidhata,

Panjaba-Sindhu-Gujarata-Maratha
Dravida-Utkala-Banga

Vindhya-Himachala-Yamuna-Ganga
uchchala-jaladhi-taranga

Tava subha namé jage, tava subha asisa mage,
gahé tava jaya-gatha,

Jana-gana-mangala-dayaka jaya hé
Bharata-bhagya-vidhata,

Jaya hé, Jaya hé, Jaya hé,
Jaya jaya jaya, jaya hé.

PLEDGE

India is my country. All Indians
are my brothers and sisters.

I love my country, and I am proud
of its rich and varied heritage. I shall
always strive to be worthy of it.

I shall give my parents, teachers
and all elders respect, and treat
everyone with courtesy.

To my country and my people,
I pledge my devotion. In their
well-being and prosperity alone lies
my happiness.
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-:{ PREFACE }:

Dear Students,

Welcome to the eleventh standard!

You have successfully completed your secondary education and have entered the
higher secondary level. You will now need to learn certain mathematical concepts and acquire
some statistical skills to add more applicability to your work. Maharashtra State Bureau of
Textbook Production and Curriculum Research has modified and restructured the curriculum
in Mathematics in accordance with changing needs.

The curriculum of Mathematics is divided in two parts. Part 1 covers topics in
Trignometry, Algebra, Co-ordinate Geometry and Statistics. Part 2 covers Complex Numbers,
Sets and Relations, Calculus and Combinatorics. There is a special emphasis on applications.
Activities are added in every chapter for creative thinking.

Some material will be made available on E-balbharati website (ebalbharati.in). It
contains a list of specimen practical problems on each chapter. Students should complete the
practical exercises under the guidance of their teachers. Maintain a journal and take teacher’s
signature on every completed practical.

You are encouraged to use modern technology in your studies. Explore the Internet for
more recent information and problems on topics in the curriculum. You will enjoy learning if
you study the textbook thoroughly and manage to solve problems.

On the title page Q.R. code is given. It will help you to get more knowledge and clarity
about the contents.

This textbook is prepared by Mathematics Subject Committee and members of study
group. This book has also been reviewed by senior teachers and subject experts. The Bureau
is grateful to all of them and would like to thank for their contribution in the form of creative
writing, constructive criticism and valuable suggestions in making this book useful to you and
helpful to your teachers.

The Bureau hopes that the textbook will be received well by all stakeholders in the right
spirit.

You are now ready to study. Best wishes for a happy learning experience.

Pune
Date : 20 June 2019

. (Dr. Sunil Magar)
Indian Solar Date : 30 Jyeshtha 1941

Director
Maharashtra State Bureau of Textbook
e Production and Curriculum Research, Pune.
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X1 Mathematics and Statistics (Part I) for

Arts and Science

ilg Area Topic Competency Statement
The student will be able to -
understand angle of any measure.
[ Andeandis | entof angl and relat
N —— gle and relations
between them.
convert an angle from one system to
the other.
understand definitions of trigonometric
) ) _ _ functions of angle of any measure.
Trigonometric | Trigonometric . :
2 . . find the values of trigonometric
Functions Functions . :
functions of certain angles.
draw graphs of trigonometric functions.
find the trigonometric functions of sum
Trigonomet- or difference of the angles.
ric Functions | Trigonometric find the trigonometric functions of
3 of compound | Functions of multiple and sub-multiple angles.
angles and compound express the sum or difference of two
fractorization angles trigonometric functions as product
formulae learn some rules of trigonometric
ratios of angles of a triangle.
find value of a determinant.
. reduce determinant to simple form.
Determinant . : .
solve linear equations in 2 or 3
variables
4 Determinants find area of triangle using

and Matrices

Matrices

determinants.

understand types of matrices.

Perform algebraic operations of the
matrices.




Straight Line

Straight Line

understand locus and its equation.
find equation of a straight line in
different forms.

find angle between given two straight
lines and the distance of a point from
given line.

find equation of circle satisfying given
conditions.

Circle Circle learn and use the properties of circle.
find the equation of tangent to the
circle.
find the equations of conic sections

Parabola, satisfying given conditions.
Conic Section | Ellipse, learn and use the properties of conics.
Hyperbola find the equation of tangent to the

conic.

Measures of

Measures of

calculate range, standard deviation

dispersion dispersion and variance from given data.
calculate probability of an event and
- . learn conditional probabilit
Probability Probability P y

learn and use Baye’s theorem and its
applications

Note :- Extra examples for competitive section and practice are given on
e-balbharti. The activities which can be conducted as a part of
practicals are also mentioned in pdf form on our website.




Chapter

Angle and its Measurement

Trigonometry - |

Trigonometry - |1

Determinants and Matrices

Straight Line

Circle

Conic Sections

Measures of Dispersion

Probability

Answers




Angle and its measurement

—/ Let's Study

e Directed angle.

e Angles of different measurements
e Units of measure of an angle

e Length of an arc of a circle.

e Area of a sector of a circle.

Ifj Let's Recall

e We know how to draw the acute angles
of different measures.

e In a circle we can find arc length and area
of a sector in terms of the central angle
and the radius.

Activity No. 1
Draw the angle ABC of measure 40°

v

Fig. 1.2

In the Fig.s 1.1 and 1.2 both the angles are
of 40°. But one is measured in anticlockwise
direction and the other is measured in clockwise
direction.

Now we will differentiate between such
angles.

@ L]
57 Let's Learn

1.1 Directed Angles:

Consider the
ray OA. Rotate
it about O ftill it
takes the position
OB as shown in
Fig. 1.3. Then
angle so obtained
due to the rotation | o
is called directed
angle AOB. We
define the notion
of directed angle as follows:

\4

Fig. 1.3

Definition:

The ordered pair of rays (GZ,6§ ) together
with the rotation of the ray OA to the position
of the ray OB is called the directed angle
AAOB.

If the rotation of the initial ray is
anticlockwise then the measure of directed
angle is considered as positive and if it is
clockwise then the measure of directed angle
Is considered as negative. In the ordered pair
(OA,OB), the ray OA is called the initial arm
and the ray OB is called the terminal arm.

B
.\&\%&\
«geﬂ&
o Initial arm A> O Terminalarm A
X AOB Z_BOA
Fig. 1.3(a) Fig. 1.3(b)

=



O is called the vertex as shown in fig 1.3(a)
and 1.3(b).

Observe Fig 1.3(b) and note that

(OA,0B) = (OB,0OA)
A AOB = % BOA

% AOB # 4 BOA even though they have
same amount of rotation.

Zero angle:

If the ray OA has zero rotation, that is
it does not rotate, the initial arm itself is a
terminal arm OB, the angle so formed is zero
angle.

\4

O A B
Fig. 1.4

One rotation angle:

After one complete rotation if the initial
ray OA coincides with the terminal ray OB
then so formed angle is known as one rotation
angle mxs AOB = 360°.

@\

>y
o)

O

Fig. 1.5
Straight angle:

After the rotation, if the initial ray OA and
the terminal ray OB are in opposite directions
then directed angle so formed is known as
straight angle (fig. 1.6).

- VR ,
B W A

Fig. 1.6

Note that in this case AOB is a straight
line.

and, half of one rotation angle is straight
angle.

Right angle:

One fourth of one rotation angle is called
as one right angle, it is also half of a straight
angle. One rotation angle is four right angles.

A

B

N .,
D

BI
v

Fig. 1.7
Angles in Standard position :

In the rectangular co-ordinate system, a
directed angle with its vertex at origin O and
the initial ray along the positive X-axis, is
called angle in standard position.

Q /\Y
P
X ol X
R
YY
Fig. 1.8

In adjoint Fig. 1.8, AXOP, AXOQ and
AXOR are in standard positions. But, 2POQ
is not in standard position.




Angle in a Quadrant:

A directed angle in standard position
is said to be in a particular quadrant if its
terminal ray lies in that quadrant.

In Fig. 1.8, directed angles 2 XOP,
ZX0Q and AXOR lie in first, second and
third quadrants respectively.

Quadrantal Angles:

A directed angle in standard position
whose terminal ray lies along X-axis or Y-axis
is called a quadrantal angle.

YV

Fig. 1.9

In Fig. 1.9, xXOP, xX0Q, AXOR and
AXOS are all quadrantal angles.

Co-terminal angles:

Directed angles of different amount of
rotation having the same positions of, initial

rays and terminal rays are called co-terminal
angles.

390°
30°

-330°

Fig. 1.10 (a)

Fig. 1.10 (b)

In Fig. 1.10(a), the directed angles having
measure 30°, 390°, —330° have the same initial
arm, ray OA and the same terminal arm, ray
OB. Hence, these angles are co-terminal angles.

If the two directed angles are co-terminal
angles then difference between measures of
these two directed angles is an integral multiple
of 360° e.g. in figure 1.10(a), 390° — (-330)°
= 720° = 2 x 360°.

1.1.1 Measures of angles:

The amount of rotation from the initial ray
OA to the terminal ray OB gives the measure
of angle AOB. It is measured in two systems.

B

O YN

Fig. 1.11

1) Sexagesimal system (Degree measure)
2) Circular system (Radian measure)

1.1.2 Sexagesimal System (Degree Measure):

In this system, the unit of measurement
of angle is a degree.

One rotation angle is divided into 360
equal parts, the measure of each part is called
as one degreee angle.

th
H part of one complete rotation

360

is called one degree and is denoted by 1°.

(N



th
H part of one degree is called one

60
minute and is denoted by 1'.

th
(GLO) part of one minute is called one

second and is denoted by 1"

1° = 60'
1' = 60"

m 2 (one rotation angle) = 360°
m A (straight angle) = 180°
m 2 (right angle) = 90°

1.1.3 Circular System (Radian Measure):

In this system, the unit of measurement
of an angle is a radian.

Let r be the radius of a circle with centre
O. Let A and B be two points on circle such
that the length of arc AB is r. Then the
measure of the central angle AOB is defined
as 1 radian. It is denoted by 1°

Fig. 1.12

Thus, one radian is the measure of an
angle subtended at the centre of a circle by
an arc whose length is equal to the radius of
the circle.

Theorem :

The radian so defined is independent of the
radius of the circle used and n¢ = 180°.

Proof: Let us consider a circle with
centre at O and radius r. Let AB be an arc of
length r. Join OA and OB. Then ZAOB = 1-
Produce AO to meet the circle at C.

Fig. 1.13

Clearly, ZAOC a straight angle

2 right angles

Since measures of the angles at the centre
of a circle are proportional to the lengths of
the corresponding arcs subtending them:

mZAOB _ I(arcAB)
mZAOC ~ |(arcABC)
__r _1
%(m) ™
1
mZAOB = — . mZAOC

T

(2 right angles)
TC H

. 1° = mZAOB =
a constant independent of r.

Hence one radian is well defined.

Also, ¢ = 2 right angles = 180°.

Hence, a radian is a constant angle and two
right angles = 180° = =«°

=)



Activity 2 : Verify the above result by taking
the circles having different radii.

Let an angle have its measure r in radian
and @ in degrees. Then its proportion with the
straight angle is the same in either measure.

= 0 Cor¢ = 0° x T

180 B 180

We use this relation to convert radian
measure into degree and vice-versa.

o r
B

Notes:

i) To convert degree measure into radian

. T
measure, multiply degree measure by 180"

i) To convert radian measure into degree

. . 180
measure, multiply radian measure by -

iii) Taking © = 3.14,

180
we have 1¢ = | —
T

= 57.3248°

Here fractional degree is given in decimal
fraction. It can be converted into minutes
and seconds as follows

0.3248° = (0.3248 x 60)
19.488'

19' + (.488 x 60)"
19' 29"

Thus, 1¢ = 57° 19' 29"

Q

iv) In the table given below, certain degree
measures are expressed in terms of radians.

Degree |15|30| 45|60 (90120 180|270 | 360

n 2n Eud

. LT L U S
Radlan1264323n22n

V) Relation between angle and time in a
clock. (R is rotation.)

Min Hand Hr Hand
1R = 360° 1R = 360°
1R = 60 min 1R = 12 Hrs
60 min = 360° 12 Hrs = 360°
1min = 6° rotation 1 Hr = 30°
1 Hr = 60!
60 min = 30°
1 min = 70
The word ‘minute” is used for time
measurement as well as 60" part of degree
of angle.
vi) Please note that “minute” in time and

“minute” as a fraction of degree angle are
different.

SOLVED EXAMPLES

Ex. 1) Convert the following degree measures
in the radian measures.

iy 70° i) —120° i) Gj

T[: C
Solution : We know that 6° = (9 X )
180
i) 70° = (70 x = )
180
7Y
00 = (_)
18
. Y
i) -120° = - (120 X —)
180
21\
1000 = - (_)
3

ol (- )




Ex. 2) Convert the following radian measures
in the degree measures.

. 7n)° N (—n)° <4>°
i —_ i) (— i) | =
) ( 3 ) 18 I\7
Solution : We know that 0° = (6 X 120)
] (7n )C (711: 180)0
i) = X
3 3 T
=)
. |——| = 420°
3
. (—n ) ~ <—n 180)0
i) = X
18 18 T
_T[: c
<_> - 100
18

Note that,
180° = &°

Hence,

Ex. 3) Express the following angles in degrees,
minutes and seconds.

i) 74.87° i) —30.6947°
Solution:
i) 74.87° = 74°+0.87°
= 74°+(0.87x60)'
= 74°+(52.2)'
= 74°52'+0.2'

= 74°52'+(0.2x60)"
= 74°52'12"

i) —30.6947° = —[30°+0.6947°]

= —[30°+(0.6947%60)]

= —[30°+41.6821]

= —[30°+41'(0.682x60)"]

= —[30°41'40.92"]

= -30°41'41" approximately
Ex. 4) The measures of the angles of the

triangle are in A. P. The smallest angle

is 40. Find the angles of the triangle in
degree and in radians.

Solution : Let the angles of the triangle be
a—d, a, a+ din degrees.

~a—-d+a+a+d=180°
. 3a = 180°
. a = 60°

Also, smallest angle

= 40°

a—d=40°

. 60° — d = 40°

. 60° — 40° =

d = 20°

Now, a + d = 60° + 20° = 80°

Hence the angles are 40° 60°, 8Q°

0,° then 40 -
180

0 2nt 60 n°

Tl sothat61:?62:

if they are 65 6.5, 0.°, 40°

2n¢  nt 4mt
Hence the angles are 9 3 and 9




The angles of a triangle in degrees are

27 =«
40°, 60° and 80° and in radians 9— ? and
47°
9

Ex. 5) The difference between two acute angles

C

. . .7
of a right angled triangle is 3—2

Find the angles of the triangle in
degrees.

Solution : Let x and y be the acute angles of a

triangle in degrees.

Here, x —y = ﬂc = (ﬁc X 180)0
’ 30 30 T
= 42°
X —y =42° ... ()
The triangle is right angled.
X +y=290°..... (m

adding, (I) + (1D,

we get X —y + x +y =42° + 90°
o 2x = 132°
. X = 66°
Put in ()

66° — y = 42°
Ly = 24°

. The angles of a triangle are 66°, 90°
and 24°.

. 66° — 42° =y

2
Ex. 6) One angle of a quadrilateral is ?n

radian and the measures of the other
three angles are in the ratio 3:5:8, find
their measures in degree.
Solution : The sun of angles of a quadrilateral
is 360°.

2 C
One of the angles is given to be <§> =

0
19 - 4o
9 b

- Sum of the remainging three angles is
360° — 40° = 320°

Since these threee angles are in the ratio
3:5:8.

Degree measures of these angles are 3Kk,

5k, 8k, where k is constant.

3k + 5k + 8k = 320°

16k = 320°
k = 20°
The measures of three angles are
(3K)° = (3 x 20)° = 60°
(5k)° = (5 x 20)° = 100°
and (8K)° = (8 x 20)° = 160°

Ex. 7) Find the number of sides of a regular
polygon if each of its interior angle is

An)
= |-
Solution:

Let the number of sides be ‘n’.
4r°

each interior angle =

5

Exterior angle = 180° — 144° = 36°

(io) = 36°
n

X i()) = 144°
T

' _ 360

- N = 3

~n =10

. number of sides of the regular polygon

is 10.

Ex. 8) Find the angle between hour hand and
minute hand of a clock at

i) Quarter past five
i) Quarter to twelve
Solution :

1) When a hour hand moves from one clock
mark to the next one, it turns through an

o

= 30°.

angle of




— At quarter past 5, B) Draw the angles of the following measures
notz miniute hand is pointing and determine their quadrants.
=10 24
o 3. H‘iurs hagd Tﬁs i) ~140° i) 250° iii) 420° iv) 750°
_ - one past 5 So the
* N M angle between them i V) 945° vi) 1120° vii) -80° viii) ~330°
L8 4 .
. s s more than 60° In one ix) -500°  x) -820°
1 1 1 -
: minute houro hand turns Q.2 Convert the following angles in to radian.
Fig. 1.14 through 5 hence i i) 85° ii) 250°
o2 15 minutes it has turned iii) —132° iv) 65°30’
10 2- o ] o
1 | teougn (%) . V) 75°30 vi) 40°48
Q.3 Convert the following angles in degree.
-8 4]
Thus the angle between ¢
7 6 5 _ I =L
e the hands is equal to i) 12 i) 3 i) 5¢
Fia. 1.1 60° + 7.5° = 67.5° .
ig. 1.15 O 1ne -1
ii) At quarter to twelve, minute hand is pointing V) 18 I\
to 9, hour hand is between 11 and 12 though _ _
it is nearer 12. It will take 15 minutes ie. -4 EXpress the following angles in degree,
750 to reach 12. minute and second.
: o . 1Y
. the angle between the hands is equal to 1) (183.7) ii) (245.33)° i) <?>
90° — 7.5° = 82.5°, .
Q5 In AABC, if mz A= 7
36
Note: m/ B = 120°, find mZ C in degree and
In radian.
d 0°] 30° [ 45° | 60° [ 90° | 180° | 270° | 360
egrees 5
- = | - o Q.6 Two angles of a triangle are - and
- Cl %l Fal=|—=| = |5 |2r c
e 614|132 2 52 . Find the degree and radian measure
of third angle.
EXERCISE 1.1 Q.7 In a right angled triangle, the acute angles
are in the ratio 4:5. Find the angles of
Q.1 A) Determine which of the following pairs the triangle in degree and radian.
of angles are co-terminal. Q.8 The sum of two angles is 5n° and their
i) 210°, ~150° i) 360°, —30° difference is 60°. Find their measures in
degree.
iii) —180°, 540° iv) —405°, 675°
. . ) . . Q.9 The measures of the angles of a triangle
v) 860° 580 vi) 900°, -900 are in the ratio 3:7:8. Find their measures
in degree and radian.
(a )




Q.10

Q.11

Q12

Q.13

Q.14

The measures of the angles of a
triangle are in A.P. and the greatest is
5 times the smallest (least). Find the
angles in degree and radian.

In a cyclic quadrilateral two adjacent

angles are 40° and %C . Find the angles
of the quadrilateral in degree.

One angle of a quadrilateral has measure

Z?R and the measures of other three

angles are in the ratio 2:3:4. Find their
measures in degree and radian.

Find the degree and radian measure of
exterior and interior angle of a regular
1) Pentagon i) Hexagon

iii) Septagon iv) Octagon

Find the angle between hour-hand and
minute-hand in a clock at

i) ten past eleven

ii) twenty past seven
i) thirty five past one
iv) quarter to six

v) 2:20 vi) 10:10

Let’s Understand

1.2 ARC LENGTH AND AREA OF A
SECTOR:-

Fig. 1.16

The area A of a sector is in the proportion
of its central angle 6.

If the central angle 6 is in radian,
0 A

2 - Area of the circle

0 _ A
2n  nr?
or’ 1
. A=— = — 120
2 2

The arc length S of a sector is in the
proporation of its central angle. If the central
angle is 6 radians.

0 S

2 circumference of the circle

o0 _S
2t 2nr
S = r0.

SOLVED EXAMPLES

Ex. 1) The diameter of a circle is 14 cm. Find
the length of the arc, subtending an angle of
54° at the centre.

Solution : Here diameter = 14 cm
. Radius = r =7 cm

o= (s 585) = (53)
c = X T~ = | —
180 10

To find s, we know that s = r0

3 Tx3 22 66
= 7)(—: X— = —
10 10 7 10

. arc length = 6.6 cm

Ex. 2) In a circle of radius 12 cms, an arc PQ

subtends an angle of 30° at the centre. Find the
area between the arc PQ and chord PQ.




Solution :
r = 12cms,
0° = 30°
- (3oxij
180
o = &
6

[
[
-
0o
)

Area of sector OPQ
1 T

= —x12x12x—

6

= 12z sgq.cm. ...... 1)
QR

sin 30° = —

Draw QR 1L OP, 2

To find s and A. |
We know that s = r@ and A = EFZG

27

'.s:15><T:10nand
1
A:5x15x15><%“’:75n

. § = 10r cm and A = 75m sg.cm.

Ex. 4) The perimeter of a sector is equal to
half of the circumference of a circle. Find the
measure of the angle of the sector at the centre
in radian.

Let r be the radius of a circle.
half of the

Solution :

Perimeter of a sector =
circumference

. I(OA) + I(OB) + I(arc APB) = %(ZM)

“r + r + ro

1 B
QR:12x7:6cms =nr
P
= Height of A OPQ 2r +r0 =mr A\
1 ) /) A
Area of A OPQ = x base x height 2+6=mn
0= (m -2
-5 12 %6 Ex. 5) A pendulum of Fig. 118
B length 21cm oscillates g- &
= 36 sg.cm ... (2) through an angle of
By (1) and (2), 36°. Find the length of its path.
Required Area = A(Sector OPQ)-A (AOPQ) Solution - Here r = 21 cm
= (12r - 36)sg.cm. x ¢
= 12(z — 3)sg.cm 6 = 36° = <36 x Fo> =5
Ex. 3) The area of a circle is 225n sq. cm. Length of its path =
Find the length of its arc subtending an angle I(arc AXB)
of 120° at the centre. Also find the area of =s =10
the corresponding sector. - 5 [36\ =
. . ] =21 x — & 2
Solution : Let ‘r’ be the radius of a circle 5
whose 21 22 66
area is 2251 sg. cm. = 5T Ty N s
oomr?= 2250 L T
Length of path =
2 = 225 13.2 cm Flg. 1.19
" =1 . .
' > cm . Ex. 6) ABCDEFGH is a regular octgon
0° = 120° = [ 120x " ¢ _ 2_75 inscribed in a circle of radius 9cm. Find the
180 3 length of minor arc AB.
0

)



Solution : Here r = 9cm
—@0_ 450 — lc
8 T4
I(minor arc AB)
=S
=10
T
= 9(chm
EXERCISE 1.2

(1)

(2)

(3)

(4)

(5)

(6)

Find the length of an arc of a circle
which subtends an angle of 108° at the
centre, if the radius of the circle is 15
cm.

The radius of a circle is 9 cm. Find the
length of an arc of this circle which
cuts off a chord of length, equal to
length of radius.

Find the angle in degree subtended at
the centre of a circle by an arc whose
length is 15 cm, if the radius of the
circle is 25 cm.

A pendulum of length 14 cm oscillates
through an angle of 18°. Find the length
of its path.

Two arcs of the same lengths subtend
angles of 60° and 75° at the centres of
two circles. What is the ratio of radii of
two circles ?

The area of a circle is 25n sg.cm. Find
the length of its arc subtending an angle
of 144° at the centre. Also find the area
of the corresponding sector.

(7)

(8)

©)

(10)

’-%%Let's Remember

OAB is a sector of the circle having
centre at O and radius 12 cm. |If
mZAOB = 45°, find the difference
between the area of sector OAB and
triangle AOB.

OPQ is the sector of a circle having
centre at O and radius 15 cm. |If
m/POQ = 30°, find the area enclosed
by arc PQ and chord PQ.

The perimeter of a sector of the circle
of area 25z sgq.cm is 20 cm. Find the
area of the sector.

The perimeter of the sector of the circle
of area 64 sq.cm is 56 cm. Find the
area of the sector.

If an angle is r radians and also 6 degrees

r _ 0
then = = Tg0°

6° =(9xij , 1° = (0.01745)°
180

QCZ(QX@j | 1° = 57°17'48"
T

Arc length = s = r0. 0 is in radians.

1 .
Area of a sector A = Erzé), where 0 is
in radians.

Two angles are co-terminal if and only
if the difference of their measures is an
integral multiple of 360.

Exterior angle of a regular polygon of n

sides = (@j
n

In one hour, hour’s hand covers 30° and
a minutes hand covers 360°.




e In 1 minute, hour hand turns through 7) If the angles of a triangle are in the ratio
1Y 1:2:3, then the smallest angle in radian is

(Ej and minute hand turns through 6°. i i i i

A) 3 B) G C) > D) 9
MISCELLANEOUS EXERCISE - 1 8) A semicircle is divided into two sectors
whose angles are in the ratio 4:5. Find

I Select the correct option from the given the ratio of their areas?
alternatives. A)5:1 B) 45 C)54 D) 34

227\ . .
1) (FJ is equal to 9) Find the measure of the angle between
hour-hand and the minute hand of a clock
A) 246° B) 264° C) 224° D) 426° at twenty minutes past two.
. A) 50° B) 60° C) 54° D) 65°
2) 156° is equal to
1772 )¢ 1372\ 117\ 10) The central angle of a sector of circle of
A) (Fj B) (Fj C) (FJ area 97 sg.cm is 60°, the perimeter of the
. sector is
D) (/7
) 05 A)r B)3+r C)6+x D)6
5
o Il Answer the following.

3) A horse is tied to a post by a rope. If the
horse moves along a circular path, always 1)  Find the number of sides of a regular
keeping the rope tight and describes 88 polygon if each of its interior angle is
meters when it traces the angle of 72° at 3°
the centre, then the length of the rope is e
A) 70 m. B) 55 m. C) 40 m. D) 35 m. ) .

) ) ) ) 2)  Two circles, each of radius 7 cm,

4) If a 14cm long pendulum oscillates intersect each other. The distance
through an angle of 12°, then find the between their centres is 7~/2 cm. Find
length of its path. the area of the portion common to both

the circles.
3) A PQR is an equilateral triangle

5) Angle between hands of a clock when it with side 18 cm. A circle is drawn
shows the time 9.45 is on the segment QR as diameter. Find
A) (7.5)° B) (12.5)° C) (17.5)° D) (22.5)° the length of the arc of this circle within

the triangle.

6) 20 meters of wire is available for fancing _ ) _ _ )
off a flower-bed in the form of a circular %) Find the radius of the circle in which
sector of radius 5 meters, then the central angle of 60° intercepts an arc of
maximum area (in sq. m.) of the flower- length 37.4 cm.
bed is
A)15 B) 20 C) 25 D) 30

(19 )




5)

6)

7)

8)

A wire of length 10 cm is bent so as to
form an arc of a circle of radius 4 cm.

What is the angle subtended at the
centre in degrees ?

If two arcs of the same length in two
circles subtend angles 65° and 110° at
the centre. Find the ratio of their radii.

The area of a circle is 81m sg.cm.

Find the length of the arc subtending an
angle of 300° at the centre and also the
area of the corresponding sector.

Show that minute hand of a clock gains
5°30' on the hour hand in one minute.

9)

10)

11)

A train is running on a circular track of
radius 1 km at the rate of 36 km per
hour. Find the angle to the nearest
minute, through which it will turn in 30
seconds.

In a circle of diameter 40 cm, the length
of a chord is 20 cm. Find the length of
minor arc of the chord.

The angles of a quadrilateral are in A.P.
and the greatest angle is double the
least. Find angles of the quadrilateral in
radian.




Trigonometry - 1

@é}’ Let's Study

e Trigonometric functions with the help of
unit circle

e Extensions of trigonometric functions to any
angle

e Range and Signs of trigonometric functions
in different quadrants

e Fundamental ldentities and Periodicity of
trigonometric functions

e Domain, Range and Graph of each
trigonometric function

Polar Co-ordinates

2.1 Introduction

Trigonometry isabranch of Mathematics that
deals with the relation between sides and angles
of triangles. The word ‘trigonometry’ is derived
from the Greek words ‘trigonon' and ‘metron’.
It means measuring the sides of triangles. Greek
Mathematicians used trigonometric ratios to
determine unknown distances. The Egyptians
used a primitive form of trigonometry for building
pyramids in the second millennium BC. Greek
astronomer Hipparches (190-120 BC) formulated
the general principles of trigonometry and he is
known as the founder of the trigonometry.

We are familiar
with trigonometric
ratios of acute angles a
in right angled triangle.
We have introduced
the concept of
directed angle having
any measure, in the
previous chapter. We

shall now extend the definitions of trigonometric
ratios to angles of any measure in terms of co-
ordinates of points on the standard circle.

Iﬁh Let's Recall

We have studied that, in a right angled
triangle if measure of an acute angle is '0', then

opposite side _adjacent side

Sind = pysoteneous hypoteneous
tanf = % (see fig 2.1 (a))
Also, cosect = Sind , seco = cos0

coto = and

’Z& Let's Learn

2.1.1 Trigonometric functions with the help of
acircle:

Trigonometric ratios of any angle

We have studied that in right angled A ABC,
'0' is an acute angle

B
P(x.y)

K= 7,

E 0"

& OxM JA

%

C adjacent side B
Fig. 2.1(a) Fig. 2.1(b)




adjacent side BC
cosf=——=——
hypoteneous AC

Sing = opposite side _ AB

hypoteneous AC

We will now extend this definition to any
angle 0, consider 0 as directed angle,

Let '0' be an acute angle. [See fig. 2.1 (b)]

consider a circle of radius 'r" with centre at
origin 'O’ of the co-ordinate system.

OA is the initial ray of angle 6,
OB is its terminal ray.
P(x,y) is a point on the circle and on ray OB.
Draw PM _L* to OA.
. OM=x,PM=yand OP =r.
using A PMO we get,

cosG=O—M:£, sin9=mzz,
r OP r
then we define
x x —co-ordinate of P
cosf = — = — —
r Distance of P from origin
ing = 2 - y —co-ordinate of P

r Distance of P from origin

and r2 = x2 + y?
Hence, cos?0 + sin’0 = 1

For every angle '0', there is corresponding
unique point P(x,y) on the circle, which is on the
terminal ray of '0', so trignometric ratio's of 6 are
also trignometric functions of '0".

Note that : 1) Trignometric ratios / functions are
independent of radius 'r".

2) Trignometric ratios of coterminal
angles are same.
We consider the circle with center at origin
and radius r. Let P (x,y) be the point on the circle
with mZMOP = 6

Since P lies on the circle, OP =r

NE S A
The definitions of sind, cosd and tand can

now be extended for # = 0° and 90° < 4 < 360°.
We will also define sec, cosecd and coté.

Every angle 6, 0°< ¢ < 360°, determines a
unique point P on the circle so that OP makes
angle 6 with X-axis.

The pair (x,y) of co-ordinates of P is uniquely
determined by 0. Thus x = rcosf, y = rsind are
functions of .

Note :
1) If P (x,y) lies v
on the unit circle
then cosfd = X
and sind =y. X' e/\ X
P (x, y) = P(cos6, 0
sind) P(x’y)/
2) Thetrigonometric
functions do not Y'

depend on the ]
position of the Fig. 2.2

point on the terminal arm but they depend
on measure of the angle.

Point P(x,y) is
on the circle
of radius r and
Q (x'y") is on the
unit circle. -

Considering
results on similar

triangles. v
. y ¥ Fig. 2.3
sind =" =71,
Sy =rsind
y! =sind and
X X

cosf =" =7 ,x=rcosf x'=cosd




2.1.2 Signs of trigonometric functions in
different quadrants :

Trigonometric functions have positive or
negative values depending on the quadrant
in which the point
P(x, y) lies. Let Y

us find signs of
N
]

trigonometric
ratios in different
quadrants. If the

terminal arm of an Z(x’ Y
angle 6 intersects v

the unit circle in :

the point P(x, ), Fig. 2.4

then cos@ = x.

sind =y and tanéd :%. The values of x and

y are positive or negative depending on the
quadrant in which P lies.

T

1) In the first quadrant (0 <6 < >

y are positive, hence

), both x and

cosd = X is positive
sin@ =y is positive

B
K Dx, 1)
0

tand = % IS positive

Hence all | Q /A x
trigonometric functions
of 0 are positive in the Y
first quadrant. Fig. 2.5

2) In the second quadrant (%< 0 <m),yis

positive and x is negative, hence

cosd =y is positive
sing = x is is negative

X
A

P(x, )
tand = % is negative | .,

Hence only sind is \
positive, cosd and tand
are negative for @ in the Y'
second quadrant. Fig. 2.6

3
-/

3) In the third quadrant (= < 6 < 3n ), both x
and y are negative, hence

cos# =y is negative
sind = x is negative

tand = L is positive

X 0
Hence only tané is pw)/

positive sind and cosd are
negative for & in the third
quadrant.

Fig. 2.7

3 .
4) In the fourth quadrant (?Tc< 0 < 2m), X is

positive and y is negative, hence

sing =y is negative -

cosé = X is positive

tand = % is negative X

N
-

Hence only cosé is
positive; sinf and tané y'
are negative for ¢ in the Fig. 2.8
fourth quadrant.

You can check sind & cosecd, have the
same sign, cosf & secd have the same sign and
simillarly tand & coté have the same sign, when
they exists.

Remark: Signs of cosect, sect and cotf are
same as signs of sind, cosé and tand respectively.

2.1.3 Range of cos@ and sinf : P(X,y) is point
on the unit circle. mn£ZAOB =6. OP=1
X +yr=1
SX2<1 andy?<1
SL-1<x<land-1<y<I1

s.—1<cosf<1and-1<sind<1




SOLVED EXAMPLE

Ex.1. Find the signs of the following :
1) sin 300° ii) cos 400° iii) cot (—206°)
Solution:

(For given 0, we need to find coterminal angle
which lies between 0° and 360°)

i) 270° <300° <360°
300° angle lies in the fourth quadrant.
sin 300° is negative.

i) 400° = 360° + 40°
400° and 40° are co-terminal angles
(hence their trigonometric ratios are
same)
Since 40° lies in the first quadrant, 400°
also lies in the first quadrant.
cos 400° is positive.

iii) —206° = —-360° + 154°
154° and —206° are coterminal angles. Since

154° lies in the second quadrant, therefore
cot (—206°) is negative.

2.1.4 Trigonometric Functions of specific angles

1) Angle of measure 0° : Let m£XOP = 0°.
Its terminal arm intersects unit circle in

We have defined,

sind =y, cosd = x

P(1,0). Hencex=1andy =0.
Y
y ARy
and tand) = <~ X' Q}O) X

sin0° = 0, cos0° =
Yl

0
and tan0° = T: 0 Flg 29

cosec0° is not defined as y = 0, sec0° = 1 and cot0°
is not defined asy = 0

C
2) Angle of measure 90° or (%) . Let

m < XOP = 90°. Its terminal arm intersects
unit circle in P(0,1).

Hencex=0andy=1 Y

sosin90° =y =1 PO, 1)
c0s90° =x =0 X KQ X
v

0
tan90° is not defined K
as cos90° =0
o L+ _ 1
cosec90° = y - 1
=1 Fig. 2.10

sec90° is not defined as x = 0

(Activity) :
Find trigonometric functions of angles 180°,

270°.

3) Angleof measure 360° or (2x)° : Since 360°
and 0° are co-terminal angles, trigonometric
functions of 360° are same as those of 0°.

4) Angle of measure 120° or |=— 2r|C

Let m £ XOP =120°. Its terminal arm intersects

unit circle in P(x, y).
Draw PQ perpendicular to the X-axis

.. A OPQ is 30°— 60°—90° triangle.

0oQ = 1 and
\/— 2
PQ=-—and OP=1 !

As P Iles in the second |° &y x
quadrant, x = — %

andy = ﬁ Y




1
. 3 o — — —
. sin120° = y= % cosec225° = - =~ J2
1
cosl20° = x=- % Sec225° = S =-2
% L
2 2
tan120° = 2= =3 cot225° = =1
2 2
1 2 : . : :
cosecl20° = v = E 2.1.3 Trigonometric functions of negative
angles:
o - 1 _
secl20® = —-=-2 Let P(x, y) be
| any point on the unit Y B
« _E L circle with center at Px, )
cot120° = = N3 == the origin such that |x- Y X
- ZAOP = 4. o Q /A
If ZAOQ = - 6. then
5) Angle of measure 225° or( 5;T°) the co-ordinates of Q v
Let m £XOP = 225°. Its will be (x, =y).
. . Y
ter_mlr_1al arm intersects By definition Fig. 2.13
unit circle in P(x,y). Draw . é\ . sin 6 = y and sin (~6)
PQ perpendicular to the =51 —y
X-axis at Q. ”‘”’)/ cos 6 = x and cos (- 6) = x
v

- AOPQ 45° — 45° - 90°
triangle.

Therefore sin(-6) = — sind and cos(-#) = cosd

Fig. 2.12
1 1 sin(-@) —sin@
3 = — PO = — P=1 tan(-0)= = =—tand
0Q 5 and PQ 7 and O (-0) c0s(_0)  cosd
As P lies in the third quadrant, x = — L and
1 V2 cos(-¢) cosd
y=— cot(—0)=— =———=—cotd
2 sin(-@) —sin@
1
. sin225° = y=- — 1 1
NG sec(—6) = = =secd
. cos(—8) cosé
C0S225° = X=-—F4=
V2 1
cosec(—0)=— =———=—C0secd
tan225° = %:1 sin(-@) -sind




6) Angle of measure - 60° or - % : s Trig. Fun. sin® cosf
Let m £ XOP =-60°. v 360° = Q¢ 0 1
Its terminal arm . 1 NE)
intersects unit circle /\ =% 2 2
i X: Q1A .x
inP (x,y). ON6o L 1 1
1 o " e =
DrawPQ perpendicular P(x,p) 45° = 4 V2 V2
to the X-axis . B 5 |
Y c 3
. 1 o (o) T —_
. AOPQ 1s 30° - 60 Flg 214 60° = ? 7 2
—90° triangle.
1 7t
00=21 andpo= 3 andop=1 90° = — 1 L
2 2 2
As P lies in the fourth quadrant, x = % and 180° == 0 -1
o
2 270° = 37” = v
- s8in(-60°) = y=- %
(Activity) :
oy = y= L o . :
cos(-60°) = x=-5 Find trigonometric functions of angles 150°,
8 210%, 330°, - 45°, - 120°, - 2% and complete the
tan(—60°) — % = 2 =_ \/3 table.
1
2 Trig.
1 2 Fun.
cosec(—60°) = v = —ﬁ sin© |cos O|tan O | cosecO |sec O | cot O
0
50 1 5 Angle
sec(-60°) = =
(-60°) X 150°
L 210°
cot(-60°) = == 2.1
y J3 NE) 330°
2 —45°
Note : Angles —60° and 300° are co-terminal | ~120°
angles therefore values of their trigonometric 3n
functions are same. — 4
The trigonometric functions of 0°, 30°, 45°,
60°, 90° are tabulated in the following table.
(10 )




SOLVED EXAMPLES

Ex.1 For 6 = 30°, Verify that sin26 = 2sin6 coso

Solution: Given 8 =30° .. 20 =60°

sin® =sin30° = %

cosO = c0s30° = 32@
$in20 = sin60° = 32@
L.H.S. = 2sin0 cosO = 2 x %x 32@
= 32E=sin26 =R.H.S.

Ex.2 Evaluate the following :
1) c0s30° x cos60° + sin30° x sin60°
i) 4c0s°45° — 3c0s45° + sin45°
'2+'2L+'2l+'2£
iii) sin?0 + sin 5 sin 3 sin® =

iv) Sinn+ZCOSn+35In37n+4COS 32“

3n

—5sec -6 cosec — >

Solution :

i) c0s30° x cos60° + sin30° x sin60°

_B 1. 1 B3 _B
—2X2+2X2—2

i) 4c0s®45° — 3c0s45° + sin45°

:4(ﬁj EtE

S

1
2.2

I
o

2 _ 2
Z

. . T . T . T
i sin? 0 + sin? —=— + sin? — + sin? —
) 6 3 2

= (0)2 + %)2 + %Z + (1)

os 1,3,
_0+4+4+12

Ex.3

3r 3r

sint+2cosm+3sin=—+4cos=—

—5sec T — 6 cosec 2~ 3271

=0+ 2(-1) + 3(-1) + 4(0) - 5(-1) - 6(-1)
=0-2-3+0+5+6=6

Find all trigonometric functions of the
angle made by OP with X-axis where P is
(-5, 12).

Solution: Let 6 be the measure of the angle in
standard position whose terminal arm passes
through P(-5,12).

Ex.4

r=0P= /(-5 + 12> =13

P(x,y) =(-5,12) =-5,y=12
sind = % =% coseco = 5 :%
cosO = % :_1—53 sec = % :‘%
tame:%:_l—g,2 cot6:§ :‘%

secO =-3and Tt <0< —353 then find the

values of other trigonometric functions.

Solution : Givensec 8 =-3

quadrant.

1
c.cosf=—- =

3
We have tan? 6§ = sec?0 -1
. tan?9=9-1=8

tan? 9 =8 and n < @ < 37 the third
. tan @ = 242 Hence cotd = —1—
22

Also we have, sin & = tan 0 cos 6

_ ). 22
—2\/5 _T)———g

. cosecld = — ——

2f




13

Ex.5 = x lies in the fourth quadrant,

If secx

find the values of other trigonometric
functions.

Solution : Since secx = % , we have cosx = %

Now tan?x =sec?x -1

13)2 169 144
. 2 — _ - vy _ - —
c. tan x-%) 1 5% 1 55
sotan? x = 144 and x lies in the fourth
quadrant.
tanx= =22 __5
sotanx = 5 cot x = 17
Further we have, sin X = tan X x €0S X
5 13 13
__1 _ 13
And cosec x = sSnx- 12

Ex.6 If tanA = %, find the value of

2 sin A-3cos A
2 sin A + 3 cos A

Solution : Given expression

2 sin A — 3 cos A o Sin A _gcos A
2sin A+ 3cos A= -—C05A cos A
o SN A ,3cosA
cos AT cos A

_2tan A-3
2 tan A + 3

A

17
2(4j+3
3

Ex.7 Ifsec o= ﬁ,%<9<2n then find the

1+tan @+ cosecd
1+cot@—cosecd

value of

1
Solution : Given secd = 2 .. c0sf = 2

Now tan?@=sec?9-1=2-1=1

. tan? = 1 and 3—2“ < 6 < 2x (the fourth
quadrant)
.. tanf =-1. Hence cotd = -1
s _ 1)\_ 1
Now siné = tané cosf = (-1) (—) == =

V2 V2
Hence cosec 6 = —\/§

I+tan +cosecd 1+(-D+(—2)
1+cos@—cosecd 1+(-1)—(—/2)

Ex.8 Ifsind= —g and 180° <6 < 270° then find

all trigonometric functions of 0.

Solution : Since 180° < 6 < 270°, 0 lies in the
third quadrant.

. .3 5
Since, sind =z - cosecH = 3
Now c0s%0 =1 —sin%0

9 _16

. 2 =1 —— = ——

.. c0s%0 =1 55 = e

- coso=-2 - seco=_5
5 4
_ sing

Now tan0 = 050

. _3 . _4

oo tanf = IS coto = 3
EXERCISE 2.1

1) Find the trigonometric functions of
0°, 30°, 45°, 60°, 150°, 180°, 210°, 300°,
330°, —30°, —45°, —60°, —90°, —120°, —225°,
—240°, —270°, -315°

2) State the signs of

1) tan380° il) cot230° iii) sec468°

3) State the signs of cos 4° and cos4°. Which of
these two functions is greater ?




4) State the quadrant in which 6 lies if
1) sin® <0 and tan® >0
ii) cosO <0 and tan6 >0

5) Evaluate each of the following :
i) sin30° + cos 45° + tan180°
i) cosec45° + cot 45° + tanQ°
i) sin30° x cos 45° x tan360°

6) Find all trigonometric functions of angle in
standard position whose terminal arm passes
through point (3, —-4).

7) If coso = % 0<6O< % find the value of

sin> @ — cos? O 1
2 sin 6 cos 0’ tan? @

8) Using tables evaluate the following :
i) 4cot45° — sec? 60° + sin 30°

ii) cos?0 + cos? % + C0s? —;5 + c0s? %

9) Find the other trigonometric functions if

1) If coso :—g and 180°<6 <270°.

i) If secA =— 2—75 and A lies in the second

quadrant.

i) If cotx= %, x lies in the third quadrant.

iv) tanx = I—g x lies in the fourth quadrant.

’ﬁ Let's Learn

Fundamental Identities

2.2 Fundamental ldentities :

A trigonometric identity represents a

relationship that is always for all admissible

values in the domain. For example cosecé = 5|_%10
is true for all admissible values of 6. Hence this
is an identity. ldentities enable us to simplify
complicated expressions. They are basic tools
of trigonometry which are being used in solving
trigonometric equations.

The fundamental identities of trigonometry,
namely.
1) sin?6+cos?6=1,

using this identity we can derive simple

relations in trigonometry functions

e.g. cosf = +\/1-sin’0 and
sing = +\1—cos” 0

2) 1l+tan?0=sec’d, if0#—

2

3) 1+cot2d=cosec?d, ifd=0

These relations are called fundamental
identities of trigonometry.

2.2.1 Domain and Range of Trigonometric
functions : Now we will find domain and
range of trigonometric functions expressed
as follows.

We now study sin 4, cos 6, tan ¢ as functions
of real variable & . Here 8 is measured in radians.

We have defined sinf and cos 6, where 6 is
a real number. If o and @ are co-terminal angles
and if 0° < o < 360°, then sin § = sina, and cos 0
= cosa. Hence the domain of these function is R.

Let us find the range sin 6 and cos 0
We have, sin?0 + cos?0 = 1

i) Consider y = sind where 8 € R and
ye[-1.1]




The domain of sine function is R and range
is[-1, 1].

-3

The domain of tanéd is R except

9:(2n+1)—g-,
As@—>—725_, tan0—>+ooanda39—>—g—+,
tand —» — oo.

when you learn the concept of the limits you
will notice.

Since tang = % value of tané can be any

real number, range of tan function is R.

Fig. 2.15
i)  Considery = cosd where 8 € R and iv) Consider y = cosecd
yel-11] cosecd does not exist for 0 = 0, +n, +27,
The domain of cosine function is R and
. 3 m...
range is [-1, 1].
— In general cosecé does not exist if 8 = nr,
where n € I.
y The domain of cosecd is R except 6 = nr,
\\ « and range is R.
6o \/ The domain of sine function is R and range
is [-1, 1].
Now as -1 <sind < 1, cosecd > 1
Fig. 2.16 or cosecH < - 1.
iii) Consider y = tan#, tand does not exist for . The range of cosecant function is
=+ L 4 3n 4 2T : =R-(-
0 T ES L ES {yeR:ly|21}=R-(-1,1)
In general tan® does not exist if 0 = | v . = tan x
(2n+1) %, where n € | i s i
Y Yy =cos Xx i : i
/ X : , : X
Tz 0 2
1. : Ty
Fig. 2.17 Fig. 2.18
((9q )




v) Considery = sect

secd does not exist for 6§ = i—g—, 1%71,
£
2

In general secd does not exist if
0=(02n+1) —g— where n € I.

The domain of secd is R except = (2n + 1)

—g—, and rangeisR - (-1, 1)

Now as-1<cosf<1,secd>1orsecd<-1

. The range of secant function is {y e R :
=21} =R-(-1,1)

Y

pid L

57r/2 37(/2 31[/2 51[/2 X

: ﬂ

Fig. 2.19

vi) Consider y = cotd

cotd does not exist for § = 0, +n, +2m,

Now as-1<cosfd<1,secd>1orsecd<1
Similarly, -1 < sind < 1, cosecd > 1 or
cosecd < -1

Since cotd = o value of can be any real

number, range of cot function is R.

2.2.2 Periodicity of Trigonometric functions:
A function is said to be a periodic function
if there exists a constant p such that f(x + p)
= f(x) for all x in the domain.

L) =fx+p)=f(x+2p)=. ..
fx-2p)= ...
The smallest positive value of p which

satisfies the above relation is called the
fundamental period or simply the period of f.

=f(x-p)=

Ex. sin(x + 2x) = sin(x + 4mx) = sinx = sin(X — 2x)
= sin(x — 4n)

Thus sinx is a periodic function with period
2m.

Similarly cosx, cosecx and secx are periodic
functions with period 27.

But tanx and cotx are periodic functions with
period . Because of tan (x+x) = tan x for all x.

+37 ...
In general cotd does not exist if 6 = The following table gives the domain, range
and period of trigonometric functions.
where n € |.
The domain of coté is R except 6 = nr, and Trigono-
range is R. metric Domain Range | Period
The domain of sine function is R and range functions
is [-1, 1]. sin¢ R [-1,1] | 2=n
v _ cosé R -1, 1] 2n
»y =sin (1t + x)
TT
tang |R-1@n+1) 7 R m
{\ 1 ‘nel}
AT NV N2 cosecd | R—{nn:nel}|R-(-1,1)| 2=
T
seco [R-12n+1) 7 |R_(-1,1)| 2n
. ‘nel}
cotd |R- : R
Fig. 2.20 iim:nely T
(oA




SOLVED EXAMPLES

Ex.1 Find the value of sin %.

Solution : We know that sine function is periodic
with period 2.

Al s T| — it _
C.SIn——=38INn — | =SIn—g
] (107t + 7} 7

-1
V2

Ex.2 Find the value of cos 765°.

Solution : We know that cosine function is
periodic with period 2.

.. €0S 765° = cos(720° + 45°)
= c0s(2 x 360° + 45°)

= Cos 45° =

Let's Learn

2.9 Graphs of trigonometric functions :

=

Introduction : In this section we shall study the
graphs of trigonometric functions. Consider x
to be a real number or measure of an angle in
radian. We know that all trigonometric functions
are periodic. The periods of sine and cosine
functions is 2n and the period of tangent function
is . These periods are measured in radian.

(i) The graph of sine function:

Consider y = sinx, for — 7 < x < n. Here x
represents a variable angle. The table of
values is as follows:

0 |l | n |n|2r|3n |5¢%

X 6|4 |3|2|3|4]|6]|T"
y|0[05(0.71{0.87| 1 [0.87(0.71|0.5| 0
Using the result sin(- #) = -sind, we have

following table:

Sm| 3n| 2n| ©T| m T| T

XI=7I""6 | 2| 3| 2| 3| 4

y| 0 | -0.5|-0.71(-0.87| -1 |-0.87[-0.71|-0.5|0

Take the horizontal axis to be the X— axis and the
vertical axis to be the Y— axis.

y=sinx

Fig. 2.21

The graph of y = sinx is shown above. Since
the period of sine function is 2t It means that
take the curve and shift it 2x to left or right, then
the curve falls back on itself. Also note that the
graph is with in one unit of the Y—axis. The graph
increases and decreases periodically.

(i) The graph of cosine function: Consider
y = cosx, for -t < x < . Here x represents
a variable angle. The table of values is as

follows:
T n|xn|x|2n]| 3n| Sm
Pls|2|3(2|3|[7|% |”
y|1/0.87(0.71{0.5( 0 [ 0.5|0.71| 0.87 | 1

Using the result cos(— ) = cos#, we have
following table:

5n_3n_2n n_l_ﬂ_io

XI=®"""6 | 2 | 3| 2| 3| 4| 6

Y[(1(087(071| 05 | 0 |05|0.71|0.87(1

Take the horizontal axis to be the X— axis and the
vertical axis to be the Y— axis.




The graph of y = cosx is shown below. Since the
period of cosine function is 2x. It means that
take the curve and shift it 2z to left or right, then
the curve falls back on itself. Also note that the
graph is with in one unit of the Y—axis. The graph

increases and decreases periodically.

y=cosx

Fig. 2.22

(iit) The graph of tangent function:

Lety = tanx for - = < x < =~
y 2 2

Note that does not exist for x = —

increases from 0 to —725 :

T
>

1) sinx increases from O to 1 and

2) cosx decreases from 1 to 0.

SInx
sotanx = cosx

starting from 0 approaches to ?

starting from 0 approaches to

decreases indefinitely. The corresponding

values of x ad y are as in the following table:

Similarly
T
> tanx

AS X

will increase indefinitely as X

n|_ x| _® n x| ©
X732 6|9 & |2]| 3
y|-173] -1 |-058| 0| o058 1| 1.73

y=tanx

RS E
s

Fig. 2.23

(Activity) :

1)

2)

Ex.1I1ftan 0+

tan?6 +

Solution : We have tan 6 +

Use the tools in Geogebra to draw the
different types of graphs of trigonometric
functions.

Geogebra is an open source application
available on internet.

Plot the graphs of cosecant, secant and
cotangent functions.

SOLVED EXAMPLES

1
Tan @ = 2 then find the value of

1
tan0
1

g -2

Squaring both sides, we get

1 + 1
tan 0 tan?0

1
‘tan?0

tanZ? @+ 2 tan 6 x =4

L tan?f+2+— =4

1

tan?0 2

. tan? 9 +

Ex. 2 Which of the following is true?

1-tan? 0

2 - = 7

2 C0s° 0 = T+tan20
cot A-tan B

i) “cot B—tan A =COotAtanB




sin @
1-cot 6

cos 6

i) 4= g =sin 6 + cos 0

Solution :
. 1-tan® 6
2

1) 2cos*0 1+tan? 0
1-tan? 0
1+tan? 0

sin? @
~ cos? O

sin? 0
1+ cos? 0
cos? 6 — sin? @
cos? O + sin® @

RHS =

= cos* 0O -sin? 0
= ¢0s? 06— (1-cos? )
= 2c0s?0-1#LHS

Since the LHS # RHS, given equation is not true.

.y cot A—tan B
— = - = Atan B
1) cot B—tan A cotAta

Solution : Substitute A =B =45°
cot 45°—tan 45°

LHS = cot 45°—tan 45°
1-1_0_
1+1‘1‘0

RHS = cot 45°tan 45° =1
As LHS # RHS, the given equation is not
true.

Note : 'One counter example is enough' to prove
that a mathematical statement is wrong.

cos 6 sin 0

i) T-tan 0 Tocot g —on 0+ cos 6
. cos 0 sin 0
LHS = 1-tan 0 * T cot o
cos? 0 sin? 0

= C0s O —sin 6 sin 6 —cos 6

_ cos? f-sin® 4
~ cos € — sin 0

(cos 6-sin ) (cos G+sin 0)
cos 6-sin 0

sin @ + cos 8 = RHS
Since the LHS = RHS, given equation is true.

Ex3If5tan A= ﬁ,n<A<37nand

secB= 11, %71 < B < 2x then find the value of

cosec A —tan B.
Solution : 5tan A = x/§
J2

5
s.tanA=— and cotA=—F4
5 2

As cosec’A =1+ cot? A
ie(S )l
J2 2

. cosec’ A = 2—27 andt <A< %n (the third
quadrant)

". COSecA = -

Az

Now sec B = 11

Astan’B =sec’B-1=10

Thus, tan? B = 10 and 3771 < B < = (the fourth

quadrtant)

.. tanB=- 10

Now cosecA— tan B =— Y2 _ (—/10)
V2

BT

2

1
Ex.4 If tand = —= then evaluate
V7

cosec? O — sec? 0
cosec® O + sec?® 0

Solution : Given tan0 =

socoth = f7

-




Since, cosec’0 =1 + cot?0 On squaring and adding, we get

N

sec’0 = 1 + tan?0
.. C0Sec’0 —sec’0 = cot’0 —tan%0
cot?0 + tan?0 + 2 but sin%0 + cos?0 =1

2 2
cos?0 +sin%0 = (g) 3+ (%) 3

.. cosec’d + sec?0

2

cosec® § — sec? cot’O —tan’ 6 [xf (y)3
R +

cosec® § + sec® & = cot’ @ +tan’ 0 +2 a a) " L
1
7-=
_ 7 _48_3 (iii) x = 2+3 cosO, y = 5+3 sind
7+1+ p 64 4
7 X—2=3¢0s0, y—5=3sin0d
6 60 = 1_2cin2 2 X—2 -5
Ex.5 Prove that cos®0 + sin°0 =1-3sin%0 cos%0 oS0 = ( j sind = (y3 j
Solution : (a*+b®) = (a+b)*-3ab(a+h)
L.H.S. = cos®0 + sin®0 We know that,
= (cos?0)® + (sin%0)° cos’0 +sin0 =1
= (c0s?0 + sin20)3—3c0s20 sin%0 (C0s20 +sin%0) Therefore,
2
= 1-3sin?0 cos?0 (Since sin?0 + cos?0 =1) (X—2j2 N (y—S) _1
3
= R.H.S. 3
Ex.6 Eliminate 6 from the following : S (X=2)+(y-5¢=@)
() x=acosd, y=hsind S (x=22+(y-52=9
(if) x =acos®0, y=Dbsin® Ex.7 If 2sin’6 + 7cos® = 5 then find the
(iiii) x = 2+3c0s0, Y = 5+3sin0 permissible values of cos6 .
Solution : Solution : We know that sin?0 = 1—c0s%0
(i) x=acosh,y=Dbsind y Given equation 2sin?0 + 7cos® =5 becomes
- cos0 = X and sin® = =
a b 2(1-c0s%0) + 7c0s0 =5
On squaring and adzdmg,zwe get 990050 + 7C0S0 -5 = 0
: _ X y
Cos’0 +sin* = 27 -, 2€0s20 — 7¢0s0 +3 =0
but sin?0 + cos?0 =1 . 2c05°0 — 6c0s0 —cosO +3 =0
2 y?
LA 7 -, (2c0s6 — 1)(cos —3) = 0
a
. €os® =3 orcosd = %
(i) x=acos®, y=Dbsin*0
y But cos6 cannot be greater than 1
. g =X intg ==L
- 0050 a and sin’ b . Permissible value of cos0 is i.

1 y 1 2
. €SO = (§)3 and sin = (5)°




Ex. 8 Solve for 0, if 4sin? 6 — 2(\/§+ 1)sin 6 +

V3=0
Solution : 4sin2@—2(x/3+ 1) sin 0+ 3 =0 is
a quadratic equation in sind. Its roots are given by

—b++/b? —4ac

2a
where a=4,b:—2(J§+ 1), c= J3

2(\3+1)+ 2\/[2(\@ +1)}2 ~4(4)(\3)

2(4)

2(E+1) <2+ (@) )

2(4)

(532 [[55+3] ~a)5)
- @
] (\/§+1)i\/3+ 23 +1-4(13)
(V3+1)+ [4-2(+3)
(o) ]

()2 ( -3

oo sing =

N

3
— O

R
.0 6or

wla

Ex. 9 If tan 8 + sec @ = 1.5 then find tand, sind

and secd.

Solution : Giventan@+sec =15

" tan9+sec6:% .. (D

Solution : LHS =

Now sec? § —tan? =1
. (secH+tanO) (secH—tan O) =1

" g (secHd-tand) =1

. (secf—tan 0) = % ...(2)

From (1) and (2) , we get, 2 sec § = 13

6
. secO= B and cosf = 13

. _5 gD
. tan@-lzandsme—13

Ex. 10 Prove that

sin@ N tan @
1-cos@ 1+cosé

= sec 0 cosech + cot 0

sin@ N tan @
1-cos@ 1+cosd

sin@(1+ cosd) +tan (1 —cosh)
(L-cosd)(L+cosh)

sin@+sin@ cos@ +tan@ —tan & cos O
- 1-cos?6

sin@+sin@ cos@ +tan @ —tan @ cos@

sin?o
_ sing sindcosd tand tand cosd
sin® o sin® o sin?9 sin®o
_ Sin@ sin@cosd tand sind
sin?o sin?o sin@  sin%@
_ sinf cos@ tand
sin?o sin® o
cosé 1
= ——+— = cot 6 + cosect sec 0
sin@d sin@ cosd

= sec ¢ cosecd + cot & = RHS

Ex. 11 Prove that

secd —tand@

———=1-2secOtan O+ 2 tan? @
secd +tand




secd —tan@

lution : = —Q
Solution : LHS P —

- sece—tanexsecé?—tane
secd+tanfd secHd—tand

(secd — tan 0)?
sec’ @ —tan? @

sec @ +tan% 0 — 2secd tan @
1

=l1+tan?9+tan?6—-2sec ftan b
=1-2secHtan 0+ 2tan’ & = RHS

1-sin A

_ 2 — =79l A
Ex.12 Prove that (sec A —tan A)* = To=-—

Solution : LHS = (sec A — tan A)?

=sec? A+tan? A—-2sec Atan A
L, sin®A , sinA
cos’ A cos’A  CoSACOSA

1+sin? A—2sin A
cos? A

_ (d-sin A)2 _1-sinA
1-sin? A 1+sinA

Let's Learn

2.2.4 Polar Co-ordinate system : Consider O as
the origin and OX as X-axis. P (x,y) is any point
in the plane. Let OP = r and m£XOP = 0. Then
the ordered pair (r, 6) determines the position of
point P. Here (r, ©) are called the polar coordinates
of P. The fixed point O is called the Pole and the
fixed ray OX or X-axis is called as the polar axis.

= RHS

Y!

Fig. 2.24

The Cartesian co-ordinates of the point P(r, 0)
will be given by relations :

X=rcos® and y=rsind

From these relations we get

_ [,2, .2 _y
r=qx“+y andtane—X

SOLVED EXAMPLE

Ex. Find the polar co-ordinates of the point
whose Cartesian coordinates are (3,3).

Solution : Herex=3and y=3
To find r and 6.

w/x2+y2 and tan6=%
\/x2+y2 =\/32+32 = \/E = 3\/5
r o= 3\/5

Since point P lies in the first quadrant,0 is an

r

angle in the first quadrant.
o0 =45°

Polar co-ordinates of P are (r, 0) =(1, 45°)




1)

2)

3)

4)

5)

6)

7)

8)

9)
10)

11)

EXERCISE 2.2

If 2 sinA = 1 = 2cosB and%<A<n,
3n

—_—

< B < 2xn, then find the value of

tan A+tan B
cos A—cos B

sinA _sinB

It =3 4 5
in the second quadrant then prove that
4cosA + 3cosB = -5.

and A, B are angles

1 2sin O + 3cos 0
Iftane—T,evaluate cos 0 + 3sin 6

Eliminate 6 from the following :

i) x=3secHb,y=4tand

i) x =6coseco ,y = 8coto

iii) x =4cos0 — 5sin0, y = 4sind + 5cosO
iv) x =5+ 6cosecO, y = 3 + 8coto

V) 2x =3 - 4tano, 3y =5 + 3secO

If 2sin?0 + 3sin® = 0, find the permissible
values of coso.

If 2c0s%0 —11c0sO + 5 = 0 then find possible
values of cos0.

Find the acute angle 6 such that 2cos6 =
3sin6

Find the acute angle 6 such that 5tan?0 +3
= 9secO
Find sin® such that 3cos0 + 4sind =4

If cosecO + cotO = 5, then evaluate seco.

If coto = % and < 0 < %T“ then find the

value of 4cosecO +5c0s0.

12) Find the Cartesian co-ordinates of points
whose polar coordinates are :

i) (3, 90°) i) (1,180°)

13) Find the polar co-ordinates of points whose

Cartesian co-ordinates are :
i) (55) i) (1,,/3) i) (-1, -1)
iv) (=4/3.1)

14) Find the value of

197¢

i) sin 197 25m°
3

i) cos 1140° iii) cot 3

15) Prove the following identities:

1 1
. 2 1+ =
i) (1+tan?A) +[ tan2 AJ sin® A—sin* A

i) (cos?A-1)(cottA+1)=-1

iii)  (sin@ + sec 6)? + (cosé + cosec H)?
= (1 + cosecd sec 6)?

iv) (1+cotfd-cosecH)(Ll+tanf+sech) =2

tan® @ cot® @
V) 2 + 2
1+tan“@ 1+cot”@
=sec # cosed — 2 sin 9 cos @
vi) 1 B 1 1 B 1
secd+tan@ cos@d cosd secHd—tand
Vii) sin 6 + 1+'COSQ =2cosecH
1+cos@ sin@
tan @ secd+1
viii) =
sec/-1 tanéd
ix) cot@ _ cosecd +1
cosecd -1 coté@

X)  (secA+cosA)(secA—cosA) = tan?A+ sin?A
xi) 1+ 3cosec?0-cot?0 + cot®0 = cosec®o

l-secO+tan6® secO+tan6-1
1+secO—-tan® secO+tan6+1

Xii)




[%% Let's Remember

1)

2)

3)

4)

5)

6)

7)

y
A
sind All Trig.
& coseco | functions
are +ve are +ve
X < > X
tang cosé
& cotd & secd
are +ve are +ve
v
yl
Fig. 2.25

All trigonometric functions are positive for

60 in the first quadrant.

Only siné@ is positive; cosd and tanéd are
negative for 6 in the second quadrant.

Only tand is positive sind and cosé are

negative for @ in the third quadrant.

Only cosé is positive; sing and tané are

negative for 0 in the fourth quadrant.

Signs of cosecd, secd and cotd are same as
signs of sind, cosé and tand respectively.

The fundamental identities of trigonometric
functions.
1) sinfd+cos?0=1

2) l+tan20=secd, If 0 ;é%

3) l+cot?’@=cosec’d, ifd =0

8) Domain, Range and Periodicity of
Trigonometric functions

Trigono-
'Plf,ﬁ[:'c Domain Range [Period|
tions
sind R [-1,1] 21
cosé R [-1,1] 21
R-{2n+1)L :n
tan® & 2 R T
cosecd| R—-{nn:nel} |R-(-11)| 2=
_ I -
secd | R {(2”;1}%) 5 "R-(-11)| 2n
cotd R—{nn:nel} R T

9) Polar Co-ordinate system : The Cartesian
co-ordinates of the point P(r, 0) are given by
the relations :

X =11 cosO

= /%2 2 -y
where, r X +y“ and tan® »

MISCELLANEOUS EXERCISE - 2

and y=rsin0

I)  Select the correct option from the given
alternatives.

1)  The value of the expression cosl°®. cos2°.

c0s3°. ........ c0s179° =
1

A) -1 B) 0 C) — D) 1
) ) )75 )
tan A 1+secA .

2) is equal to

1+sec A tan A

A) 2cosecA  B)2sec A

C) 2sin 4 D) 2cos A

3) If aisaroot of 25c0s%0 + 5¢c0s6 — 12 = 0,

%<a<nthensin2aisequalt0:

24 13 13 24
A) —— B)-— OC) — D) —
) 25 ) 18 )18 )25




4)

5)

6)

7)

8)

9)

10)

)
1)

2)

1 2
If 6 = 60°, then *tan O is equal to
tan @
V3 2 1
A) — B) = C) = D
) S BF OF D
If secO = m and tan® = n, then
1 (m+n)+ ! i |
. (m+n) is equal to
A) 2 B) mn C) 2m D) 2n
5
If cosec © + cot 6 = 5 then the value of tan
0 is
14 20 21 15
A) — B) — C) — D) —
) 25 ) 21 ) 20 ) 16
sin@  1+cos@®  sinf
- - - equals
1+cosf sin 6@ 1—cos®
A) 0 B)1 C)sin® D) cos 6
If cosecO — coto = q, then the value of cot 6
IS
29 29 1-q° 1+¢
A B C)—=— D
e Pig 9 g Do
The cotangent of the angles % , % and %
are in
A) AP. B) G.P.
C) H.P. D) Not in progression
The value of tanl°.tan2°tan3°..... tan89° is
equal to
A) -1 B) 1 C)% D) 2

Answer the following.
Find the trigonometric functions of :

90°, 120°, 225°, 240°, 270°, 315°, —-120°,
—-150°, -180°, —210°, —300°, —330°

State the signs of

i) cosec520° ii) cot 1899° iii) sin 986°

3)

4)
5)

6)
7)

8)

9)

10)

State the quadrant in which 0 lies if
i) tand <0 and sec >0
i) sinB <0 and cosO <0
iii) sin® >0 and tan6 <0

Which is greater sin(1856°) or sin(2006°) ?
Which of the following is positive ?
sin(—310°) or sin(310°)

Show that 1- 2sin6 cos6 > 0 for all 6 € R

Show that tan0 + cot’0 > 2 forall® € R

X2_y2
x2+y2
cos0, tand in terms of x and y.

If sin6 = then find the values of

If secO = 2 and %n < 0 < 27 then evaluate

1+tan ©+cosecO

1+cot®—cosecO

Prove the following:
i)  sin?Acos?B + cos? Asin?B +
cos? Acos?B +sin?Asin?B =1

(L+cot&+tan &)(sin#—cosH)

i)
sec’ @—cosec’ 4
=sin? § cos? 0
2 2
i) | tan@+ ! +| tan 9—i
cosé cosé

_9 1+sin? 0

~ 1-sin?e
iv) 2sec?d—sec*§—2cosec? § + cosec*

= cot* § —tan* 6
V) sin*@+cos*fd=1-2sin?Hcos? o
vi)  2(sin® @ + cos® @) — 3(sin* & + cos* )

+1=0

(33



vii) €0s*0 — sin*d +1= 2c0s%0 xiv) (1+tanA-tanB)? + (tanA—tanB)? =

viii) sin‘0 +2sin%0 -cos?0 = 1 — cos*0 sec°A-sec’B

. sin®0+cos20  sind0-cosdo B Xv) 1+cotO+cosecO _ cosecO+coto—-1
iX) SinO + cos 0 + Sin0—cos® 1-cotO+cosecO cotO—cosecO+1
X)  tan?0 —sin?0 =sin‘0 sec?0 Vi tanO+secH-1 _ tan©

xi)  (sin® + cosecO)? + (cosd + secO)? = tanb+seco+l secH+l

tan?0 + cot?0 + 7 cosecO+cotf—1 1-sin®

XVil) =
Xxii) sin®@ —cos®0 = (sin?0 — cos?0 ) cosecH+cot6+1  cosH
(1-2sin%0 cos?0)
xviii) cosecO+cot0+1 _ coto
Xiii) Sin®A + cosPA =1 — 3sin?A +3 sin‘A cotO+cosecO —1 cosecO -1
([ ([




Trigonometry - Il

@Vé}’ Let's Study

e Trigonometric functions of sum and
difference of angles.

e Trigonometric ~ functions  of  allied
angles.

e Trigonometric  functions of multiple
angles.

e Factorization formulae.

e Trigonometric functions of angles of a
triangle.

% Let's Recall

In the previous chapter we have studied
trigonometric functions in different quadrants.

3.1 Compound angle : Compound angles are
sum or difference of given angles.

Following are theorems about trigonometric
functions of sum and difference of two
angles.

Let’s Derive

Theorem : 1) For any two angles A and B, cos
(A-B) = cos A cosB + sinAsin B

Proof :

AY
Draw a unit standard A R
circle. Take points P [ XX
and Q on the circle LR A8
so that OP makes [x © s X
an angle A with K/
positive X-axis and
OQ makes an angle 2%
>B(_axvi\;llth positive Fig. 3.1

mz£XOP = A, mz£XOQ = B. From figure OP
=0Q=1

Co-ordinates of P and Q are (C0sA,sinA)
and (cosB, sinB) respectively .

d(PQ)

\/ (cosA—cosB)’ + (sinA —sinB)*

\/coszA —2cosAcosB + cos*B + sin® A — 2sinAsinB + sin*B

\/(coszA +sin*A) + (coszB + sinzB) —2(cosAcosB + sinAsinB)

J1+1-2(cosAcosB + sinA sinB)

\/2—2(cosAcosB +5sinAsinB)

[d(PQ)]? =2-2(cosAcosB+sinAsinB) . (1)

Now consider OQ as new X-axis. Draw new
Y-axis perpendicular to it.

.. mzQOP =A-B

.Co-ordinates of P and Q are (cos (A-B),
sin(A-B))

and (1,0) respectively.

P = (cos (A-B), sin (A-B),Q = (1,0)

d(PQ)

Jlcos (A~ B)~1]* +[sin (A~ B)—0]*

\/cosz (A-B)-2cos(A-B)+1+sin’(A-B)

\/cosz(A— B)+sin?(A-B)+1-2cos(A-B)

J1+1-2cos(A-B)

\J2—2cos(A-B)

[d(PQ)? = 2—2cos(A—B).....(2)




From equation (1) and (2) we get

2—2 cos (A-B) = 2-2 (cosAcosB+sinA sinB)
. =2 cos (A—B) = —2 (cosA cosB+sinA SinB)
. cos (A—B) =cos Acos B +sin Asin B

Theorem : 2) For any two anglesAand B,
cos (A+B) = cos Acos B —sin Asin B
Proof : We know that
Ccos (x—y) = cosx cosy + sinx siny
Put x= A,y =—-B we get
cos (A+B) = cosA cosB+sinA (-sinB)

“+ €0S(—0) = cosb, sin(—0) = —sind

= CoS(A+B) = cosAcosB — sinA sinB

Results :
1) cos (f—ej =sin6
2
Proof : We know that

COS(X—Yy) = cosx cosy+sinx siny

Put x:%, y =0 we get

cos | Z—0|=cos ~ cos 0+ sin -~ sin 0
2 2 2

0.cosO + 1.sin6

sinf

. COS (f—ej =sin 0
2

Simillarly

2) cos (erg] = —sind
2
3) sin (%—0) = cos0

4) sin (14_0) = cosf
2

. T
n Sm(} 9 cosg

5) tan| -0 | = =——=cotf

2 (zr j sing

cos o

6) tan (%Jr@j = — cotf

Theorem : 3) For any two angles A and B,

sin (A—B) =sin A cos B — cosA sin B

Proof : We know that cos [%—GJ =sin0

Putting 6 = A — B, we get

sin (A-B) = cos [%—(A— B)]
= Cos ((E— A)+ BJ
2
=Cos (1— Aj cos B —sin (f— Aj sin B
2 2
.. sin(A-B) =sin A cosB — cosAsin B

= cos |5 ¢ =sind, sin Z-0| = cos 0
(T —

Theorem : 4) For any two angles A and B,
sin (A+B) = sinAcosB+cosAsin B [verify]

Theorem : 5) For any two angles A and B,

tan (A+B) = tanA + tanB

l1-tan AtanB
) sin(A+B)
Proof : Consider tan (A+B) = m
sin Acos B+cos Asin B

cos AcosB
cos AcosB —sin AsinB

cosAcosB

(dividing numerator

and demonator by cosA cosB)

sin AcosB  cos AsinB

cos AcosB  cos AcosB
cos AcosB B sin Asin B

cosAcosB cosAcosB




sin A N sinB
cosA cosB

= sinA sinB
cosA cosB

tan A+tan B
~ 1-tanAtanB

- tan (A+B) = 1-tan Atan B

Theorem : 6) For any two angles A and B,

tan (A-B) = _anA-tanB  (activity)
l+tan Atan B

Results :

1) If none of the angles A,B and (A+B) is a
multiple of =

cot AcotB-1

then, cot (A+B) = cOlB+COtA

2) If none of the angles A,B and (A-B) is a
multiple of =

cot AcotB+1

then, cot (A-B) =
( ) cotB-cot A

SOLVED EXAMPLES

Ex. 1) Find the value of cos 15°
Solution : cos 15° = cos(45°-30°)

= €0s45°c0s30° + sin 45°sin30°
1

1
+__
2 2

/%

1
=72
N3 1
22 22

_ B+l
242

13x°¢

Ex. 2) Find the value of tan

Solution : tan 137 tan L
12 12

tanr + tan-—
12

1—tan7rtan£
12

0+ tanl
12

1+0><tan£
12

T
= tan —
2

tan” —tan*
4 6

1+tanZ tan ™
4 6

1

3

141x =
V3

= = 2_\/5

sin(x+y) _ tanx-+tany

Ex. 3) Show that =
) sin(x—y) tanx—tany

sin(x+y)
sin(x—1y)
sin X cOS Y +Cos xsin 'y
Sin X coS 'y —Ccos Xsin'y

Solution : L.H.S. =

(dividing numerator and denominator by
COS X COS Y)

COSX COSY
sinx siny
COSX COSY




tanx +tany ) X

T tanx-—tany " tanAtanB Y
= RHS. -~ tanAtanB =2

y

Ex. 4) Show that : tan3x tan2x tanx = tan3x — 1

Solution : tan (3x) = tan (2x+x)

fan2x 4t 1+tanAtanB
an2x +tanx =
- tanA—-tanB
tan (3x) = 1—tan2xtanx «
tan3x [1-tan 2x tanx] = tan2x + tanx 1+§ x+y 1 1
= = = —+—
tan3x — tan3x tan2x tanx = tan2x + tanx X xy ¥ X
1 1
tan3x — tan 2x — tanx = tan3x tan2x tanx . cot (A-B) = V+;
tan3x tan2x tanx = tan3x — tan2x — tanx
Ex.7) If
T T
Ex.5) Show that Cos (_ + Xj +C0S(——X) tan oc= ! tang = Jx andtany =vx 2 +x 2+~
4 4 \/x(x2+x+1) VX +x+1
= /2 cosx then show that
Solution : L.H.S. = cos(%+ xj+cos(%—x) th=y
Solution : We know that
T . TT f T
= C0S — COSX — Sin —— Sin X + C0S —-CO0S X
4 7 4 tan(ec + ) = tan oc +tang
o 1-tan o« tang
+ sin - Sinx
sotan (a+p) =
1 1 ) )
=5 COSX + N COSX 1 . \/;
2 - \/x(x2+x+1) I +x+1
= ﬁcosx = J2 cosx =R.H.S. 1_ 1 Jx
\/x(xz +x+1) U2+ x+1

Ex. 6) Iftan A—tan B=xand cotB - cotA=y

then show that (x+1)~/x2+x+1

cot (A-B) = 1.1 X.X(x+1)
Xy
Solution : cot B —cotA=y - X_2+L+i
XX X
o1 1 _
R —— Vi [01, o2, .3
tanB tanA = X“+X"+X
~ tanA-tanB _ = tany
tanAtanB LatB=y
38



Ex. 8) If sin A+sinB = x and cosA + cosB =y then

, EXERCISE 3.1
X
show that sin (A+B) = —; yz

Xty 1)  Find the values of
Solution : . .

i) sin15° i) cos75° iii) tan 105°

24y2 — 2 i inB)?
y+X = (cosA+COsB)? + (sinA+sinB) iv) cot 225°

_ 2 2 N2 N2
= cos?A+2cosAcosB+cos?B+sin?A+sin?B 2)  Prove the following.

+2sinA sinB
y?>+x? = (costA+sin?A)+(cos?B+sin’B)+ i) cos(i—x) COS(—-—Y) — SiN(—=-—X) Sin(—-—Y)
o 2 2 2 2
2(cosAcosB+sinAsinB)
= — C0S (X+Yy)
= 1+1+2cos(A-B)
) N T g = I-tan6
SoX2+y2 = 2+ 2c05(A-B) ... () i) tan ( =" )= 1 tano
y2—x2 = (cos A+cosB)?—(sinA+sinB)? .
= (cos?A — SinA)+(cos?B—sin?B) _ [A+tanxY tan (4 * Xj
+2[cosA cosB-sinA sinB] i) \Tanx) = pu
an| ——x
= Cc0s2A+c0s2B+2 cos (A+B) (4 j
_ ZCO{ZAJFZB} lCOS{ZA—ZB} iv) sin [(n+1)A].sin[(n+2)A]+cos[(n+1)A].
2 cos[(n+2)A]=cos A

+ 2cos(A+B)

T _ .
= 2¢0s (A+B) cos (A-B) +2 cos (A+B) v) 2 cos Z A ZCosAtsinA

= cos (A+B) [2cos (A-B)+2]  [from ()] cos(x-y) _ cotxcoty+1
Vi) ———— =< =
y>=x? = cos (A+B) (x*+y?) ) cos(x+y)  cotxcoty —1
. y:-x* = cos (A+B) vii) cos (x+y).cos (X—y) = cos?y — sin?x
2 2
Xy vii) tanSA —tan3A _ sin2A
. sin (A+B) = tan5A +tan3A  sin8A
) y?—x2 ix) tan86 — tan50 — tan36 = tan86 tan560 tan36
sosin(A+B) = [1-(5—=)?
v+ X2 X)  tan50° = tan40° + 2 tan10°
2 1 x%)2 —(y? =x%)? C0S27°+sin27°
= | +X) —(y" —x) i) Ml tan720
(y? +x?)? €0S27°—sin27°

xii) tanl0° + tan35° + tan10°.tan35° = 1

\/y“ +2X°y2 + Xt -yt +2x°y? —x*

(X2+y2)2 xiii W — %
cotAcotdA-1  cos5A
2.,2
= % xiv) coslSO—sin15°_L
OC+y7) coslS°+sin15°_\/§
2Xxy
Y




; _ -5 3n
3) IfsinA=_2, n<A<2"and
) 3" 2
cosB=3 3m<B<2x
5 2

find 1) sin (A+B)
iii) tan (A+B)

i1) cos (A-B)

T

5 1
4) If tan A= -, tan B =7, prove that A+B =7

’}a Let's Learn

3.2 Trigonometric functions of allied angels.

Allied angles : If the sum or difference of the
measures of two angles is either '0' or an integral
multiple of %then these angles are said to be
allied angles.

If 6 is the measure of an angle the

—H,%i@, ;zie,%[ie,zn_e are its allied
angles.

We have already proved the following results :
1) sin (% —0) =cos 0, cos (% —0) =sind,

tan (% — 0)=cot 0

2) sin (% +0) = cos 0, cos (% +0) = —sind,
tan (%+e) =—coth
Similarly we can also prove the following results :

1) sin(mt—0)=sin0, cos (- 0)=-cosb,
tan (n—0)= —tan 0

2) sin (w+ 0)=-sin 0, cos (m + 6) = — oSO,
tan (1+0) = tan 0

3) sin (37’t — )= — 05 0, cos (37’r — 0) = —sino,

tan (377c —0)=cotHo

4) sin (377t +0) =—c0s 6, cos (3771 + 0) =sino,
tan (377E +0)=—cot 0

5) sin(2r—0)=-sin 6, cos (2w — 0)
= C0s0 , tan (2n—0)= —tan 6

Above results are tabulated in following table .

allied -0 | T n—0| n+0 [2n—0|2n+ 6

angles/ 2 =9 2 *o

Trigonometric

functions
sin —sinB| cos® | cosb | sin® |—sin6 | —sind | sin6
cos cosO | sin® | —sin® |—cos 6| —cosd | cosd | cosd
tan —tan6| cot® | —cot® |—tan O] —tand | —tanO | tand

SOLVED EXAMPLES

Ex. 1) Find the values of

i) (sin495°) i) cos 930° iii)tan 840°
Solution :
1) sin (495°) = sin 495° i1) cos 930°

= sin (360°+ 135°) = cos (2 x 360° + 210°)

=sin 135° = cos 210°

= sin (% + 459 = cos ( + 30°)
1

= C0s 45° = Nl = —Cos 30°=—§

i) tan 840° = tan (2 x 360°+ 120°) = tan 120° =
tan (%+300) = —cot30° = —.f3

Ex. 2) Show that :

i) cos 24° + cos 55° + cos 125° + cos 204° +
1

cos 300° = wa

Solution :

L.H.S. = cos 24° + cos 55° + cos 125° + c0s204°
+ cos 300°

N S



= C0S 24° + cos 55° + cos (180° — 55°) +
cos (180° + 24°% + cos (360°— 60°)

= C0s 24° + cos 55° — c0s55° — c0s24°
+ cos 60°

.

= c0s 60° = — =R.H.S.

2

i) sec 840°.cot (—945°) + sin 600°.tan (—690°)

3

2

Solution :

sec 840°

cot (-945°)

sin 600°

tan (-690°)

L.H.S.

= sec (2 x 360° +120°) = sec 120°

= sec (90° + 30°) = - cossec 30°
=2

= —cot 945° = —cot (2 x 360° +225°)
= —cot 225°

= —cot (180° + 45°) = —cot 45° = -1
= sin (360° +240°) = sin 240°

= sin (180° +60°)

= —sin60° = — ﬁ

2
—tan690° = —tan (2 x 360 — 30°)
— (~tan 30°)

tan 30 =

1
NE

= sec840°.cot (—945°) + sin 600° tan (—690°)

—-2x-1+ [_ﬁxi]
2 3

i
cgs ec(90° - 0).sin(180° — 0 cot (360° - 0)
sec(180° +0)tan(90° +0)sin (-0)
L.H.S.
= coses(90° - 0).sin(180° - ) cot (360° - )
sec(180° +0)tan (90° + 0)sin (-0)
___secdsind (—coth)
~ (-secd)(—cotd)(-sind)

=1

~ —sec@sin@cot @
~ —secHcotdsing

=1=RH.S.

cot(;rJr ejsin (-6)cot(z—0)

v) cos(2z—0)sin(z +6)tan (27 - 6) = ~cosect

L.H.S.
cot(ZJrerin(—e)cot(;r—H)
cos(27z—0)sin(z +0)tan(27 - 6)

_ (—tan@)(-sind)(—coth)

~ cosd(-sing)(-tano)

_ —cotd

~ +cosd

= - Cf)sex L = ——=—cosecO = R.H.S.
sin@ cos@ sind@

Ex. 3) Prove the following :

i)sinl+sin4—n—sin14_”—sinﬁ:0

15 15 15 15
Solution : L.H.S
= sin % + sin i—g—sin 147 _gjp 11z

15 15

= sinn+sin4—n—sin(—7t ~sin (n— 27
- 5 15 ™15 ™15
_ . L . 47’[_ . T 41
= sin g5 +sin 7= —sin = sin =
= 0
= R.H.S.




i) sin? (™ —x)+sin?(*+x)=1
) (4 ) (4 )
T
Solution : consider * —x=y ..X= —/— —
7 y .

L.H.S.

sin? (™ —x) +sin? (T +x
(4 ) (4 )
= sinfy+sin? (T + T —
y (4 4 y)
= sin?y + cos?y
= 1=R.H.S.
iii) sin? ™ +sin? 3% +sin2 3T +sin2 /T =2
8 8
Solution : L.H.S.

=sin2 T +sin2 3T + sinz%7T +sin2 /T
8

= sin? ™ +sin? 3%
8

+ sin? (4ﬂ+”j + sin? (mj
8 8

T T 3
=sin2 T +sin2 3T +sin2| 5+t o +sin2[_+—
) 2 8 2

8

sin2 ™ +sin2 3T + cos?2 T + cos? 3T

8 8 8 8
=1+1
=2 =R.H.S.
Iv)

cos?| = |+ cos? 27 +c0s? 37 +cos? ) _
= = = —| =2
10 5 5 10

Solution : L.H.S

= cos?| = |+cos? 2z +cos? 3z +cos? o
10 5 5 10

— cos’ (ij +cos’ (£—£j+ cos’ (£+£j +cos’ (ﬂ—ij
10 2 10 2 10 10

= cos?| = |+sin?| Z |+cos?| = |+sin?| =
10 10 10 10

= 1+1
= 2=RH.S.

1)

2)

EXERCISE 3.2

Find the value of :

i) sin690° i) sin (495°)

Iii) cos 315° iv) cos (600°)

V) tan 225° vi) tan (— 690°)
vii) sec 240° viii) sec (— 855°)

iX) cosec 780° X) cot (-1110°)

Prove the following:

cos (7 +x)cos(—x)

= cot? X
sin(7 — x)cos(72T+ xj

i) cos (%ZJF xj cos (2 m + x)[cot

i)

Iv)

vi)

Let's Learn

(%_X}- cotn+x)]=1

sec 840°.cot (— 945°) + sin 600° tan (— 690°)
3
2

cosec(90°—x)sin(180°—x)cot(360°—x) _
sec(180°+ x)tan (90° + x)sin (—x) -

sin’ (7 +x) sec? (7 — x) tan (27 — X)

= tan® x
2 T . 2
CoSs §+X Sln(ﬂ'—X)COSGC —X

cosO + sin (270° + 6) — sin (270° — 0)
+c0s (180°+0)=0

3.3 Trigonometric functions of multiple angles.

Angles of the form 260, 30, 406 etc. are integral
multiple of © these angles are called multiple

angles and angles of the form g% etc. are

called submultiple angles of 6.

e



3.3.1 Trigonometric functions of double angles = 2(1-sin®)—1

(206) = 2-2sin0-1
Theorem : For any angle 6, = 1-2sin%0 ........ (3)
oo 2tand = c0s% — sin%0
1) sin 26 = 2sin6 cosO = 1+ tan’o
. _  cos’@-sin’d
2) €0s26 = c0s%0 — sin?0 = 2cos?0 — 1 1
2 2 a2
—1_25in%0 = 1—tan2¢9 _ cos H—S!n 0
1+tan®0 cos’6 +sin’6
3) tan20 = _2tand cos’d —sin’0
1-tan®@ _ cos’d
2 A2
Proof: 1) =sin20= sin (0 +0) w
cos 6
= sin 6 cos O + cos 6 sin 6 -
1- sin“@
= 2sinBcosO......(1) B cos26
= LSO
_2sin@dcosé 1+M
= 1 cos’6
1-tan’@
i = 4
— M l+tan29 ( )

Sin%0 + cos?0
From (1), (2), (3) and (4) we get
2sindcosé [ cos® @

= - 20 _ c1n?2 — 20 _
Sin2 0+ cos2 @/ cos? €0S20 = c0s%0 — sin“0 = 2c0s0 — 1

. =1-2sin%0
_ 2siné/cosd >IN
- Sinzg 1 _ 1—tan20
cos’ 0 1+tan®@
__2tand )
T 1+tan®@
3) tan2o = 219
From (1) and (2) 1-tan"¢
sin 20 = 2sinBcoso = 1?2;?(9 Note that the substitution 20 = tt transforms
sin26 = 2sinB.coso into sint = 2sin — .cos % .
2) cos20 = cos (06 + 0) Simillarly,
= €0s0 cosO — sind sind _ t .t
€0S20 = c0s°0 — sin%0,  cost = cos?— —sin?—
= c0s%0 —sin®0 ....... (1) 2 2
= c0s%0 — (1 — cos?0) 2 tan L
_ 2tan6 _
= €0s%0 — | + Cc0s?0 tan26 = — tant = n
1-tan’0 1—tan® —
= 2c0s0 -1 ....... (2)




_ 0 _ 2t
Also if tanE =t then sind = e

2

and tan@ =

and cos6 = e -

3.3.2 Trigonometric functions of triple angle
(36)

Theorem : 1) For any angle 6
1) sin30 = 3sin6 — 4sin0
2) c0s30 =4co0s°0 —3cosH

3)tan30 = 3tand —tan’g
1-3tan’é
Proof:
1) sin30 =sin (20 + 0)
= sin20cos6 + c0s26sin6d
= 2sin6cos0.coso + (1- 2 sin%0) sind
= 2sinBcos?0 + sind — 2sin*0
= 2sin0 (1- sin?0) + sind — 2sin®0
= 2sin6 — 2sin®0 + sind — 2sin*0
= 3sin0 — 4sin°0
.. 8in36 = 3sin6 — 4sin®0
(Activity)
2) cos30

3) tan360

cos (260 +0)

tan (20 +0)

tan 260 +tan @
1-tan20tané@

( 2tan€? )+tan9
1-tan“@

(1—2tanéz?jtan9
1-tan“@

2tand + tane(l— tan29)
1-tan’d
= (1—tan29)—2tan29

1—tan’@
2tané + tand — tan*0
1-3tan’0

3tand —tan’0
1-3tan%0

3tand —tan*0

. tan30 =
1-3tan?%0

SOLVED EXAMPLES

Ex. 1) Prove that 1 + tan6 tan % =secO

Solution :

L.H.S

1 +tan O tan (%)

sin 4
sing 2

-0
cosd os¥

= 1+

.0 0 . 0
2sin —Ccos —.sin —
2 2 2

= 1+
cosecosz

Zsinzg
2

= 1+
cosd

1-cosé@
coso

cosd +1-cosd
cosd

1
= @ =secO =R.H.S

Ex. 2) Prove that tan 20° tan 40° tan 60° tan 80°
=3

Solution :

L.H.S.

= tan 20° tan 40° tan 60° tan 80°

= tan 20° tan 40°. /3 tan 80°

= /3 tan20° tan (60°- 20°) tan (60° + 20°)

NN



= /3 tan20°

J3-tan20°  +/3+tan20°
V3 1an20°. 10" /31200 1 /3tan20°

3—tan?20°
1-3tan?20°

/3 tan20°.

3tan20° —tan®20°
=V3 T 1 3mn?o0°

tan60° —tan20°  tan60° + tan20° _3c0s°0 +3cosg | 3sind—3sin’0
. . = + _—
1+tan60°tan20° 1-tan60°tan20° cosé sind

30030(1— cosze) 35in6?(1—sin20)
cosé sin@

=3sin’0 + 3 cos?0
= 3(sin%0 + co0s20)
=3(1)=3=R.H.S.

Ex.5) Prove that @A+ 1aN3A —4c052A cos 4A

= */5 tan [3 (20)1° tan5A—tan3A
= /3 tan 60°
=J/3./3=3=R.H.S Soln.:LH.S. = fanSA+tan3A
' U tan5A—tan3A
Ex. 3) Prove that 2cosec2x + cosecx = secx. cot (x/2) Sin5A N sin3A
_ CO0S5A cos3A
Solution : L.H.S. = 2cosec2x + cosecx ~ Sin5A B Sin3A
2 N 1 CosS5A cos3A
sin2x_ . sinx Sin5Acos3A + cos5Asin3A
2
- + _1 _ COSS5ACOS3A
2SINX COSX sinx Sin5Acos3A —cos5AsIn3A
1+ COSX COS5AC0S3A
~ sinxcosx _ sin5Ac0os3A+ cos5Asin3A
208 (x/2) ~ sin5Acos3A—cos5Asin3A
- 2sin(x/2)cos(x/ 2)cosx _ Sin8A _ 2sin4Acos4A
cos(x/2) 1 SIN2A sin2A

sin(x/2) cosx

cot (x/2) .secx =R. H. S.

3 -3 -
Ex. 4) Prove that €98 0 —cos30 L sin 0_+sm3¢9
-3 cosé sing

Solution : L.H.S.

cos®d —cos36 . sin®d +sin30
cosd sin@

c0s°9 [ 4c0s°0 ~ 300 | Lsin°0+ [SSinH - 4sin39]

2.2sin2 Acos2Acos4 A
sin2 A

4 cos2 Acos4A=R. H.S.

Ex. 6) Show that , where (cos 6 + isin 0)®
=c0s 30 + isin 36, where i = 1.

Solution : L.H.S.= [cos6 + i sin6]®
=c0s® 0 + 31 cos?0 sin O + 3 i% cosO sin? O + i° sin®0
=¢c0s® 0+ 3i (1- sin?0)sind — 3cosO sin? 6 — isin%

=c0s® 0 + 3i sin 6 — 3isin®0— 3cosO (1— cos? 0) — isin®0

cosd sin@

=c0s® 0 + 3isin O — 3isin®0 — 3c0sO + 3cos® O — isin®0
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= [4 cos® 0 — 3cos0] + i [3sin 6 — 4sin®0]
= €0s30 + isin30
=R.H.S.

Ex. 7) Show that 4sinf cos*0 — 4cos6 sin*0
=sin40

Solution:
L.H.S

4sin6 cos®0 — 4coso sin*0
4sin0 cos0 [cos? — sin%0]

= 2.(2sin6 cos6 ) (cos? 6 — sin%0)
2.5in20 . cos26

sin 40

R.H.S.

Ex. 8) Show that 1+sin2A = tan (£+ Aj
\'1-sin2A 4
Solution :
/1+sin2A
1-sin2A

B \/sin2A+ cos® A+ 2sinAcosA
sin®A+cos?A— 2sinAcosA

L.H.S.

(SinA+ CosA)?
(cosA—sinA)?

SinA+ cosA
COSA —sinA

COSA+ sinA

_ COSA
COSA —sinA

COSA

sinA
1+——
cpsA
1- SINA
COSA

1+tanA
1-tanA

tan %thanA

= — - [.. 1=tan L]
1—tan%tanA 4

tan ££+ Aj
4

= RH.S.
Ex. 9) Find sin % cos X, tan %
if tanx = % x lies in 1l quadrant.

Solution : we know that 1 + tan?0 = sec?0
16 _ 9+16 25

seczx:1+(—%)2:1+

5~ 9 9
5
=+=
Sec X 3
But x lies in 1l quadrant.
", Secx is negative.
soSeCX=— 2 cosxz—i
3 5
. / 3 L9 4
. 4 L
cosinx= g [.. x liesin Il quadrant]
But sin X
2
_ [5+3 _
- V2x5
cos X =
2

X 4
sin= -
5
tanE = i: T: %X?_\/_:
cos— 5
X 2 X 1 X
sin 2= —,c0os 2 =——,tan = =2
5 2 b 2




Ex. 10) Find the value of tan %

Solution : let x= X - 2x=T
8 4
2tan x
we have tan 2 x = >
1—tan”x
2tan >
L tan L= —F5-
4 1-tan?”
8
2y
let y=tan ~ . 1=
y 8 1_ y2
o l-y?=2y
yE+2y —1=0
2y:—%QJ_:_1bﬁ

2
Since % lies in | quadrant y = tan % positive

.'.tan%:\/i—l

Ex. 11) Prove that

V4 T 3
X+—= X—— |- =
C0S? X + C0S? ( 3j +cosz( :,J— )

Solution : L.H.S.

T T
=  C0s? X + COS? (X+§j + c0s? (X—gj

1+cos?2 x+z
1+ c0s2x 3
5 + +

1+cosz(x—”j
3

2

1 27
= & [3+cos 2x +cos (2X+?j

> [3 + cos 2x + 2c0s2x cos %n]

1

- N

> [3 + cos 2x + 2c0s2x cos (7[—%)]
1

[3 + cos 2x — 2c0s2x cos —]

= 7[3+0052x — €0S2X |
3

|

=R.H.S.

Ex. 12) Find sin —

I
Solution : 10

10
=18°

Let, 6 = 18°, 26 = 36°, 30 = 54°

We have

20 + 30 =90°
26 =90° - 36
sin 26 = sin (90° — 30)
2sin 6.cos © =cos 3 6

2sin 0.cos 6 = 4.cos® 6 — 3 cosO
2sin 0 =4.cos? 0 -3

2sin 0 =4 (1 -sin%) — 3

2sin 0 =4 — 4sin?0 — 3

4sin?0 + 2sin6 - 1=0

sin O

sin

sin 0

sin 18°

. T
SIn —

10

=2+ 4+ (441

2(4)
2425
2(4)

145

4

—1+\/§

4
[+ 6 is an acute angle]

1445

4

~1+/5

4




EXERCISE 3.3
1) Find values of : i) sin % ii) cos %
2) Find sin 2x, cos 2x, tan 2x if secx = %3
? <X<T
3) Prove the following:
i 1-cos260 _ tanzo
1+cos26
ii) (sin3x +sinx)sin x + (cos3x-cosx) cosx =0
iii) (cosx+cosy)?+ (sinx -siny)? = 4cos? M
X_
iv) (cosx-cosy)?+(sinx -siny) 2= 4sin? %
V) tanx + cotx = 2 cosec2x
COSX+SiNX _ COSX—SINX _ ) 15y

COSX —SinX  COSX + Sinx

vii) \/2+ 2+ /2t 2c0s8x = 2 COSX

viii) 16 sinB cosO cos26 cos40 cos86 = sin166

ix) sin3x+cos3x = 2C0t2X
COSX  sinx
i X -1
COSX ot 5 )~
)() - =__ \=7
1+ sinx X
cot(j+1
2
2 oco2)
Xi) = secH
o))
cot| — [—tan| —
2 2
Xii) 1 - 1 =cot 2A
tan3A—tanA cot3A—cotA
] ] ] ___sin6g’
Xiii) cos7° cos 14° c0s28° cos 56° = 16c0s83°

XiV) Sil’]2 (—1600) . Sin(l800 —(9) = sec? 20°
sin’70° sing

2c0s4x+1

= (2 cosx —1) (2 cos2x —1)
2c0sx +1

3
XVi) cos’X + cos? (x +120°) + cos? (x—120°) = &~

xvii) 2cosec 2x + COSecx = sec X cot (ﬁj
2

T 27
xviii) 4cosx cos | X* 3 | +cos? | 773" = cos3x

2

1+tan® (X)
2

Xix) sinx tan [1) + 2c0SX =

2

Let's :Learn

3.4 Factorization formulae:

Formulae for expressing sums and differences
of trigonometric functions as products of sine and
cosine functions are called factorization formulae.
Formulae to express products in terms of sums and
differences are called defactorization formulae.

3.4.1 Formulae for conversion of sum or
difference into product.

Theorem: 9) For any angles C and D,

o[

2) sinC—sinDchos[CJ”Dj sm( j

1)sin C +sin D =2 sin (C

3) cosC+cosD:2cos(C+D cos( j

4) cosC—-cosD=-2 sin(C;Dj sin (C%Dj

=2sin (CJFD) sin (D—_Cj
2 2

Proof : We know that
C+D

and B:;D
2

Let, A=

LA+B=Cand A-B=D

using these values in equations
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sin (A +B) +sin (A —B) = 2sin AcosB
sin (A + B) —sin (A —B) =2 cos A sinB

we get
coS | ——
2

) (559

sin C +sin D = 2sin (C+

sinC—sinD =2 cos (C+
Simillarly

the equations,
cos (A+B)= cosAcosB —sinAsinB ...... 3

cos (A —B)= cosAcosB +sinAsinB ...... 4)

gives,
Dj (C—Dj
cos | ——
2

_(c+D) . (C-D
.. cosC —cos D =-2sin —5 ) sin o

cosC +cos D = 2 cos [C+

.. sin (—0) = sind

on((2) = ({57)
=ein (23]
C+2Dj sin(D;Cj

3.4.2 Formulae for conversion of product in to
sum or difference :

.. cosC —cos D =2sin (

For any angles A and B

1) 2sin Acos B =sin (A +B) +sin (A—B)
2) 2cos AsinB=sin(A+B) — sin (A —B)
3) 2cos AcosB =cos (A+B) +cos (A —B)
4) 2sin AsinB=cos (A—B) —cos (A+B)

SOLVED EXAMPLES

Ex. 1) Prove the following :

i) sin 40° - cos 70° = /3 cos 80°

i) cos 40° + cos 50° + cos 70° + cos 80°
= cos 20° + cos 10°

Solution :

i) L.H.S.

sin 40° — cos 70°

sin (90° — 50°) — cos70°

cos 50° — cos70°

— 2sin 60°sin (— 10°)

2 sin 60°sin 10°

= ZXE cos 80 = /3 cos 80°
2

R.H.S

ii) L.H.S.

= c0s 40° + cos 50°+ cos 70° + cos 80°

(cos 80° + cos 40°) + (cos 70° + cos 50°)

80+40 80-40 70+50 70-50
= 2 cos 2 cos > +2c0s > cos >

= 2cos 60° cos 20° + 2c0s60° cos10°
=2 ¢c0s60° (cos 20° + cos 10°)

=2 % (cos20° + cos 10°)

= c0s20° + cos 10° =R. H. S.

Ex. 2) Express the following as sum or difference
of two trigonometric function:

1) 25sin46 cos 20

2 sin 46 cos 20

sin (40 + 20) + sin (46 — 20)
sin 60 + sin 20

Solution :




I
N
X

—
Q
o
wn

2[cos B — cos A]
2co0sB — 2cos A

Ex. 3) Show that
Sin8x + sin2x
———— = C0S3X
COS2X —COS8X

Solution : L.H.S

_ Sin8x + sin2x
C0OS2X —COS8X

) (8x+2xj (8x—2x)
2sin cos
_ 2 2

. [ 2X+8x) . (8x—-2x
2sin Sin
( 2 j ( 2 j

2sin5Xcos3x
2sin 5Xsin 3X
= cot3x

= R.H.S

sin2oc +sin2 _ tan(oc +43)
sin2c —sin2 ~ tan(oc —f3)

i)

Solution :
sin2 oc +siN23
LH.S. = Gin2 o —sin2p

Zsin(2m+zﬂjcos(2m_2ﬂj
2 2

ZCOS(ZOCJFZﬂjsin(ZOC_Zﬂj
2 2
sin(c+3) cos(c—p)
cos(oc+4) sin(oc—p)
= tan(a+p).cot(a—P)

tan (oc +43)
tan(oc —3)
R. H.S.

2

2

A+B A-B A+B_ A-B
( ]—cos T

J

Ex. 4) Prove that following.
cos(7x—5y)+cos(7y—5x)
sin(7x—5y)+sin(7y-5x)

Solution : L.H.S.

cos(7x—5y)+cos(7y—5x)

sin(7x—5y)+sin(7y —5x)

=cot(x+y)

2C0$[7x—5y+7y—5xjcos(7x—5y—7y+5xJ

- 2 2
Zsin(”_Sy;”_SXJcos(?X_Sy;?y+5X)

cos(x+y)cos(6x—6y)
= sin(x+y)cos(6x—6y)

cos(x
= OSOHY) ey =RHL S
sin(x+y

ii) sin66 + sin46 —sin26 = 4cos0 sin26 cos30
Solution : L.H.S.

sin6oO + sin40 — sin20

= 2sin (69;4‘9]003 (68;4‘9

j— 2sin0 cosO

= 2sin50c0s0 — 2sinBcosO

= 2¢0s0 [sin50 —sin0O]

= 2co0s0 {Zcos(wgejsin(w;eﬂ

= 2 c0s0.2c0s30sin20
= 4 c0s6sin206co0s30

= R.H.S.

C0S3XSiN9X — SinXcosbx
COSXCOS5X — Sin3xsin9x

Solution : L.H.S.

€0S3XSin9x — sinxcos5x
~  COSXCOS5X — Sin3xsin9x

= tan8x

2c0S3XSIiN9X — 25iNXcos5x
2C0SXC0S5X — 2sin3xsin9x




~ [sin(3x +9x) —sin (3x—9x) |- sin (X +5x) +sin (x—5x)]
= [cos(x+5x)+cos(x—5x) ][ cos(9x—3x)—cos(3x+9x) |

sin12x —sin(—-6x)—sin6x —sin (—4x)
C0S6X + C0S(—4X) — COS6X + COS12X

Sinl2x +sin 6xX —sin6x +sin4x
COS6X +C0S4X —CcoS6X + cos12x

Sinl2x + sin4x
C0S12X + cos4dx

. (12x+4xj (12—4x]
2sin cos
: 2 2
B 12X + 4x 12X — 4x
2C0S 5 cos( 5

sin8x
~ c0s8x

=tan8x = R.H.S.

1
Iv) cos 20° cos 40° cos 60° cos 80° = 16
Solution : L.H.S.

= ¢o0s 20° cos 40° cos 60° cos 80°

= cos 20°. cos 40°. % cos 80°

[cos 20° cos 40° cos 80°]

[cos(20°+40°) + cos (20°— 40°)] cos 80°
[c0s60°) + cos (— 20°)] cos 80°

[ c0s80° + cos 20° cos 80°]

2
1
= [T c0s80° + cos 20° cos 80°]
1 1
= c0s80° + 7 2cos 20° cos 80°

1
c0s80° +?[cos (20 + 80 )+cos (20 — 80)]

1
cos80° + 5 [cos 100° + cos (- 60)°]

1 1

[cos80° + [cos 180° — 80°)] + B X7
1 1

[cos80° — cos 80°] + 6°-16

H.S.

EXERCISE 3.4

1) Expressthe following asasum or difference
of two trigonometric function.

i) 2sin 4x cos 2x
.. .27 T
2sin — C0S—
i) i 3 5
iii) 2co0s46 cos260

iv) 2c0s35° cos75°

2) Prove the following :

sin2x+sin2y _ tan(x+y)
sin2x—sin2y  tan(x-y)

i) Sin6x + sin 4x — sin2x = 4cosx sin2x cos3x

__sinx—=sin3x+sin5x—sin7x
iii) = cot2x
COSX — COS3X — COS5X + COS7 X

Iv) sin18°c0s39° + sin6° cos15° = sin24° cos33°

1
V) €0s20° cos40° cos60° cos80° = 16

3
vi) sin20° sin40° sin60° sin80° = —=

— 16
’Z% Let's :Learn

3.5 Trigonometric functions of angles of a
triangle

Notation: In A ABC; m/BAC = A,
m/ABC=B, m/ACB=C
LA+B+C=n

Result1) In AABC, A+B+C=mn
~A+B=n-C
sin (A+B)= sin (1 -C)
sin (A+B)=sinC

Simillarly:
sin (B+C)=sinA and
sin (C+A)=sinB
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Result 2) In AABC, A+B+C ==

B+C=n-C

.. cos (B +C) =cos (m — A)

..cos(B+C)= —cosA

Simillarly:
cos(A+B)=-cosC and
cos (C+A)=-cosB
Result 3) for any AABC
1) sin ATB ) - cosE
2 2
. (B+C) A
sin > = Cos 5
~ (C+A B
sin | 7 = C0s &~
i) cos A+B sinE
2 2
B+C)_ . A
cos | — = sin 5
C+A . B
cos |~ 5 = sin &
Proof.
i) In AABC, A+B+C=n .. A+B=n-C
A+BY _ z-C_n C
2 o2 2 2
. (A+B) _ n C Cc
sin 5 —S|n(2—2)—cos2
. (A+B) _ C
sin = C0s>"
2
Verify.
_(B+C) A
1) sin 5 =C0s 5

i) INAABC, A+B+C=n .~ B+C=n-B

A+C)_ r Bi_..B
cos( 5 ]—005(2—2)—sm 5

B
cos (A+Cj: sin >
2

Verify.

1) cos (

>
+
vs}

_an S
—sm2

sin 2
_sz

SOLVED EXAMPLES

vs}
+ N
O

2) cos (

N

Ex. 1) In AABC prove that
1) Sin2A + sin2B —sin2C = 4cosA cosB sinC
Solution : L.H.S. =sin2A + sin2B — sin2C

2A-2B
= 2sin (ZAZZBj coS ( j —sin2C

2
= 2sin(A + B) cos (A— B) —2sinC cosC
= 2sin (n—C) cos (A-B) — 2sinC cos [t — (A+B)]
= 2sinC cos (A — B) + 2sinC cos(A+ B)
= 2sinC [cos (A — B) + cos(A+ B)

= 2sinC.2cos (%j cos [%j

= 45sinC cosA cosB
= 4 cosA cosB sinC
= R.H.S.

. . A B . C
ii) cosA+cosB + cosC =1+ 4SIH7 sin—-sin =~

Solution : L.H.S = cosA + cosB + cosC

_ C
2 CcoS (AJFBJ cos [A Bj+1— 23in27

2 2

_ C
AR z C cos A-B +1- 2sin? =
2 2 2 2




= 1+23|n—cos( j—Zsmz?
2
7 [ 5% ng]
= 1+25|n— oS sin—
2
C A-B 7 A+B
= 1+ 2sin &5 5 [cos —sin| —— 5 ]

= 1+25|n [cos 5

5
S

J>
W
;/
—
>
N |+
o
N
e

= 1+23|n? ZSIH(A B+A+Bj (A+B—A+Bj
4

s o A

= 1+4sin ) sin 5 sin
B
2

_ A
= 1+4sin ) sin

R.H.S.

iii) sinA + sin’B — sin’C = 2 sinA sinB cosC
Solution : L.H.S. = sin?A + sin’B — sin’C
1-cos2A 1-cos2B

= + —sin’C
2 2

1
> [2 — cos2A — cos2B] — sin’C

1
1- > [cos2A + cos2B] — sin’c

1 2A—-2B
1—7. ZCOS(ZAZZBJCOS( j—sinzc

2
1 - sin?C — cos(A+ B) + cos (A- B)

= c0s?°C — cos [ t — C ] cos (A— B)

= c0s%C + cosC cos (A- B)

=cosC [cosC + cos (A- B)]

=cosC [cos[ © — (A+B)] + cos (A— B)]
=cosC [-cos (A+B ) + cos (A—- B)]

= cos C [cos (A-B) — cos (A+ B)]

= c0sC.2sin (Mjsm(wj
2 2

=2cosCsin Asin B
=2sinAsinBcos C
=R.H.S.

iv) cotAcotB +cotBcot+cotC cotA=1
Solution: InAABC, A+B+C=n
o A+B =n-C
~ tan (A+B)=tan(n—-C)
tanA+tanB

. ————  =tan -

1-tanA tanB tan (= - C)

. tanA + tan B = — tanC + tanA tanB tanC
. tanA + tan B + tanC = tanA tanB tanC

A S S SRR S S
" cotA cotB cotC  cotA cotB cotC

.. cot A cot B + cotB cotC + cotC cotA =1

A B BanSian S an s
V) tan 5 tan—- + tan>-tan>-+tan— tan2—1

Solution : INnAABC, A+B+C=n
. _ . A+B_zC_n C
.A+B =x-C .. 5 =5 =73

A B i C
tan (?+7):tan (7—7)

A B
tan — + tan —
2 2 . C
. A B = cot 5
1-tan —tan —

2 2
tanéjttanE 1
—2_2._—¢

A, B tan_—
1-tan —tan — 2

2 2

A B C A B
. [tan & +tan T]tan?=1—tan - fan &
A C B C A B
. tan 7tan 7+tan7tan7=1—tan 7tan7

oA C B C A B_
. tan 2tan 5 +tan 2tan ) +tan 2tan ) =1




CosA—cosB +cosC +1 cot A cot E
COSA+C0oSB +cosC —1 2 2

cosA—cosB +cosC +1

Solution : L.H.S. =
oution COSA +cosB +cosC -1

[cosA—cosB]+[1+cosC]
[cosA+cosB]—-[1-cosC]|

23in[A+ B]sin(B — A]+Zcos2 ¢
2 2 2

2cos(AJr Bjcos( A; Bj+(—25in2 Cz:j

2cosc2:sin( B- Aj+ 2c0s? c

_ 2 2
23inCcos(A_BJ—23inZC

2 2 2

C..(B-A C

cos— [sin +c0s—]
3 2 2
a . C A-B . C
sin—[cos —sin—

2 ( 2 j 2
%525
sin +sin

cot 2 2
B 2 B 7 A+B
[cos( j—5| (5_ 5 )]
: [A+B) : (B—A)
sin +sin
C 2 2
= cot 5 _
2 cos(Asz—cos(A;B)

. B A
251N —C0S—
2 2

cot = .
2 ZsinésinE
2 2

COSé

C
oz A
SIn—
2

cot Lot A
R,

R.H.S.

EXERCISE 3.5

In AABC, A+ B + C = 1 show that

1)

2)

3)

4)

5)

6)

7)

8)

Cos2A +cos2B +cos2C
=-1-4cosAcosBcosC

sinA+sinB+sinC

e B C
—4cos2 cos 5 0032

cos A + cos B — cosC
B A B . C
—4cos2 COoS 5 sm2 -1

sin? A + sin? B + sin?C = 2 + 2cosAcosBcosC
sinZA + sin?— — sin2£
2 2 2

_ A B C
= 1- 2cos 5 coSs 5 sin 5

A B C_ A B C
cot 5 +cot 5 +cot 5 =cot 5 cot 5 cot 5
tan2A + tan2B + tan2C = tan2A tan2B tan2C

cos? A +co0s? B — cos?’C = 1- 2sinA sinB cosC




’-%% Let's Remember

1) cos (A - B) =cosA cosB + sinA sinB

2) cos ( A+ B) =cosA cosB — sinA sinB
3) sin ( A+ B) =sinA cosB + cosA sinB

4) sin ( A—B) =sinA cosB — cosA sinB
5) cos (1—9J =sino, cos (ﬁ—ej
2 2

=sino, tan ( —«9) = coto

NN

6) sin (£+ 9): coso, cos(£+9J
2 2
=-sind, tan (%+0j= —coto ,

tanA+tanB

7) tan(A+B) = ——M—
1-tan AtanB

tanA—-tanB

8 tan(A-B)= ———MM—
1+ tan AtanB

9) sin (x—0)=sin0, cos (m — 0)
=—C0s 0, tan (= — 0) = —tano

10) sin (n + 0) = — sin6, cos (xt + 0)

=—cos 0 tan (w+ 0) = tan®

11) sin (377[—0} = — c0s0, cos (%—9)

=sino, tan (37”— 0) =coto

3 3
12) sin(%%’j = —0s 0, cos (7ﬁ+9]
=sind, tan (37”%?): —cot 0

13) sin (2 — 0) = —sinB, cos (2t — 0)
= €0s0, tan (2n— 6) = —tanod

2tan @
1+tan® 6
€0S26 = €0s?0 — sin%0 = 2c0s?0 — 1
1-tan®@
1+tan®@
2tané
1-tan®g

14) sin26 = 2sinBcosO =

=1-2sin%0 =

tan 20 =

15) sin30=3sin6—-4sin*0
cos 30 = 4¢0s°0 — 3¢c0sO
3tand —tan’*6

tan30 =
1-3tan?0
0 2tang
16) sin® = 2sinY cos Y. = —20
2 2 g itan??
2
c0SO = cos? Q— sinzg = 2c0s? Q -1
2 2 2
1—tan2g
=1-2sim ¢ = —5
2 14tan®* =
2
2tan§
tang = ——=
1—tan® 9
2

17) 1 + cosO = 2cos? Q, 1-cosf =2sin?
2 2

1+ c0s20 = 2c0s%0, 1 — cos20 = 2sin%0

18) sin C + sinD = 2sin (C;Dj cos (C;Dj

) (552

C-D
cos C + cosD = 2cos (C;D) cos (—j

sin C —sinD = 2cos (C i

cos C — cosD = —2sin (C D

cosC—cosD:ZSin(C;Djsin [D_Cj

o~ )



19) 2 sinA cosB =sin (A + B) + sin (A - B)
2 cosA sinB =sin (A + B) —sin (A — B)
2 cosA cosB = cos (A + B) + cos (A—B)
2 sinA sinB = cos (A — B) — cos (A + B)
20) For AABC,

sin (A + B) =sinC, sin (B + C) = sinA
sin (A + C) =sinB

cos(A + B) = - cosC, cos (B + C) = - cosA
cos(A+ C) = - cosB

Sin = C0S—5~, SIn
2 2 2
coe A i (PO oeB
=c0s &, sin | ——|=cos5
(A+BJ . C (B+C)
coS =sin 7, cos | =

A
=sin TR cos(A+C] =sin

N
le

Activity :
Verify the following.

. oo e T \/5—1_ o_ 21
1) sinl8 -smE——4 =C0s 72° = cos 5

i) C0S36° = cos—= V541 =sin54° =sin ﬁ_?(;j

5 4
i) sin72e = sin 2 = W: cost = cos &
iv) sin36° =sin %ﬂ = 10_42\6 = €0s54° = cos i—g
V) sinl5° =sin % = ‘f—\/%l: c0S75° = oS i_rzt
Vi) c0s15° = cos f—z = \/25\/%1= sin75° = sin i—TZC

vii) tan15° = tan % =3 -1= cot75° = cot i—g
J3+1
viii) tan75°=tan = =2+ 3
12
=~/3+1= cot15° = cot %
J3-1
. T
iX) tan(22.5°) = tan s

= /2 -1=cot67.5 = cot %ﬂ

X) tan(67.5°) = tan %ﬁ
T

= J2 +1=cot(22.5°) = cot 3

MISCELLANEOUS EXERCISE - 3

I) Select correct option from the given
alternatives.

1) The value of sin (n+1) Asin (n+2) A +cos
(n+1) A cos (n+2) A is equal to

A)sinA B)cosA C)-cosA D)sin2A

2) IftanA—tanB=xand cotB—cotA=y
thencot(A-B)=...

Ml 1 g1
y X X y
C)i+i X
X y X-y

3) IfsinG =nsin (6 + 2 o) then tan (6 + o)

is equal to
A) 1+n tan o B) 170 tana
2-n 1+n
1+n
C) tan o D) —tana
1-n




4)

5)

6)

7)

8)

9)

The value of

is equal to......

B) tan (_f_g]
4 2

D) tan (£+ gj
4 2

1+sin@

A) tan [9 ”]
2 4

C) tan (ﬁ_gj
4 2

The value of cosA cos (60° — A)cos (60° +A)
is equal to.....
A) % cos 3A B) cos 3A
C) % cos 3A D) 4cos3A
The value of
37 . 5z . Tn . 97 . 11z . 13«

sm—sm—sm—sm—sm—sm—sm— H

14 14 14 14 14 14 14 1S ...

1 1 11

A B g © 128 D) 25

If o + p +x=mn then the value of

sin?a + sin? B-sin® » is equal to.....

A) 2sina B) 2sina. cos B sinx

C) 2sin a. sinficosx D) 2sin o sinfisinz

Let0<A,B< % satisfying the equation

3sin? A +2sin? B =1 and 3sin2 A — 2sin2B =0
then A+2B is equal to....
T

B)% c) =

A)rn 4

D) 2n

InAABC if cot Acot B cotC >0
then the triangle is....

A) Acute angled
C) obtuse angled

B) right angled

D) isosceles right angled

10) The numerical value of tan20° tan80° cot50°

is equal to.....
A) 3 B)% )23 D)zlf
I1) Prove the following.
1) tan20° tan80° cot50° = /3
2) IfsinasinB—cosocosfP+1=0
then prove cot o tan = -1
4 8n lon _ 1

3) cos Zn COS —— CO0S —— COS——
15 15 15 15 16

4) (1+cos—) (1+cos—)(1+cos%j(1+cos%r) = L

5) €0s12°+ cos 84°+ cos 156° + c0s132° = — %

6) cos(%+xj+cos(%—x) = /2 cosx

7) Sin5x —2sin3X + SINX = tanx
COS5X — COSX

8) sin? 6x — sin? 4x = sin2x sin10x
9) co0s?2 X —c0s? 6 X =sindx sin8x
10) cot4x ( sin5x + sin3x) = cot x (Sin5 x — sin3x)

sin2x

11) COS9X —COS5X _ _
cos10x

sinl7x —sin3x

12) If sin 2A = Asin 2 B then prove that

tan(A+B) _ A+l
tan(A-B) 1-1

13) 2052A*L _ o600+ A) tan (60°— A)
2c0s2A-1

14) tan A+tan (60° + A)+tan (120° + A)= 3tan3A

15) 3tan®10°- 27 tan*10° + 33tan?10° = 1

w2t



16) cosec 48° + cosec 96° +
cosec 192° + cosec 384° =0

17) 3(sinx - cosx)*+ 6(sin x + cosx)?+
4 (sin® x + cos® x) = 13

18) tan A + 2 tan2A + 4tan4A + 8cot 8A = cotA

19) IFA+B+C= 37“ then cos2A +
c0s2B + c0s2C =1 — 4sinAsinBsinC

20) In any triangle ABC, sin A — cosB = cosC
then /B =m/2

3 3 .
21) tan’x COt"X = secxcosecx—2sinx Cosx

+
1+tan®x 1+ cot’x

V3

22) sin20° sin40° sin80° = Y

J5-1

23) sinl8° = ——
4

24) c0s36° = V5+1

4
25) sin6° = V10-2V5

c

26) sin% :% 22

27) tan % = J2-1

28) tan6° tan42°tan66° tan78° =1

29) sin47° + sin 61°— sin11° — sin25° = cos7°
30) /3 cosec20° - sec20° = 4

31) InAABC, ~C = %n then prove that

cos? A + cos? B — cosAcosB = %




Determinants and Matrices

~—y Let's Study

e Definition and Expansion of Determinants
e  Minors and Co-factors of determinants

e Properties of Determinants

e Applications of Determinants

e Introduction and types of Matrices

e  Operations on Matrices

e Properties of related matrices

4.1 Introduction

We have learnt to solve simultaneous
equations in two variables using determinants.
We will now learn more about the determinants
because they are wuseful in Engineering
applications, and Economics, etc.

o

The concept of a determinant was
discussed by the German Mathematician G.W.
Leibnitz (1676-1714) and Cramer (1750)
developed the rule for solving linear equations

\using determinants.

/Sﬁ Let's Recall

4.1.1 Value of a Determinant

In standard X we have studied a method of
solving simultaneous equations in two unknowns
using determinants of order two. In this chapter,
we shall study determinants of order three.

a b

is defined as the
c d

The representation

determinant of order two. Numbers a, b, ¢, d
are called elements of the determinant. In this
arrangement, there are two rows and two columns.

a b < %' row

C d| <2 row

b

lst 2nd
column column
a b
The value of the determinant d is
ad - bc.
SOLVED EXAMPLES
17 9 .. |cos@ sin@
Ex. Evaluate 1) )| .
-4 3 —sin@® cosO
4 i 2 2
iy | | wherei= -1 iv) |18 1084
=21 7 2 4
Solution :
] 7 9
1) =T7x3—(—-4)x9=21+36=57
-4 3
. cosO sinf .
i) ‘ = €0s%0 — (—sin?0)
—sin@ cosO
= c0s%0 + sin?0 =1
i ! | 4 x7 2i) X i =28 + 22
. = X[ —=(—Zl)X1= |
1i1) 50 7 (—21)
= 28+2(-1) [-i® =—1]
= 28—-2=26
2 2
iv) log,” log;| — 4xlog, 2 — 2xlog,?

= log,2*—log,2?

(A



= log,16 —log,4
= 2log4 —log4
= 2x1-1=2-1=1

’W Let's Understand

4.1.2 Determinant of order 3

Definition - A determinant of order 3 is
a square arrangement of 9 elements enclosed
between two vertical bars. The elements are
arranged in 3 rows and 3 columns as given below.

&, &, a&; R, R aretherows
a, @, ay R, Cj are the column
2, a, ay| R,

C, C C

1 2 3

Here a, represents the element in i row and
j® column of the determinant.

e.g. a, represents the element in 3" row and
1* column.

In general, we denote determinant by Capital
Letters or by A (delta).

We can wirte the rows and columns
separately. e.g. here the 2™ row is [a,, a
and 3" column is

22 a23

Expansion of Determinant

We will find the value or expansion of a 3x3
determinant. We give here the expansion by the
1* row of the determinant D.

There are six ways of expanding a
determinant of order 3, corresponding to each
of three rows (R, R,, R)) and three columns

(C,C,,C).

a, a, a;
D=la, a, a,;
a;

S

2 a‘33
The determinant can be expanded as follows:

8y 8y _
8y 8

a21 a23
a‘31 a33

D=a11

12 13

aZl a‘22‘
8y &

SOLVED EXAMPLES

Evaluate:
3 -4 5
1 1 -2
2 3 -1
secO tanf O
il) [tanO secO O
0 0 1
2—-i 3 -1
iii) 3  2-i 0 |wherei= -1
-1 2-i
Solution :
_ 340 1 -2 1 -2
i |1 1 =2 —33_1—(—4)2_1
2 3 -1
11
+5 ) 3

= 3(—146) + 4(~1+4) + 5(3-2)
— 3x5+4x3+5x]
— 1541245

= 32




Definitions

The minor of a; - It is defined as the
determinant obtained by eliminating the i™ row
and j® column of A. That is the row and the
column that contain the element a, are omitted.
We denote the minor of the element a, by M,

In case of above determinant A

secl tan@ 0
i) [tan@ secO 0O
0 0 1
secO O‘ tan @ 0‘
= sech — tan
1
tan@ secO
+0
0 0

= secH (secO — 0) — tan0 (tan® — 0) + 0

= sec?d — tan%6

) ay ay
Minor of a, =M, = a, a, =a,.a,~ a,.a,
Mi fa =M = a, ay; B
morofa,=M,= a a =a,.a, a,- a,,
31 33
Mi fa =M = 8y 8y B B
morofa,, =M= a, a, T a4y a8y,

=1
240 3 -1
i)y 3 2-i o0
2 -1 2-i

= 2-D[Q2-1)2-0]-3[32— 1)—0]
—1[-3-22- 1)]

= 2-1)P-92-1)+3+22-1)

= 8—12i +6I°P—P—18+91+3+4—-2i

= 8—12i+6(-1)+i—18+9i+3+4—2i

(since i*=-1)
= 8—6—18+7—12i+91—2i +i
= —9—4i

Let's Learn

4.1.3 Minors and Cofactors of elements of
determinants

Similarly we can find minors of other
elements.

Cofactor of a-

cofactor of a, = (—1)"™ minor of a, = C,

- Cofactor of element a, =C, = (1) M,

The same definition can also be given for

a
elements in 2x2 determinant. Thus in d‘
C

The minor of a is d.
The minor of b is c.
The minor of ¢ is b.

The minor of d is a

SOLVED EXAMPLES

Ex. 1) Find Minors and Cofactors of the
elements of determinant

. ‘2 —3‘
i)
all a12 a13 4 7
Let A =|a, &, a,| bea given determinant. Solution : Here a, Ayl _ ‘2 —3‘
a31 a32 a33 a21 a22 4 7
M, =7
C, = ("M, =(-1)".7=7
Py




M, = 4
C, = CDTM,=(C1)".4=-4
M, = -3
C, = (1M, =(-1)?". (-3)=3
M, =2
C, = (F1)¥2M,=(-1)?2 .2=2
1 2 -3
iy |2 0 4
5 -1 3
Solution :
a, a, a; 1 2 -3
Here |a,, a, ay|=|-2 0 4
a; 8y Ay 5 -1 3
0 4
= 13 =0+4=4
C11 = (—1)1+1 |\/|11= Dt . 4=4
-2 4
M, = | 5= -6-20=-26
C12 = (—1)1+2 |\/|12=(—1)1+2 (=26)= 26
-2 0
|\/|13 = =2-0=2
5 -1
C13 = (- M13 =(-D*.2=2
2 =3
|\/|21 = 1 3 =6—-3 =3
C, = (-D)ZM,=(-1)?1.3 =-3
1 =
|\/|22 = 5 3 =3+15 =18
C22 = (—1)2+2|\/|22=(—1)1+1.18 =18

o2

My = | |=-1-t0=-n

C, = ()M, =(-1)>.(-11)=11
2 -3

M, = [, =8-0=38

C, = ()™M, =(-1)". 8=8
1 -3

M, = |, 4=4-6=-2

C, = (-12M,=(-1)*.(-2)=2
1 2

M33 = 20 =0+4 =4

C, = ()™M, =(-1)".4=4

Expansion of determinant by using Minor
and cofactors of any row/column
a11 a12 a13
A = |3, a, a,
aSl a32 a33
a,.C

11711

+a.C

+a,C 13713

12712

(By 1% row)

a.C

12712 +a C

+a C 32732

22 722

(By 2" column)

Ex. 2) Find value of x if

x -1 2
) [2x 1 -3=-10
3 -4 5

X (5 12) = (=1) (10X + 9) + 2(~8x — 3)
=-10

“XET) A+ (10x+9)—16x— 6 =—10
 =IX+10x—16x+9—-6+10=0
. 10x —23x+13 =0

o 13x=13

ox=1




X 3 2
i) |x

9
1

X (x=0) — 3(x—1) +2(0—x) =9
X2 —3x+3-2x=9

" X2—5x+3=9

T XE=5x—6=0

. (x=6) (x+1) =0

T X—6=0o0rx+t1 =0

T X=6o0orx=-—1

I -1 2
Ex. 3) Find the value of |2 3 5 by
-2 0 -1

expanding along a) 2" row b) 3™ column and
Interprete the result.

a) Expansion along the 2" row

= a21 C21 + a22 C22+ a23 C23

-1 2
0 -1

12‘

+ 3(_1)2+2 _2 _1

— _2(_1)2+1

1 —
+ 5 _1 2+3
D7, 0‘

= 2(+1 —0)+ 3(=1+4)— 5(0-2)
= 2(1)+3(3)~ 5(-2)

= 2+9+10

= 21

b) Expansion along 3™ coloumn

- a13 C13+ a23 C23+ a33 C33

-2 3 1231
+5(—1) +
oo PV,

— 2(_1)1+3

1
—1(-1)¥3
vl

= 2(0+6)— 5(0-2)— 1(3-2)

= 2(6)—5(=2)-1(1)
= 12+10-1
= 22-1
= 21
Interpretation: From (a) and (b) it is seen that

the expansion of determinant by both ways gives

the same value.

EXERCISE 4.1

Q.1) Find the value of determinant

. 3-4 5
'2_4"2|3'"112
) 7 _qsl 1 B i) -
2 3 1
a h g
v) |\h b f
g fc
Q.2) Find the value of x if
-1 2
X*—x+1 x+1 X
=0 i) [2x 1 -3|=29
X+1 X+1
3 -4 5
4 P 2i
Q.3 Find x and y if [l 3i® 4| = x+iy where
i=-1 5 -3 i

Q.4) Find the minor and cofactor of element of
the determinant

2 -1 3
D=l 2 -1
5 7 2




2 -3 5
Q.5) Evaluate A= |06 0 4| Also find minor
1 5 -7

and cofactor of elements in the 2™ row of
determinant and verify

a) —a,.M, +a, M, —a, M =value of A

b) a, C, +a,C, +a, C, =value of A

21° a22’ a23

22° a23

where M, M,,, M, are minor of a
and C21,C22, C,, are cofactor of a, , a

Q.6) Find the value of determinant expanding
along third column

11 2
2 3 -4
34 0

4.2 Properties of Determinants

In the previous section we have learnt how
to expand the determinant. Now we will study

-4 (bz ¢ - bscz) o az(b103 + Cle) +
a3(blC2 _Cle)
- al(bz ¢, — bscz) o bl(azcz o a3C2) +
c(ab,~ba) e (ii)
From (i) and (ii) D= D,
Ex.
1 2 -1
LetA = [3 -1 2
0o 2 1
-1 2 32 3 -1
I Rl O L
= 1(-1-4)-2 (3-0) - 1(6-0)
= 5-6-6
= 1T e, )

by interchanging rows and columns of A we get
determinant A

some properties of determinants. They will help A =2 -1 2/=1 ‘_ ‘ - ‘ ‘
us to evaluate the determinant more easily. 101 2 1 -1
e Let’s Verify... o ) 1
Property 1 - The value of determinant -1 2
remains unchanged if its rows are turned into = 1(C14)— 3 (242) 40
columns and columns are turned into rows. — 512
Verification: = 1T (i)
a b ¢ ~o A=A from (i) and (ii)
LetD = |4 b ¢ Property 2 - If any two rows (or columns) of
a, b ¢ the determinant are interchanged then the value
= a, .(b,c, —b,c,)— b, (ac,—ac,) + of determinant changes its sign.
c(ab,—ab,) The operation R, <> R, change the sign of the
""""" (1) determinant.
R Note : We denote the interchange of rows by
LetD, = |b b, b; R, &> R, and interchange of columns by C, <> C..
¢ ¢ ¢
L Property 3 - If any two rows (or columns)
= a, (b,c;—byc) —a, (be;—cb)+  of a determinant are identical then the value of
a,(bc, —cb, determinant is zero.
64
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R, <R, D:Dl

thenD =-D ... (property 2) ... (D
ButR =R, henceD =D ... (1)
. adding [ and 11

2D, =0 =D, =0

re.D=0

Property 4 - If each element of a row (or
a column) of determinant is multiplied by a
constant k then the value of the new determinant
is k times the value of given determinant.

The operation R, — kR. gives multiple of the
determinant by k.

Remark 1) Using this property we can take
out any common factor from any one row (or any
one column) of the given determinant

i1) If corresponding elements of any two rows
(or columns) of determinant are proportional
(in the same ratio) then the value of the
determinant is zero.

Property 5 - If each element of a row
(or column) is expressed as the sum of two
numbers then the determinant can be expressed
as sum of two determinants

For example,

a+x, b+y q+z| |a b ¢ XNz
a, b, ¢, |=la, b c|+|a, b, c,
a, b, & a, by ¢| |a; by ¢

Property 6 - If a constant multiple of all
elements of any row (or column) is added to
the corresponding elements of any other row
(or column ) then the value of new determinant
so obtained is the same as that of the original
determinant. The operation R, <> R. + kRj does
not change the value of the determinant.

Verification
a b ¢
A=la, b, c

a, by, «

R, — R, + kR,
a,+ka, b +kb, c +kc,
A = a, b, c,
a; b, G

Simplifying A, using the previous properties,
we get A = A.

1 2 3
Ex.:LetB=|-1 2 0| =1(2-0) - 2(-1-0) +
1 2 1
3(2-2)=2+2-12
=4-12=-8 ——oomee- (1)
1 23
Now, B= |-1 2 0
1 2 1
R, — R, +2R,
1+2(-1) 2+2(2) 3+2(0)
B =] -1 2 0
1 2 1
-1 6 3
B =|-1 2 0]=-1(2-0) - 6(-1-0) + 3(-2-2)
1 2 1

=2+6-12=6-14=-8
From (i) and (i) B = B,

——(ii)

Remark : If more than one operation from
above are done, make sure that these operations
are completed one at a time. Else there can be
mistake in calculation.

Main diagonal of determinant : The main
diagonal (principal diagonal) of determinant A is
collection of entries a where 1=

OR

Main diagonal of determinant : The set of

elements (a _,a,,a

11> 7222733
diagonal of the determinant A.

— ann) is called the main

(N



all a'12 a'13
c.g. D = a21 a22
a31 a32 a33

d,;| herea, ,a

11° 722 2 a33 are

element of main diagonal

1 2 3
100 (505 606 707| by using property
1 2 3

100 x 0 (R, and R, are identical)

Property 7 - (Triangle property) - If each =0
element of a determinant above or below the main
diagonal is zero then the value of the determinant 312 313 314
is equal to product of its diagonal elements. i) (315 316 317 =0
that is 318 319 320
a b ¢ aq 0 0 312 313 314
0 b, ¢ =|a, b, 0f=abyg, LHS. = 315 316 317
0 0 g a, b, c 318 319 320
Remark : If all elements in any row or any C—C,-C
column of a determinant are zeros then the value 312 1 314
of the determinant is zero.
= |315 1 317
318 1 320
SOLVED EXAMPLES C,—C,-C,
312 1 2
Ex. 1) Show that - k15 1 2
101 202 303 318 1 2
) ]505 606 707 =0 take 2 common from C,
1 2 3
31211
101 202 303 = 2031511
LHS = |505 606 707 31811
b2 3 = 2(0) (C,and C, are identical)
R1 — R1 — R3
1 a bd |l ad
100 200 300 Ex.2) Prove that |l b ca| = |1 b b
= (505 606 707 1 ¢ ab 1 ¢ &2
1 2 3
1 a bc
100x1 100x2 100x3 LHS. = |l b ca
= | 505 606 707 1 ¢ ab
1 2 3 R, —aR,
(T




abc

ca

ab

Q| =
—_— =
o S Q

R, — bR2

2
a a abc

b b* abc
1 ¢ ab

1 1

X =

R3 — cR3

2
a a° abc

b* abc

2

¢ ¢ abc

a a1
1
— xabc |b b* 1
abc
cctl
(taking abc common from C,)
a a’'l
b b1
cctl
C1 «C,
1a a
D bs b

1c¢ ¢

C, «C

l aa
DED b B

2
1l ¢ c

2
1 aa

1 b b°| =R.H.S.

2
1l ¢ ¢

X y z
Ex.3)If |=x
X -y z

z| = k.xyz then find the value
ofk
Sloution :

x y z
LHS. =|=~x y =z
X -y z
R,—R, tR,
X y z
=0 2y 2z
X -y z
R, — R, +R,
x y z
=0 2y 2z
2x 0 2z

X y z

=2x210 y z| taking (2 common
x 0 z

from R, and R,)

4[x(yz) = y(0 = x2)+2(0 - xy)]

= 4[xyz + xyz — xyz]

= 4xyz
From given condition
L.H.S. =R.H.S.
4xyz = kxyz
~k =4
EXERCISE 4.2

Q.1) Without expanding evaluate the following

determinants.
1 a b+c 2 3 4 2 7 65
DIl b c+al ii))|S5 6 8| ii)|3 8 75
1 ¢ a+b 6X 9x 12x 5 9 86




X+y y+z z+x

Q.2) Prove that z+x x+y y+z
V+z z+x x+y

Xy z
=2z x Yy

y z X

Q.3) Using properties of determinant show that

a+b a b
1) a a+tc ¢ |=4abc
b c b+c

1 log.y log, z

i) |log, x 1 log,z|=0

log. x log. y 1

Q.5) Solve the following equations.

X+2 X+6 x-1
1) |X+6 x—-1 x+2[=0
X—1 X+2 X+6
X —
X—2 X-
0 0 X

2
3=0
-3

4+x 4-xX 4-X

Q.6) If [4—X 4+X 4-=X =0 then find the
4-X 4-X 4+X

values of X

Q.7) Without expanding determinants show that

1 3 6 2 33 I 21
6 1 4/+412 1 2(=1013 1 7
3 712 1 7 6 326

4.3 APPLICATIONS OF DETERMINANTS

4.3.1 Cramer’s Rule

In linear algebra Cramer’s rule is an explicit
formula for the solution of a system of linear
equations in many variables. In previous class
we studied this with two variables. Our goal here
is to expand the application of Cramer’s rule to
three equations in three variables (unknowns) .
Variables are usually denoted by X, y and z.

Theorem - Consider the following three linear
equations in variables three X, Y, z.

ax+by+cz=d,

aX+by+c,z=d,

ax+by+cz=d,

Here a , b, ¢ and d, are constants.

The solution of this system of equations is

Dx Dy Dz

=DV
provided D#0 where
a b ¢ d b ¢
D=|a b ¢ Dx=|d, b ¢
a, by ¢ d; by ¢
a d ¢ a b d,
Dy=|% d, &| Dz=|a, b, d,
a, d; ¢ a, by d,
Remark :

1) You will find the proof of the Cramer’s Rule
in QR code.

2) If D = 0 then there is no unique solution for
the given system of equations.




SOLVED EXAMPLES

Ex. 1) Solve the following equation by using
Cramer’s rule.

X+y+z2 =6, X-y+z=2, x+2y-z=2
Solution : Given equations are
Xty+Z =6 X-y+z=2x+2y-z2=2
1 1 1
1 -1 1
1 2 -1
1(1-2) - 1(-1-1) + 1(2+1)
-1+2+3
-1+5

D

Dx
2

6(1-2) — 1(=2-2) + 1(4+2)
—6+4+6

4

16 1

12 1

12 -1

1(-2-2) - 6(-1-1) + 1(2-2)
4 +12+0

=8

1 16

1 -1 2

1 22

1(=2—4) — 1(2-2) + 6(2+1)
= 6+0+18

Dy

Dz

12
Dx
D

12 . . .
" = 3 are solutions of given equation.

Ex. 2) By using Cramer’s rule solve the following
linear equations.

X+y—-z=1, 8x+3y-6z=1,-4x-y+3z=1
Solution : Given equations are
Xx+y-z=1
8x+3y-6z=1
—4x-y+3z=1
11 -1
8 3 -6
-4 -1 3
1(9-6) — 1(24-24) -1(-8+12)
3+0-4
-1
I 1 -1
= |1 3 -6
1-1 3
1(9-6) — 1(3+6) -1 (-1-3)
3-9+4
-2

Dx

1 1 -1
= 8 1 -6
-4 1 3

Dy

1(3+6) — 1(24-24) — 1(8+4)
9-0-12

Dz

1
o0
(O8]
[

4 -1 1

1(3+1) — 1(8+4) + 1(-8+12)
4-12+4

X =2,y =3,z =4 are the solutions of the given
equations.
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Ex. 3) Solve the following equations by using Dp -5 5
determinant p = D 373
rrr_ 1 2.1 R S R Dy 5 -5
X y z X y z y q = g 33>
Solution _Dr 6 ,
I 1 T D T3
Put —=p —=q —=r
X y z 1 5 3
_ : LT Ep=3 s X= g,
.. Equations are X 3 5
ptqtr=-2 1 _5 3
p—2q+r:3 ;:q:? y:?,
2p—q+3r=-1
1 -
111 .Z—r——2.z—2
D =11 -21 3 -3 -1
27 -1 3 '.ng,yz?,Z:?arethesolutionsof
= 1(=6+1)—1(3-2) + 1(-1+4) the equations.
= 5-1+3
- 3 Ex. 4) The cost of 2 books, 6 notebooks and
3 pens is Rs.120. The cost of 3 books,
-2 11 4 notebooks and 2 pens is Rs.105. while the
Dp=13 -21 cost of 5 books, 7 notebooks and 4 pens is
1 -1 3 Rs.183. Using this information find the cost
of 1 book, 1 notebook and 1 pen.
= 206+ - 109+1) + 1(-3-2) Solution : Let Rs. X, Rs. y and Rs. z be the cost of
= 10-10-5 one book, one notebook and one pen respectively.
= Then by given information we have,
1 -2 1 2X+ 6y +3z=120
Dg = 1 31 3X + 4y + 2z =105
213 5X+ 7y +4z= 183
= 1(9+1) +2(3-2) + 1(-1-6)
— 10+2-7 263
=5 D = 342
574
1 1 -2
Dr = |l -2 3 = 2(16-14) — 6(12-10) + 3(21-20)
2 -1 -1 = 2(2)-6(2)+3(1)
= 1(2+3) - 1(-1-6) — 2(-1+4) = 4-12+3
= 5+7-6 = 7-12
0




120 6 3 40 6 3

105 4 2| =335 4 2
183 7 4 617 4

Dx

3 [40(16-14) — 6(140-122) + 3(245-244)]
3[40(2) - 6(18) + 3(1)]

3[80 108 +3]

3[ 83 - 108]

3[- 25] = -75

2120 3
3|3 105 2
5183 4

2 40 3
3352

5614

3[2(140-122) — 40(12-10) + 3(183-175)]
3[ 2(18) - 40(2) + 3(8)]

3[ 36-80+24]

3[ 60-80]

3[-20]

60

2 6 120
3 4105
57 183

2 6 40
Dz =33 4 35
57 61

3[2(244-245) — 6(183-175) + 40(21-20)]
3[2(-1) — 6(8) + 40(1)]

3[-2-48 +40]

3[-50+40]

3[-10]

. Rs.15, Rs. 12, Rs. 6 are the costs of one book,
one notebook and one pen respectively.

4.3.2 Consistency of three equations in two
variables
Consider the system of three linear equations
in two variables x and y

ax+by+c =0 (1
ax+hby+c,=0 (11
ax+hby+c,=0 {n)

These three equations are said to be
consistent if they have a common solution.

Theorem : The necessary condition for the
equationax+by+c =0,ax+by+c,=0,
ax + b,y + ¢, = 0 to be consistent is

a b ¢
a, b, o|=0
a, by ¢
Proof : Consider the system of three linear

equations in two variables x and y.

ax+by+c =0
ax+hby+c,=0
ax+by+c, =0

(1

We shall now obtain the necessary condition
for the system (I) be consistent.

Consider the solution of the equations

ax+hy=-c,
ax+by=-c,
a, b,

If # 0 then by Cramer’s Rule the system

a, b

of two unknowns, we have

_CZ bz a2 —cz
—C b3 a, —c

X = a, b.| y = 0, b put these
a, b3 a, b3

values in equation a,x + b,y + ¢, = 0 then

e



_CZ bz az _CZ
—¢ b a, —G
a, b + b1 +¢,=0
a, 2 a, b,
613 b3 a3 5
, c, b a, —c a, b,
ie a | > Pl+b|° |+, =0
—c, b, a, —c a, b,
i c, b a, c a, b,
ie—a |2 *=b |7 7l +c =0
Cy b3 a, G a, 3
b, c a, c a, b
. 2 2
ie a |* | =b [? 7+ =0
b, ¢, a, ¢ a, b,
a b ¢
Le |a, b2 c| = 0
a;, by ¢

Note : This is a necessary condition that the
equations are consistant. The above
condition of consistency in general is not
sufficient.

SOLVED EXAMPLES

Ex. 1) Verify the consistency of following
equations

2XH2y =2, x+y=-1,3x+3y=-5

Solution : By condition of consistency consider

a b ¢ ) 2 2 2
a, b ¢ -1 11
a, b, c 3 3 5

=2(5-3) = 2(5-3) +2(3-3)=4 -4 +0=0

But the equations have no common Solution.
(Why?)

Ex. 2) Examine the consistency of following

equations.
1) Xx+y=2, 2x+3y=5, 3x-2y=1

Solution : Write the given equation in standard
form.

X+y—-2=0, 2x+3y—-5=0, 3x-2y—-1=0

a b ¢ I 1 =2
a, b, ¢ = 2 3 -5
a, b, ¢ 3 -2 -1

= 1(-3-10) —1(-2+15) -2(—4-9)
=-13-13+26=0
.. Given equations are consistent.

1) X+2y-3=0, 7x+4y—-11=0,
2x+3y+1=0

a b ¢ 1 2 -3
a, b, ¢| = |7 4 -11
a, b, ¢ 2 3 1

= 1(4+33) -2(7+22) -3(21-8)
=37-58 39 =37-97
=-60%0
..Given system of equations is not consistent.

) x+y=1, 2x+2y=2, 3x+3y=5

Solution : x+y=1, 2x+2y=2, 3x+3y =5 are
given equations.

Check the condition of consistency.
I 1 -1 I 1 -1
2 2 21=211 1 -1
3 3 -5 3 3 -5
=2(0)=0 (R, and R, are identical)
Let us examine further.

Note that lines given by the equations
X +y =1 and 3x + 3y = 5 are parallel to each
other. They do not have a common solution, so
equations are not consistent.

Ex.3) Find the value of k if the following
equations are consistent.
7x—ky=4, 2x+5y=9and 2x+y=38
Solution : Given equations are

7x—-ky—-4=0, 2x +5y-9=0,




2x +y -8 =0 are consistent

7 -k 4
2 5 -9 =0
2 1 -8

o 1(-40+9) + k(-16+18) —4(2-10) =0
o 7(=31) +2k -4(-8) =0
so=217+2k+32=0-185+2k=0

185
. 2k=185 .. k= 7

4.3.3 Area of triangle and Collinearity of
three points.

Theorem : If A(x,,y,),B(x,,Y,) and C(x,, Y,)

are vertices of triangle ABC then the area of

triangle is

n oy 1
l X, ¥, o1
2 X, yy o1

Proof : Consider a triangle ABC in Cartesian
coordinate system. Draw AP, CQ and BR
perpendicular to the X axis

Y C(xsy5)
A

A(X,,y,)

Fig. 4.1

From the figure,

Area of AABC = Area of trapezium PACQ +Area
of trapezium QCBR —Area of trapezium PABR

Area of triangle ABC = % PQ.[AP+CQ]
+ % QR.[QC+BR]- % PR.[AP+BR]

= 0 05%) * 2 ) (%)
-2 0 (%)

1
= E [y1'X3 Xy, * Xsys_X1y3+X2y2_X3y2 +X2y3
—x3y3—x2y1+x1y1—x2y2+x1yl]

1
= E [y1X3_X1y3_X3y2+X2y3_X2yl+X1y2]

1
= E [Xl(yz_yg) - Xz(yl_yg) + Xg(yl_yz)]

X, X X x oy 1

1 1
S— N Yy W =E=% N 1
1 1 1 Xy oy 1

Remark:

i) Area is a positive quantity. Hence we
always take the absolute value of a determinant.

i) If area is given, consider both positive and
negative values of the determinant for calculation
of unknown co-ordinates.

iii) If area of a triangle is zero then the given
three points are collinear.

SOLVED EXAMPLES

Ex. 1) Find the area of the triangle whose vertices
are A(-2,-3), B(3, 2) and C(-1, —-8)

Solution : Given (x, y,) = (=2, =3), (X, Y,) =
(3,2),and (x,, y,) = (-1, -8)

We know that area of triangle

x oy 1 -2 31
=1y, » =13 2 1
2 x, oy 1 21 81




= = [-2(2+8)+3(3+1)+1(-24+2)]

N | —

= 1 [-20+12-22]

N | —

1 ea24121 =1 [80) =-15
2 2

Area is positive.
.. Area of triangle = 15 square unit

This gives the area of the triangle ABC
in that order of the vertices. If we consider the
same triangle as ACB, then triangle is considered
in opposite orientation. The area then is 15
sg. units. This also agrees with the rule that
interchanging 2" and 3™ rows changes the sign
of the determinant.

Ex. 2) If the area of triangle with vertices
P(=3, 0), Q(3, 0) and R(0, K) is 9 square
unit then find the value of k.

Solution : Given (x,, y,) = (=3, 0), (x,, Y,)
= (3, 0) and (x,, y,) = (0, k) and area of A is 9 sq.
unit.

i x oy o1
We know that area of A= — |x, y, 1
2
x oy 1
-3 0 1
29 = 1 3 o 1| (Areais positive but the
2

0 k 1

determinant can be of either sign)

L 49= % [<3(0 - k) + 1(3k — 0)]

L 49= % [3+3k] . +9=3k .. k=3

Ex. 3)Find the area of triangle whose vertices are
A(3, 7) B(4, -3) and C(5, —13). Interpret
your answer.

Solution : Given (x,,y,) =(3,7), (X, Y,) = (4, -3)
and (x, y,) = (5, -13)

x oy 1 3 7 1
1 1

Areaof A= — |x, y, 1| = — -3 1
2 2

x, oy, 1 5 -13 1

% [3(=3+13) — 7(4-5) + 1(-52+15)]

1 (3047371 =1 [37-371 =0
2 2

A(AABC)=0 .. A, B, Care collinear points
Ex. 4)Show that the following points are collinear

by determinant method.
A(2,5),B(5,7), C(8,9)

Solution : Given A = (x, y,) = (2, 5) ,
B=(x,y,) =(5,7), C=(x,Y,)=(89)

v oy 1
If |x, y, 1] =0then, A, B, Care collinear

x;oy; 1

2 51

|15 7 1| =2(7-9) -5(5-8) +1(45-56)
8 9 1

=-4+4+15-11 =-15+15 =0

.. A, B, C are collinear.

EXERCISE 4.3

Q.1) Solve the following linear equations by
using Cramer’s Rule.

1) X+y+z =6, x-y+z =2, Xx+2y-z =2

i) x+y-2z =-10,
2x+y-3z =-19, 4x+6y+z =2

i) xtz=1,y+z=1,xty=4




iv) 2 13 =3, E_§+l:_13
X y z X y z
2 3
and — — — =-11
X z

Q.2) The sum of three numbers is 15. If the
second number is subtracted from the sum
of first and third numbers then we get 5.
When the third number is subtracted from
the sum of twice the first number and the
second number, we get 4. Find the three
numbers.

Q.3) Examine the consistency of the following
equations.

1) 2x=y+3 =0, 3x+y—2=0, 11x+2y-3 =0
i) 2x+3y—4=0, x+2y=3, 3x+4y+5=0
i) x+2y-3 =0, 7x+4y—11=0, 2x+4y—6=0

Q.4) Find k if the following equations are
consistent.

1) 2x+3y—2=0, 2x+4y—k=0, x—2y+3k =0
i) kx +3y+1=0, x+2y+1=0, x+y=0

Q.5) Find the area of triangle whose vertices are

1) A(5,8), B(5,0) C(1,0)

. 3 -1
i1) P(E’ 1), Q4,2), R(4, 7)
11i1) M(0, 5), N(=2, 3), T(1, —4)

Q.6) Find the area of quadrilateral whose
vertices are

A(-3, 1), B(-2,-2), C(3,-1), D(1,4)

Q.7) Find the value of k, if the area of triangle
whose vertices are P(k, 0), Q(2, 2), R(4,

.3 )
3)1s — sq.unit
) 5 %4

Q.8) Examine the collinearity of the following
set of points

i) A3, —1), B(0, -3), C(12, 5)

i) P(3, =5), Q(6, 1), R(4, 2)

i) L0, 1), M (2, -1),N(=4, 1)
2 2

MISCELLANEOUS EXERCISE - 4 (A)

(I) Select the correct option from the given
alternatives.
a b

Q.1 The determinantD =| b c
a+b b+c O

a+b
b+c

= 0If

A) a,b, carein A.P.

B) a,b,care in G.P.

C) a,b,c arein H.P.

D) o isroot of ax? + 2bx + ¢ =0

xk xk+2 xk+3

Q21If ' ¥ V" = (xy) (y2) @x
k k+2 k+3
z z z

(l+l+l) then
X y z

A) k=3 B)k=-1 C)k =1 D)k=3

sin@ .cos  sind sing  cosO
Q.3 Let D = |cosO.cosp cosO.sing —sinb| then
—sinf sing  sin6 .cos 0

A) D is independent of 6
B) D is independent of ¢

C) D is a constant

D) QZTD at 0 =m/2 is equal to 0

Q.4 The value of a for which system of equation
ax+(@a+tlyy+(@a+2yz=0ax+(a+l)y
+(a+2)z=0and X +Yy+z=0 has non zero
Soln. is

A)0  B)-I C)1 D)2




b+c c+a a+b
Q5 q+}" l”+p p+q:
y+z z+x x+Yy
c b a b a c a b c
A)2&r q p B)Y2lg p rfC)2|p q r
zZ y X y x z X y z
a ¢ b
D)y2p r ¢q
X z Yy

Q.6 The system 3x —y + 4z = 3, x + 2y -3z
= -2 and 6x + 5y + Az = -3 has at least one
Solution when

A)L=-5 B)A=5
OAr=3 D)A=-13
X 3 7
Q7Ifx=-9 isarootof |2 X 2| =0 has
7 6 X
other two roots are
A)2, -7 B)-2,7 (C)2,7 D)-2,-7
61 =31 1
Q8 If|4 3i -1 = x+iythen
20 3 I
A)x =3,y=1 B)yx=1,y=3
CO)x=0,y=3 D)x =0,y=0

Q.9 If A(0,0), B(1,3) and C(k,0) are vertices of
triangle ABC whose area is 3 sq.units then
value of k is

A)2 B)-3 (C)3or-3 D)-2or+2

Q.10 Which of the following is correct
A) Determinant is square matrix

B) Determinant is number associated to
matrix

C) Determinant is number associated to
square matrix

D) None of these
(I) Answer the following questions.

2 57 1 -3 12
Q.1) Evaluate i) (5 2 1| i)|0 2 4
9 0 2 9 7 2

Q.2) Evaluate determinant along second column

I -1 2
3 2 2
1 2
2 3 5
Q.3) Evaluatei) [400 600 1000
48 47 18
101 102 103
ii) 106 107 108| by using properties

1 2 3

Q.4) Find minor and cofactor of elements of the
determinant.
-1 0 4 I -1 2
-2 1 3 i3 0 -2
0 -4 2 1 0 3

Q.5) Find the value of x if
1 4 20 1 2x 4x
|l -2 =5/=01i)|l 4 16/ =0
1 2x 5% 11 1
Q.6) By using properties of determinant prove
X+y y+z z+x
that | z X y | =0
1 1 1




Q.7) Without expanding determinant show that

b+c bc b’ xa yb zc
i)|cta ca Pa’|=0ii)|a® b
a+b ab a°’b’ I 1 1
X y oz
=la b c
bc ca ab
[ m n n f w
i) le d f| = |l e u
vVow m d v
0 a b
V) g 0 =0
-b — O
a 11
Q.8) If|1 b 1] =0 then show that
11 ¢
1 1 1

+ + =

l-a 1-b 1-c
Q.9) Solve the following linear equations by
Cramer’s Rule.

1) 2x-y+tz=1, x+2y+3z =28, 3xty—4z=1
1 1

L, 1_ 1_
y z z X

4
iy 1,13, _3 =2
X 2 6 3

1

¥

i) 2x+3y+3z=5,x-2y+z=-4,
3X—y—2z=3

1v) X-y+2z=7 , 3x+4y-5z=5 , 2x-y+3z=12

Q.10) Find the value ofk if the following equation
are consistent.

i) (krDx+Hk=1)y+(k=1)=0
(k—D)x+(k+1)y+(k=1) =0
(k—1)x+(k—1)y+(k+1) = 0

1) 3x+y—2=0 kx+2y—3=0 and 2x-y =3

iii) (k=2)x +(k=1)y =17 ,
(k—=D)x+ (k=2)y =18 and X +y =5

Q.11) Find the area of triangle whose vertices are
1) A(-1,2),B(2,4), C(0,0)
ii) P(3,6), Q(-1,3), R (2,-1)
iii) L(1,1), M (-2,2), N (5,4)

Q.12) Find the value of k
1)If area of triangle is 4 square unit and
vertices are P(k, 0), Q(4, 0), R(0, 2)

i1) If area of triangle is 33/2 square unit and
vertices are L (3,-5), M(-2,k), N (1,4)

Q.13) Find the area of quadrilateral whose
vertices are A (0, —4), B(4, 0) , C(-4, 0),
D (0,4)

Q.14) An amount of ¥ 5000 is put into three
investments at the rate of interest o 6%, 7%
and 8% per annum respectively. The total
annual income is ¥ 350. If the combined
income from the first two investments is
% 70 more than the income from the third.
Find the amount of each investment.

Q.15) Show that the lines x—-y=6, 4x—3y=20 and
6x+5y+8=0 are concurrent .Also find the
point of concurrence

Q.16) Show that the following points are collinear
by determinant
a) L(2,5), M(5,7), N(8.,9)
b) P(Sal)a Q(la_l)a R(1194)

Further Use of Determinants

1) To find the volume of parallelepiped and
tetrahedron by vector method

2) To state the condition for the equation
ax?+2hxy+by? +2gx+2fy+c =0 representing a
pair of straight lines.

3) To find the shortest distance between two
skew lines.

4) Test for intersection of two line in three
dimensional geometry.




5) To find cross product of two vectors and
scalar triple product of vectors

6) Formation of differential
eliminating arbitrary constant.

@é‘k Let's Learn

4.4 Introduction to Matrices :

equation by

The theory of matrices was developed by
a Mathematician Arthur Cayley. Matrices are
useful in expressing numerical information
in compact form. They are effectively used
in expressing different operators. Hence in
Economics, Statistics and Computer science they
are essential.

Definition : A rectangular arrangement of mn
numbers in m rows and n columns, enclosed in

[ Jor( )iscalled a matrix of order m by n.

A matrix by itself does not have a value or any
special meaning.

Order of the matrix is denoted by m x n, read as
m by n.

Each member of the matrix is called an element
of the matrix.

Matrices are generally denoted by A, B, C,... and
their elements are denoted by a, bij, C;» ... efc.
¢.g. a, is the element in ith row and jth column of
the matrix.

2 3 9
Forexample, i)A=|1 0 7| Herea,=-2
4 -2 1

A is a matrix having 3 rows and 3 columns. The
order of A is 3x3, read as three by three. There
are 9 elements in matrix A.

-1 -5
i) B=[2 0
6 9

B is a matrix having 3 rows and 2 columns.
The order of B is 3x2. There are 6 elements in
matrix B.

I+i 8
u) C =| . 3l C is a matrix of order 2x2.

1 —J1

-1 9 2
v) D={3 0 _3},Disamatrixoforder2><3.

In general a matrix of order m x n is represented

4 ap ay; 4y,
a4y ay ay; a4y,
a3 aAyp a3 as,
A=[a] =
ijdmxn
il ai2 ij in
| “ml am2 amj mn |

Here a, = An element in i row and j" column.

2 -3 9 a4 4 Ap

Ex.InmatrixA=|1 0 =7 |=]2; a5 ay

7,4, = 4, a, = -2, a, = 1

4.4.1 Types of Matrices :

1) Row Matrix : A matrix having only one
row is called as a row matrix. It is of order

1 x n, Wheren> 1.

Ex.i)[-1 2], i)[0 -3 5]

1x3

2) Column Matrix : A matrix having only one
column is called as a column matrix. It is of

order m x 1, Where m > 1.

{ 5
EX. i) { } i) | -9
0 2x1 _3

3x1




Note : Single element matrix is row matrix

as well as column matrix. e.g. [5],,

3) Zero or Null matrix : A matrix in which
every element is zero is called as a zero or
null matrix. It is denoted by O.

000
Ex. i) O= [0 0 0
00 0],
00
i) 0o=10 0
0

3x2

4) Square Matrix : A matrix with equal
number of rows and coloumns is called a

square matrix.
5 3 1
1 0 -7
2 -8 9 |

.. -1 0
11) €= |:1 _5:|2x2

Note : A matrix of order nxn is also called as

Examples, 1) A=

square matrix of order n.

LetA =] aij]nxn be a square matrix of order n then

(i) Theelementsa, a,a, a,

diagonal elements of matrix A.

~a_are called the

Note that the diagonal elements are defined

only for a square matrix.

(ii) Elements a, where i # j are called non
diagonal elements of matrix A.

(i11) Elements a, where 1 < j represent elements
above the diagonal.

(iv) Elements a, where 1 > j represent elements

below the diagonal.

Statements iii) and iv) can be verified by observing
square matrices of different orders.

5) Diagonal Matrix : A square matrix in which
every non-diagonal element is zero, is called
a diagonal matrix.

oS O O

500
Ex. i) A=|0 0 0| =diag(50,9)
00 9

3x3

0B [—1 0 }
11 =
U 2x2

-1 0 0
iiyc=|0 -2 0
0 0 -3

2x2

Note: If a, a,, a,, arediagonal elements of a
diagonal matrix A of order 3, then we write the
matrix A as A = Diag.

6) Scalar Matrix : A diagonal matrix in which
all the diagonal elements are same, is called
as a scalar matrix.

For Ex. i) A=

S O W
S W O
wm O O

3x3

: {—2 0}
i) B =
0 -2 2x2

7) Unitor Identity Matrix : A scalar matrix in
which all the diagonal elements are 1(unity),
is called a Unit Matrix or an Identity Matrix.
An Identity matrix of order n is denoted

by I
| i 1 0 O ) 1o
Ex.n) L=10 1 0 11)12—O {
0 0 1
Note:

1. Every Identity matrix is a Scalar matrix but
every scalar matrix need not be Identity
matrix. However a scalar matrix is a scalar
multiple of the identity matrix.




2. Every scalar matrix is a diagonal matrix but
every diagonal matrix need not be a scalar
matrix.

8) Upper Triangular Matrix : A square matrix
in which every element below the diagonal
is zero, is called an upper triangular matrix.
Matrix A = | aij]
a,=0foralli>].

is upper triangular if

nxn

4
ForEx. i) A=10
0

0 B {% ﬂ
11 =
O 8 2x2

9) Lower Triangular Matrix : A square matrix
in which every element above the diagonal
is zero, is called a lower triangular matrix.

Matrix A = a ]

ij4nxn

a,= 0 forall 1 <j.

is lower triangular if

2 0
-1 1
-5 1

For Ex. i))A=

o O O

3x3

: {7 ﬂ
i) B =
-1 3 2x2

10) Triangular Matrix :
called a triangular matrix if it is an upper

A square matrix is

triangular or a lower triangular matrix.

Note : The diagonal, scalar, unit and null matrices

are also triangular matrices.
11) Symmetric Matrix : A square matrix A =
[a] in which a,=a, foralliandj, is called

a symmetric matrix.

0B -3 q
11 =
1 8 2x2

2 4 -7
iijc=|4 5 -1
~7 -1 -3

L 3x3

Note:

The scalar matrices are symmetric. A null square

matrix is symmetric.

12) Skew-Symmetric Matrix : A square matrix
A =] aij]nxn in which ;= —a, for all 1 and j,
is called a skew symmetric matrix.

Here fori=j, a.=-a.  2a.=0 a =0 for
alli=1,2,3,...... n.

In a skew symmetric matrix each diagonal
element is zero.

) [0 ?
e.g. A=
__5 0 2x2
0 4 -7
imyB=|-4 0 5
L 7 _5 0 3x3
Note : A null square matrix is also a skew

symmetric.
13) Determinant of a Matrix : Determinant of
a matrix is defined only for a square matrix.

If A is a square matrix, then the same arrangement
of the elements of A also gives us a determinant,
by replacing square brackets by vertical bars. It is
denoted by |A| or det(A).

IfA =1 ] then is of order n.

E )IfA [1 3}
X. 1)1 =
-5 4 2x2

1
then |A| = ‘ 5 4‘




2 -1 3
i)ifB=|—4 1 5

7 -5 0],

2 -1 3
thenB|=|-4 1 5

7 -5 0

14) Singular Matrix : A square matrix A is
said to be a singular matrix if |A| = det(A)
= 0, otherwise it is said to be a non-singular
matrix.

- 6 3
Ex. i) 1 A—842X2

6 3

then |A|= =24-24=0.

Therefore A is a singular matrix.

(2 3 4
ii) IfB=|3 4 5| then
_4 5 63x3
2 3 4
B|=3 4 5
4 5 6

|B| = 2(24-25)-3(18-20) + 4(15-16)
=-2+64=0

IB| = 0 Therefore B is a singular matrix.

15) Transpose of a Matrix : The matrix
obtained by interchanging rows and columns
of matrix A is called Transpose of matrix A.
It is denoted by A' or A'. If A is matrix of
order m x n, then order of AT is n x m.

IfA"=A'=B then bij =a,

-1 5
cg. )If A=|3 -2
4 7 3x2
AT [—1 3 4}
then =
50 27 2x3
1 0 -2
i) IfB=|8 -1 2
4 3 5_3X3
1 8 4
thenB"™=| 0 -1 3
-2 2 5_3X3

Remark:
1) IfAis symmetric then A= AT
2) If B is skew symmetric, then is B = —BT

Activity :

Construct a matrix of order 2 x 2 where the a, th

. _ (i+))
1 t bya = ~—"
51 3 element is given by a, o
ii)A=|-7 4 5 then 4. a
1 Solution : LetA=| " " be the required
3X3 a21 a22 2X2
27 -1 3 matrix.
A=l 4 s - i+ ) (o) _ 4
5 1 6 leenthataij =—" , 4, "'1 = 3
- +i +
Al = 2(24-5)—(-1)(-42+10)+3(-7+8) () 9
=38-323=9 T T
|A|=9,As |A|#0, Ais anon-singular 2+1>
matrix. 21 2+2 - 4 ’
1)




SOLVED EXAMPLES

xX+y y+z z+x

Ex.1) Showthatthematrix| ! 1 1

: . . z X y
is a singular matrix.

[x+y y+z z+x

Solution : LetA=| 1 1 1
zZ X y

x+y y+z z+x
A= 1 1 1

z x y

Now  [A[ = (X+Y)(y—X)—(y+Z)(Y-2)+(z+X)(X-2Z)
— yz_ X2 y2+ 724+ x2_ 72
=0

A is a singular matrix.

-1 -5
Ex.2) IfA=|2 O Find (AT)".
3 4.,
-1 -5
Solution : LetA=|2 0
3 4],
T{—l 2 3}
-5 0 —4]
-1 -5
(AHT=|2 0 =A
3 -4

2
Ex. 3) Find a, b, ¢ if the matrix A= | -7 4 5
c b

1S a symmetric matrix.

2
Solution : Given that A = |7 4 5| is a
. . c b
symmetric matrix.

a,_a, for all i and j

As a_=a

As a,_=a

As a, = a

EXERCISE 4.4

(1) Construct a matrix A= [aij] 1., Whose elements

. 2
. . i—
a.are givenby (i) a. = G=j)r
! v 5—i
.. o i+ )
(i)a.=1-3) (i)a = -—"—
i i 5
(2) Classify the following matrices as, a row,
a column, a square, a diagonal, a scalar, a
unit, an upper triangular, a lower triangular,
a symmetric or a skew-symmetric matrix.

3 2 4 0 4 7
@lo 0 -5 Gil-4 0 =3
00 0 73 0
5
(iii) | 4 iv) [9 V2 -3]
-3




_ 0 O
60 i 3 I 0
v) 0 6 (vi)
- -7 3 1
30 0 10 -15
(vii) 5 0] (viii) |[-15 O
00 % 27 34
I 00 0 0 1
@ o1 0l ® o1 o0
00 1 100

(3) Which of the following matrices are singular

or non singular ?

a b C

O p q r
2a—p 2b—-q 2c-r

5.0 5 305 7
i [1 99 100 | iy -2 1 4
6 99 105 3 25

) 7 5
(iv) [_4 7}

(4) Find k if the following matrices are singular

) 4 31

G |’ 3} @ |7 k1

2k 10 9 1
(k-1 2 3
(i) | 3 1 2
I 2 4

51 -1
5) IfA= , Find (A")".
5) {3 ) O} ind (A")

7 3 1

(6) IfA=|-2 —4 1|, Find (AT)"

5 9 1
1 E a
5
(7) Finda,b,cif | b -5 —7| isasymmetric
-4 ¢ 0
matrix. i
0 -51 «x
(8) Findx,y,z if |y 0 z| is a skew
320
L2 J

symmetric matrix.

(9) For each of the following matrices, using its

transpose state whether it is a symmetric, a
skew-symmetric or neither.

1 2 -5 2 5 1

i |2 -3 4/G) |-5 4 6

-5 4 9 -1 -6 3

0 1+21 1-2

(i) (-1-2i 0 -7

2-i 70

(10) Construct the matrix A = [ a ], where

4.5

(1)

a, = i—j. State whether A is symmetric or
skew symmetric.

Algebra of Matrices :

(1) Equality of matrices

(2) Multiplication of a matrix by a scalar
(3) Addition of matrices

(4) Multiplication of two matrices.

Equality of matrices : Two matrices A and
B are said to be equal if (i) order of A = order
of B and (ii) corresponding elements of
A and B are same, that is if aij=bij for; all i,j
and symbolically written as A=B.




, 15 14
Ex. (i) If A
12 10], ,

{15 14| 4 c {15 14}

B = an =

10 12 | 10 12 |

Here A # B, A # C but B = C by definition of
equality.

C e[ 4[4
X (i) 7 217127 a+3m

then using definition of equality of matrices, we
have2a—-b=1 ......(1) and a+3b=2 ...... 2)

5
Solving equations (1) and (2), we get a= 7 and
b = E
7

(2) Multiplication of a Matrix by a scalar:
If A is any matrix and k is a scalar, then
the matrix obtained by multiplying each
element of A by the scalar k is called the

scalar multiple of the given matrix A and is
denoted by kA.

Thus if A= (2], and k is any scalar then
kA = [ka,]

mxn.

Here the order of matrix A and kA are same.

-1 5 ;
Ex. A=|3 2 and k=,
4 7 3x2
3
then kKA= —A
2
__§ E_
1 5 2 2
:é 3 -2 = g -3
2 4 7 2
3x2
5 2
L 2_3x2

(3) Addition of Two matrices : A and B are
two matrices of same order. Their addition
denoted by A + B is a matrix obtained
by adding the corresponding elements of A
and B.

Note: A+B is possible only when Aand B are
of same order.

A+B is of the same order as that of A and B.

Thusif A= aij] and B=|[ bij]m)m then A+B

mxn

- [ aij+ bij]mxn
2 3 1
Ex. A= 1 29 0 and
L d2x3
-4 3 1]
= +
B 5 7 _8_2x3 Find A+B.

Solution : By definition of addition,

24H(—4) 343 141
~145 247 0H(-8) ],

2 6 2
|4 5 -8,

Note : If A and B are two matrices of the same

aip=|

order then subtraction of the two matrices is
defined as, A-B = A+(-B), where —B is the
negative of matrix B.

-1 4 -1 5
Ex. fA=|3 -2| and B=|2 -6 ,
0 5 3x2 4 9 3x2

Find A-B.

Solution : By definition of subtraction,

-1 4 1 -5
A-B=A+(-B)=|3 2|+|-2 6
0 5 -4 9]

~1+1 4+(5] [0 ~1]
=|3+(-2) 246 |=|1 4
0+(-4) 5+(-9)] |4 -4




Some Results on addition and scalar
multiplication : If A, B, C are three matrices
conformable for addition and o, B are scalars,
then

(i) A+B = B+A, That is, the matrix addition is

commutative.

(i) (A+B)+C = A+(B+C), That is, the matrix
addition is associative.

(111) For matrix A, we have A+O = O+A =A, That
is, a zero matrix is conformable for addition
and it is the identity for matrix addition.

(iv) For a matrix A, we have A+(—A) = (-A) +A
= O, where O is a zero matrix conformable
with matrix A for addition. Where (—A) is
additive inverse of A.

(v) a(AtB)=0A+oB
(vi) (a £B)A=0A=PA
(vil) a(B-A) = (o-B)A
(viii) OA=0

SOLVED EXAMPLES

5 -3
Ex.1)IfA=|1 0 |and
4 2
2 7
B=|-3 1|, find2A-3B.
2 =2

Solution : Let 2A —3B

5 -3 2 7
=2l1 0|33 1
4 -2 2 2

10 -6 -6 21
=12 0|+]9 =3
-8 —4 -6 6
[10-6 —-6-21 4 =27
=249 0-3 |=| 11 =3
|—8-6 —4+6 -14 2

Ex. 2) If A= diag(2, -5, 9), B = diag(-3, 7, —14)
and C = diag(1, 0, 3), find B-A-C.
Solution : B-A-C = B—(A+C)
Now, A+C = diag(2, -5, 9) + diag(1, 0, 3)
= diag(3, -5, 12)
B-A-C=B—-(A+C)
=diag(-3, 7, —14)—diag(3, -5, 12)

-6 0 0
= diag(-6, 12,-26)=| 0 12 0
0 0 -26

ex ayifa=|> > 1 gl 2 d
XCOMA=| o s |"BT]y ¢ |

1 -1 6
C= , find the matrix X such that
0o 2 -5

3A-2B+4X = 5C.
Solution : Since 3A-2B+4X = 5C
. 4X =5C-3A+2B

1 -1 6 2 3 -1
L 4X=5 -3
0 2 —5} {4 7 5}

1 3 2
+2
4 6 -1

5 =5 30 693
o 10 25| |-12 21 -15

2 6 4
+
8 12 -2




(5 _5_ 1
_[5-6+2 -5-9+6  30+3+4 By(1)-(2). 3Y=A_B. Y-+ (A_B)
0-12+8 10-21+12 -25-15-2 3
1 § 37 2 -1 -2 1 4 2
= A _1 42} ;‘Y:% 1 3 |-13 -1 _1_2 4
- - 3 2| |4 2 37 0
., 3
=l[1 -8 37}: 4 4 4 2]
41-4 1 -42 I )| 3 3
4 2 |2 4
303
2x+1 -1 -1 6 4 5
Ex. 4) If + = , L
3 4y 30 6 12 | 3 ]
find x and y. From (1) X+Y=A, .. X=A-Y,
_ 2x+1 -1 -1 6 - -
Solution : Given 3 4 + 30 4 2
4 2 -1 33
4 5 x=|1 3|_|-2 2
"6 12 3 2 ; 3
— 0
[2x 5}_{4 5} |3 ]
6 4y 6 12 _2412__2 .
— _+_ —_ —_
.. Using definition of equality of matrices, 3 3 3 3
5 5
we have x=| 142 3.4 = E
x=4, 4y=12 .. x=2, y=3 37 3 ,
-3+= 240 -= 2
2 -1 .3 ] L3 ]
Ex.5)IfX+Y= I 3| and
-3 2
X-2Y EXERCISE 4.5
2 1
=| 3 -1/ then find X Y. 2 3 -2
4 -2 (1) IfA=|5 4|, B=|2 2|and
-6 1 0 3
2 -1 -2 1
Solution: LetA=| 1 3 | andB=|3 -1 43
3 -2 4 -2 C=|-1 4| Show that (i) A +B = B+A
2 1
Let, X+Y=A....(1), X-2Y=B ...... ),
Solving (1) and (2) for X and Y (i) (A+B)+C = A+(B+C)
QK )




)

3)

(4)

()

(6)

(7)

1 -2 1 -3
IfA= , B= , then find the
5 3 4 -7

matrix A —2B+6I, where I is the unit matrix
of order 2.

1 2 -3 9 -1 2
IfA=|-3 7 -8|,B=|-4 2 5
0 -6 1 4 0 -3

then find the matrix C such that A+B+C is a
zero matrix.

1 =2 -1 =2
IfA=|3 -5|,B=|4 2 |and
-6 0 1 5
2 4
C==|-1 -4, find the matrix X such that
-3 6
3A 4B+5X =C.
Solve the following equations for X and Y, if

1 onaxay=2 7!
| Ay

Find matrices A and B, if
6 -6 0]
-4 2 1

1
3X—Y= { 1

2A-B = and

A-2B =

Simplify,

8 cos0
cos —sin0O

sin® }
+
cosO
‘ [ sind
sin®

—cos0
cosO® sin

2i iB - 2i i ,
5 an =1, _3,were

J-1=i,find A+B and A-B. Show that A+B is

a singular. Is A-B a singular ? Justify your
answer.

i
(8) IfA = [_3

) | 2x+y -1 1
(9) Findx andy, 1f{ }

3 4y 4
-1 6 4 3 55

=+ =
3 0 3 6 18 7

2a+b 3a-b 2 3
A= 04 2c—d| |4 —p| findab,

c and d.

(11) There are two book shops owned by Suresh
and Ganesh. Their sales (in Rupees) for
books in three subject — Physics, Chemistry
and Mathematics for two months, July and
August 2017 are given by two matrices
A and B.

July sales (in Rupees), Physics Chemistry
Mathematics.

_[5600 6750 8500
16650 7055 8905

Second Row Ganesh

} First Row Suresh/

Augustsales (in Rupees), Physics Chemistry
Mathematics

_{6650 7055 8905

First Row
7000 7500 10200}

Suresh/ Second Row Ganesh then,

(1) Find the increase in sales in Rupees from
July to August 2017.

(i) If both book shops got 10 % profit in the
month of August 2017, find the profit for
each book seller in each subject in that
month.




(4) Algebra of Matrices (continued)

Two Matrices A and B are said to be
conformable for the product AB if the number of
columns in A is equal to the number of rows in B.
i.e. A is of order mxn and B is of order nxp.

In This case the product AB is amatrix
defined as follows.

n

A xB =C where C. = E a,b,.

xn nxp mxp ij ik~ kj
k=1

m

A A A Ay
Ayp Agpeee Ay een Ay
If A=[a,] =132y 3;.. ay.. a5
“th
a; ap.. 8. a, [ TOW
la,, a,..a, .4, |
b, b,,.. blj b1p
b, b,,. sz b2p
B - [ bkj]nxp =
b,, b,.. b3j b3p
_bpl bpz.. bnj... bnp_
j® column
then
C. =a b .+a b +.... +a_ b
il 71 i2 72) in " nj

SOLVED EXAMPLES

bll
Ex1:IfA= [a, a,a ]JandB=|b,
i b31_
Find AB.
Solution Since number of columns of

A = number of rows of B =3

Therefore product AB is defined and its order
is 1. (A),, (B),,, = (AB)

1x1

AB - |:all x bll + a12 x b21 + a13 x b31]

3

Ex.2:LetA=[132] , and B=|2
1

3x1

, find AB.

Does BA exist? If yes, find it.

Solution : Product AB is defined and order of
ABis 1.

3
SAB=[132]|2|=[1%x3+3x2+2x1]

1

=[11],,,
Again since number of column of B = number of
rows of A=1

.. The product BA also is defined and order of
BA s 3.

3 3x1 3x3 3x2
BA=|2 [132],,=|2x] 2x3 2x2
l3X1 Ix1 1x3 1x2 o
3 9 6
=|2 6 4
1 3 2

3%3

Remark : Here AB and BA both are defined but
AB # BA.

1 2
Ex3:A=|-3 2 ,B=
2x2

Find AB and BA which ever exist.

Solution : Here A is order of 3 x 2 and B is of
order 2 x 2. By conformability of product, AB is
defined but BA is not defined.

-1 =2
1 2
SLAB=|-3 2 { }
-1 =2
1 0
-1+2 -2+4 1 2
=|-3-2 —-6-4|=|-5 -10
1+0 2+0 1 2




32 -1
Ex4:LetA=| , o , N

B:
-4 2 2x2
Find AB and BA which ever exist.

Solution : Since number of columns of A #
number of rows of B. Product of AB is not
defined. But number of columns of B = number
of rows of A = 2, the product BA exists,

3 -3 3 2 -1
. BA=
-4 2} [—2 5 4}

[ 9+6  6-15 —3—12}

-12-4 -8+10 4+8
15 9 -15
16 2 12
Ex5 Leta=|® dB= o3 Find
X..et—52an—4_21n

AB and BA which ever exist.

Solution : Since A and B are two matrix of same
order 2 x 2.

Note :
From the above solved numerical Examples, for
the given matrices A and B we note that,
1) If AB exists , BA may or may not exist.
i1) If BA exists , AB may or may not exist.

ii1) If AB and BA both exist they may not
be equal.

4.6 Properties of Matrix Multiplication :

1) For matrices A and B, matrix
multiplication is not commutative that
is AB # BA.

2) For three matrices A,B,C. Matrix
multiplication is associative. That is
(AB)C = A(BC) if orders of matrices
are suitable for multiplication.

1 2 1 -1 2
c.g. Let A= 4 3 ,B= 0 -1 3!

-2 1
c=|3 -1
0 2

1 21 -1 2
Then AB =
4 3110 -1 3

.. Both the product AB and BA exist and are of — 1+0 -1-2 2+6 — -3 8
same order 2 x 2 44+0 -4-3 &+9 4 -7 17
4 -3][-1 3 2 1]
AB=1 4 2“4 2} b= 8l
- B (ABC=1, 7 17
) 0 2
_[-4-12 12+6] [-16 18 -
S| -s5+8 15-4] | 311 [ 72-9+40 143416 | [-11 20
) T | —8-21+0 4+7+34| |29 45
-1 3[4 -3 —4+15 3+6 -
BA — — (D
4 215 2 16-10 —-12—-4
] S | R
19 BC={O | J 3 -1
16 -16 - 0 2
Here AB # BA ~ -2-3+0 1+1+4 _ -5 6
"1 0-3+0 0+1+6| |3 7
Qo )




1 215 6
A(BC):L 3}{—3 7}

5-6 6+147 [-11 20
:{—20—9 24+2J:[—29 45} w(2)
From (1) and (2), (AB)C = A(BC)

3) For three matrices A,B,C, multiplication
is distributive over addition.

i) A(B+C)=AB +AC
(left distributive law)

ii) (B+C)A=BA+ CA
(right distributive law)

These laws can be verified by examples.

4) For a given square matrix A there exists
a unit matrix I of the same order as that
of A, such that AI=IA=A.

I is called Identity matrix for matrix
multiplication.

3 2 -1
cg. LetA=|2 0 4|,
1 3 2

and [ =

oS O =
S = O
- o O

[am—

3 2 -1
ThenAI=|2 0 4

()
S = O
- o O

[3+0+0 0-24+0 0+0-1
=(2+0+0 0+0+0 0+0+4
j+0+0 0+3+0 0+0+2

3 -2 -1
=2 0 4 |=lA=A
13 2

5) For any matrix A there exists a null
matrix O such that a) AO = O and
b) OA= 0.

6) The product of two non zero matrices
can be a zero matrix. That is AB = O
butA#0,B#0

1 0 0 O]
e.g. LetA= ) ol B= L1

Here A # 0, B ObtAB-lO(OO
creAZ0,B#ObUAB=| = ol

00
That is AB = =0
00

7) Positive integral powers of a square
matrix A are obtained by repeated
multiplication of A by itself. That is
A?=AAA=AAA, ...... ,

A"=AA ... ntimes
(Activity)

IfA_l—S B_2—3
e 71”7 |4 8|

Find AB-2I, where I is unit matrix of
order 2.

6 7 4 8

) 1 -5 2 -3
Solution : Given A = [ }, B= [ }

S L R I
ONSIEETAB=el= 16 7114 s | 7|.. ..




SOLVED EXAMPLES

-2 1
1 -1 2
Ex. 1: If A= ,B=13 -1},
0 -1 3
0o 2

show that matrix AB is non singular.

-2 1

I -1 2

3 -1
0 -1 3

- 0 2

_[-2-3+0 1+1+4
| 0-3+0 0+1+6

-5 6

-3 7/
-5 6
-3 7

= -35+18 =-17#0
.. matrix AB is nonsingular.

Solution : let AB =

~.|AB| =

1 33
Ex.2:IfA=|3 1 3| prove that A>5A is a
3 31

scalar matrix.

Solution : Let A2 = A.A
1 3 3][1 3 3
=3 1 3|/|3 1 3
13 3 1|3 31

[1+9+9 3+3+9 3+9+3
=(3+3+9 9+1+9 9+3+3
_3+9+3 9+3+3 9+9+1

19 15 15
=15 19 15
15 15 19

(19 15 15
A2 5A=|15 19
15 15 19

(19 15 15| [5 15 15
=15 19 15| {15 5 15
15 15 19] |15 15 5
(14 0 0]

A2 5A=|0 14 0 |=141
0 0 14

.. A>-5A is a scalar matrix.

3
Ex. 3:IfA= [ }, Find k, so that A2 —kA+21

4 2

= O, where I is an identity matrix and O is null
matrix of order 2.

Solution : Given A2 -kA+21=0

3 21|13 =2
~.Here, A2=AA =

4 2|4 2
[9-8 —6+4] [1 2
S |12-8 -8+4| |4 -4
.. AkA+21 =0
1 2] 3 2] 10
g -k +2 =0
4 -4 4 -2] 0 1

1 =27 [3k —2k+20_'00
T4 4] |4k -2k 0 2/ |0 0

—2+2k | _[0 0]
~4+2k+2| |0 0

C[1-3k+2
| 4-4k

". Using definition of equality of matrices, we
have

1-3k+2=0 3k=3
2+k=0 2k=2 k=1
4-4k=0 4k=4
4+ 2k +2=0 2k=2
Ex. 4 : Find X and y, if
6 3 -4 -1
[203]43/-1 2(+2|1 o0 |}=[x Yl
5 4 -3 —4




Solution :

6 -4 -1
Given[203] 43/ -1 2[+2| 1 o0 [}=[x VY]
5 3 —4

~[203]49/-3 6+ 2 0 =[x v]
15 12] [-6 -8
10 7

~[203]|-1 6|=[x y]
19 4

S [20+27 14 +12] =[x V]
o [47 26] =[x v] X =47,y =26 by

definition of equality of matrices.

sinf
Ex.5: Find if
cos0

0

[sind cosd 6]=[17]

sinf
Solution : Let | cosO
0

[sind cos® G]=[17],

o [sin?0 + cos?0 + %] = [17]

". By definition of equality of matries

L1+ 02=17 - 02=17-1 . 6>=16,
9 =x4
Remark

Using the distributive laws discussed earlier
we can derive the following results,

If A and B are square matrices of the same
order, then

i) (A+B)?=A’+AB +BA + B?
ii) (A—B)?=A’—AB - BA + B?
iii) (A+B)(A—B)=A?+AB - BA - B?

Ex 6:1fA= | hatan = |4 °
X.0: “ 1o b,provetat “lo B

for all neN.

S - G A

n

a

0
} for all neN using

W A" =
e prove {0 b

mathematical induction

n

LetPmybe=|" O | fornen
et P(n) be = 0 b or neN.

To prove that P(n) is true for n=1

a 0
P(1)is Al=A= {0 b} - P(1) is true.

Assume that P(K) is true for some KeN

a“* 0
That is P(K) is A¥ = { 0 bK}

To prove that P(K) — P(K+1) is true consider
L.H.S. of P(K+1)

That is Ak+!
= AKA

_aK 0 a 0 _aK+1+O
1o B0 Bl | 0+0

aK+1 0
= { . bK+1}=R.H.S of P(K+1)

0+0
b5+ 0

Hence P(K+1) is true.

- P(K) = P(K+1) for all KeN

Hence by principle of mathematical induction,
the statement P(n) is true for all neN.

That is P(n) is true — P(2) is true — P(3) is true
and so on — P(n)is true, neN.

can= |90 fralinen
SATE or all neN.




Ex. 7 : Aschool purchased 8 dozen Mathematics
books, 7 dozen Physics books and 10 dozen
Chemistry books, the prices are Rs.50,Rs.40
and Rs.60 per book respectively. Find the total
amount that the book seller will receive from
school authority using matrix multiplication.

Solution : Let A be the column matrix of books
of different subjects and let B be the row matrix
of prices of one book of each subject.

8x12 96
A=|T7x12 | =| 84 B =[50 40 60]
10x12 120
The total amount received by the
bookseller is obtained by matrix BA.
96
.. BA=[50 40 60] 84
120

=[50 x 96 + 40 x 84 + 60 x 120]
= [4800 + 3360 + 7200] = [15360]

Thus the amount received by the bookseller
from the school is Rs.15360.

Ex. 8 : Some schools send their students for extra
training in Kabaddi, Cricket and Tennis to a sports
standidium. There center charge fee is changed
pen student for Coaching as well as 4 equipment
and maintenances of the court. The information of
students from each school is given below-

Modern School Kabaddi Cricket Tennis

Progressive School <0 33 15
Sharada Sadan 18 36 12
Vidya Niketan 24 12

25 20 6
The charges perstudent for each game a
given below-

E and M is for
Kabaddi Coach E&M  gqyipment and
Cricket 40 10 | maintain

Tennis 50 50
60 40

To find the expense of each school on Coaching and E and M can be fourd by multiplication of the above

matrics.
Kabaddi Cricket  Tennis Coach E&M
Modern 20 35 18 Kab | 40 10
Progreesive 18 36 12 | X cri 50 50
Sharda School 24 12 Ten 60 40
Vidya Niketan 25 20
Modern 20 x40 + 36 x 50 + 18 x 60 20 x 10+ 35x 50+ 18 x 40
Progressive 18 x 40 + 36 x 50 + 12 x 60 18 x 10 + 36 x 50 + 12 x 40
Sharada 24 x40+ 12x50+ 8x60 24 x10+12x50+ 8x40
Vidya 25x40+20x50+ 6%x60 25x10+20x50+ 6 x40
800 + 1750 + 108 200 + 1750 + 720 2650 2670
720 + 1800 + 720 180 +1800+480 | = | 3240 2960
=| 960+ 600 + 480 240+ 600 + 320 2040 1160
1000 + 1000 + 360 250 + 1000 + 240 2360 1490
(02 )

(N



EXERCISE 4.6 o243 |2 2
i) A—__1 3 2] =3 3 and
-1
3 4 _
. .. 31
1) Evaluatei)[2|[2 -4 3]i))[2 -1 3]|3 C= .|
1 1 -
7) Verify that A(B+C)=AB+BC in each of the
1 3 4 1 . .
2) IfA= B= show that following matrices
4 2 3 2 _
AB #BA T N T A
. | = s =
7 ) 2 3 3 2™
-1 1 1 (4 1
— C=
3y IfA=|2 3 0], 2 —1}
-3 1 i
_ I 0
21 N T - 2 N
B=|3 0 2|.State whether AB=BA? ) A= 2 3 2l B=|- and
- 4 3
1 2 ]
Justif b2
ustify your answer. col2 o
4) Show that AB=BA where, L4 3
2 3 -1 13 -1
: 1 =2 -1
) A=|-1 2 -1/ B=|2 2 -l 8) IfA:{ },82[3 }
6 9 -4 30 -1 56 37
Find AB-2I,where I is unit matrix of order 2.
[ cosO  sind cos¢p —Sin
i) A=| . , B=| . CI) ¢
| sinf  cosO SIngp  COS¢ 43 2 1 2
9) IfA= ,B=1{-1 0| show
-1 2 0
4 8 1 =2
5 IfA= , prove that A>= 0. ) ) )
-2 -4 that matrix AB is non singular.
6) Verify A(BC) = (AB)C in each of the 1 2 0
following cases. 10) If A = |5 4 2|, find the product
(1 0 1 2 2 07 -3
) A=|2 3 0| B=|-1 and (A+D)(A-T).
0 45 0 3
32 -1 1w a=|" Ol e=|" 0| findaitac=n
C- } VASI ) BF |, | findaedfAT=E.
2 0 -2
YR




1 2 2

12) If A= |2 1 2|, Show that A>4A is a
2 2 1

scalar matrix.

1 0
-1 7

A? —8A —KkI = O, where I is a unit matrix and
O is a null matrix of order 2.

13) IfAz{ },ﬁndksothat

8 4 5 —4
14) If A = , B= show that
10 5 10 -8

(A+B)>=A2+AB + B2

3 1
15) IfA= [ 2}, prove that A’>— 5A + 71=0,

1

where [ 1s unit matrix of order 2.

16) IfA= o dB= 2! how that
) —_43an—_12,sowa

(A+B)(A-B)= A>- B,

A=l 2 B=|? 9 andif
) o o2 P o p)| T

(A + B)? = A>+B2. find values of a and b.

18) Find matrix X such that AX=B, where
1 2 -3
A= and B = .
-2 1 -1

3
19) Find k, if A= [4 2} and if A = kA-2I.

1 2 3][1
20) Findx,if[1 x 1]|4 5 6| |-2|=0
32 5(]3

21) Find x and vy, if

(3 R

22) Find x,y, z if

20 1 1 | x-3
310 2|-4|-1 2 [2}: y—1
2 2 3 1 2z
coso.  sina
23) IfA= { . } , show that
—sinoe  coso
B cos2a  sin2o
" | —sin200  cos2a |’

oy 1ta=| 2| B=|" * . show that
JIA=TS |- B=], | showtha

AB # BA, but |AB| = |A|.[B]

25) Jay and Ram are two friends in a class. Jay
wanted to buy 4 pens and 8 notebooks, Ram
wanted to buy 5 pens and 12 notebooks.
Both of them went to a shop. The price
of a pen and a notebook which they have
selected was Rs.6 and Rs.10. Using Matrix
multiplication, find the amount required
from each one of them.

4.7 Properties of transpose of a matrix :
Note :
(1) For any matrix A, (ANT=A.

(2) If A is a matrix and k is constant,
then (kA)" = kAT

(3) If A and B are two matrices of same order,
then (A+B)'=A"+ BT

(4) If A and B are conformable for the product
AB, then (AB)"=BT AT

—_— e N
NN W

1 21
Example, Let A= ,B=
313




.. AB is defined and

B 24241 3+4+2 B 5 9
164143 94246 |10 17

3 22

) 1 3
A 2 1 1 -
BIA™= 3 2 2

- 1 3

[242+1 6+1+3

- BTAT =
13+4+2 9+2+6

5 10 ,
=1y 1| )

.. From (1) and (2) we have, (AB)" = BT AT
In general (A A, A, ....... A)Y=AT . ATAT
A T

1

(5) If Aisasymmetric matrix, then AT=A.

2 3 4
For example, let A=|-3 5 -2
4 -2 1
2 3 4
A=|-3 5 2|=A
4 2 1

(6) If A is a skew symmetric matrix, then
Al=—A.

0 5 4
For example, letA=|-5 0 -2
-4 2 0
0 -5 —4 0 5 4
SAT=|5 0 2|=—-]-5 0 2
4 -2 0 -4 2 0
— A, L A=-A

(7) If A is a square matrix, then (a) A + AT is
symmetric. (b) A — AT is skew symmetric.

3 5 7
For example, (a) Let A={2 4 -6,
3 8 -5
3 2 3
JA =5 408
7 -6 -5
3 5 7 3 2 3
NowA+A'=|2 4 6| +|5 4 8

3 8 =5 7 -6 =5

6 7 10
=7 8 2
10 2 -10

. A+ AT is a symmetric matrix, by definition.

35 7 3 2 3
(b) LetA—AT=|2 4 —6| _|5 4 8
3 8 -5 7 -6 -5

0 3 4
-|-3 0 -14
4 14 0

A—AT is a skew symmetric matrix, by definition.

Note:

A square matrix A can be expressed as the
sum of a symmetric and a skew symmetric matrix

1 1
asA= E(A+AT)+E (A-A")

4 -5 3
eg. LetA=|-6 2 1|,
7 8 -9
4 -6 7
SJAT=-5 208
3 1 -9




4 -5 3 4 -6 7
A+AT=|-6 2 1|+]|-5 2 8
7 8 -9 31 -9
& 11 10
=|-11 4 9
10 9 -18
8§ 11 10
1 1
LetP=§(A+AT)=5 -11 4 9
10 9 -18
s s
2
e, 9
2 2
5 2 -9
L 2 |
The matrix P is a symmetric matrix.
4 -5 3 4 -6
AlsoA—-AT=|-6 2 1 |_-|-5 2
7 8 -9 3 1
(0 1 4
=|-1 0 -7
4 7 0
. 0 1 4
1
LetQ=—- (A-AH=—- |-1 0 -7
2 2
4 7 0
0 1 -2
2
Ly 7
2 2
2 7 0
L 2 ]

The matrix Q is a skew symmetric matrix.

Since P+Q = symmetric matrix + skew symmetric

matrix.

Thus A=P+ Q.

7
8

(1)

2)

€)

(4)

(5)

(6)

(i) (A+B)=AT+B"

(7)

EXERCISE 4.7

Find AT, if ()A=1 3
45

2 -6 1
4 0 5
If [ ], , where a, = 2(i—j). Find A and AT,
State whether A and AT are symmetric or

(i) A=

skew symmetric matrices ?

5 3
IfA=| 4 -3, Prove that (2A)" = 2A".
-2 1
1 2 =5
If A= |2 -3 4| Prove that (3A)T
-5 4 9
=3AT
0 I+21 1-2
IfA=|-1-2i 0 -7

2-1 7 0

where i = /—1, Prove that AT = —A.

2 -3 2 1
IfA=|5 —-4|,B=|4 -1|and
-6 1 -3 3

1 2
C=|-1 4] then show that

-2 3

(i) (A—C)'=A-CT

ta=|> *aap=|!
B Y R

CT, such that 3A — 2B + C =1, where 1 is the

unit matrix of order 2.

3
J , then find




81fA730 B—0_23th
(8) 04 —2°° |2 1 —a|™"

find (i) AT + 4B" (ii) 5 AT— 5B,

o Al [l O g2 ]
O) BA=\3 1 L [:BT |3 5 ,|an

C- 0 2 3 o th
1.1 21 o , verity that

(A+2B+2C)"=A"+2B"+ 3C".

2 1
- 1
10) IfA= andB=|-3 2|, prove
3 2 3
-1 3

that (A+BT)' = A" +B.

(11) Prove that A + AT is a symmetric and A — AT
is a skew symmetric matrix, where

1 2 4 5 2 —4
HA=[3 2 1| (i)Aa=|3 -7 2
2 -3 2 4 -5 3

(12) Express the following matrices as the sum of
a symmetric and a skew symmetric matrix.

303 ]
|4 2 N P
Wy |
4 -5 2
Bita=. Jaan=|0 > 7
(13) N N e N B B
4 1

verify that (i) (AB)" = BTAT
(i) (BA)T = AT BT

coso.  sino

(14)IfA = [ }, show that AT A =1,

—sino.  cOSO

where I is the unit matrix of order 2.

[%%Let's Remember

e The value of a determinant of order 3 x 3

a b ¢
a, b, c =al(b2C3—b302)—b1(3203—3302)+

a, b c(ab—ab,)

e The minors and cofactors of elements of a
determinant

a a a
11 12 13
A =
8 dy ay
a4 & A

Minor Mij of the element a, is determinant
obtained by deleting the i row and j" column of
determinant D. The cofactor C; of element a, is
C,= (1) M,

e Properties of determinant

Property (i) - The value of determinant remains
unchanged if its rows are turned into columns

and columns are turned into rows.

Property (ii) - If any two rows (or columns) of
the determinant are interchanged then the value
of determinant changes its sign.

Property (iii) - If any two rows (or columns)
of a determinant are identical then the value of
determinant is zero

Property (iv) - If any element of arow (or column)
of determinant is multiplied by a constant k then
the value of the new determinant is k times the
value of old determinant

Property (v) - If each element of a row (or
column) is expressed as the sum of two numbers
then the determinant can be expressed as sum of

two determinants




Property (vi) - If a constant multiple of all
elements of a row (or column) is added to the
corresponding elements of any other row (or
column) then the value of new determinant
so obtained is the same as that of the original
determinant.

Property (vii) - (Triangle property) - If each
element of a determinant above or below the main
diagonal is zero then the value of the determinant
is equal to the product of its diagonal elements.

e A system of linear equations, using Cramer’s
Rule has solution -

D .
xX= D ,y—E,Z— D ; provided D#0

e Consistency of three equations.
ax+by+c =0
ax+hy+c,=0

ax +b.y+c, = 0 are consistent

a b ¢
Thenla, b, ¢, =0
a; by ¢

e Area of triangle whose vertices are (x,, Y,),
(Y,) (%3,Y,) is
1 xo oy o1
Ad=7x »n 1
x5y 1

e Test for collinear of points (x,y,), (X,.Y,),
o oy 1

(X3’y3) |f x2 y2 1 :O
X,y 1

e Multiplication of a matrix by a scalar:

IfA [aij] is a matrix and Kk is a scalar, then kA =
[ka,].

e Addition of matrices:
Matrices A = [aﬁ] and B = [bij] are said to
conformable for addition if orders of A and B
are same.

A+B =[a,+b,]. The order of A+B is the same
as that of A and B.

e Multiplication of two matrices:
A and B are said to be conformable for the
multiplication if number of columns of A is
equal to the number of rows of B.
Thatis IfA= [aik]mxp and B = [bkj]pxn, then AB
is defined and AB = [cij]rnxn where

C|J = Zalk.bk] i =1,2,...-,m
k=1 1

o IfA= [aij]mxn is any matrix, then the transpose

of Alis denoted by A"=B =[b,]  andb,=a,
e If Alis asquare matrix, then
i) A+ ATisasymmetric matrix.
i) A— ATis a skew-symmetric matrix.

e Every square matrix A can be expressed as
the sum of a symmetric and skew-symmetric
matrix as

1 1
A= 5 [A+ AT+ 5 [A-AT

MISCELLANEOUS EXERCISE - 4 (B)

(1) Select the correct option from the given
alternatives.

_ 1 3 1 0], _
1) GivenA= = if A—Alisa
2 2 0 1
singular matrix then ..........
A) L=0 B)A?-3A-4=0

C) M+3L-4=0 D) A2-31L-6=0




4 6 -1

2
2) Consider the matricesA={3 0 2|, 7) IfA+B :[ 9} and A-B :{0 3}
1 -2 5
then the value of Ais .......
4 3
B = 1|, C=|1| outof the given A) 301 B) 43
-1 2 2 4 3] 4 6
matrix product ............ 0 6 2] D) [7 6}
i) (AB)'C ii)y C"C(AB) 8 6] 18 12
iii) CTAB iv) ATABB'C
. . X 3x—y 32 N
A) Exactly one is defined 8) 1 4z 3y—w =4 7 then..........
B) Exactly two are defined
C) Exactly three are defined a) x=3,y=7z=1w=14
D) all four are defined a) x=3,y=-52=-l,w=-4
a) x=3,y=6,2=2,w=7
3) If A and B are square matrices of equal a) X=-3,y=-T.2=—1,w=—14
order, then which one is correct among the a4 ’ ’
following? 9) Forsuitable matrices A, B, the false statement
A) A+B=B+A B)A+B=A-B is.......
C) A-B=B-A  D)AB=BA A) (AB)T = ATBT
1 2 2 B) (A) =A
4) IfA=|2 1 =2/ isamatrix satisfying the C) (A-B)"=A"-BT
a 2 b D) (A+B)T:AT+BT
equation AAT = 91, where I is the identity
matrix of order 3, then the ordered pair (a, b) 21 o
is equal o ....... 10) If A = 0 3 and f(X) = 2x* — 3X, then
A) (2,-1) B) (=2, 1) INEI.
O (2,1 D) (-2, -1
)& ) ) [14 1} B) ~14 1}
o 2
5) If Az{ }and|A3|=125, 0 -9 L0 9
2 o
thena=....... {14 —1} D) -14 —1}
A) £3 By£2 C)+5 D)0 0 9 0 -9
S 7 I 2 45 (IT) Answer the following question.
6) If|x 1|—-|-3 5|=|4 —4|then......
2 6 2y 0 4 1) If A= diag [2 -3 -5], B = diag [4 -6 3]
and C=diag [-34 1] thenfindi)) B+ C—-A
A) x=1y=-2 B) x=-1.y=2 i) 2A+ B - 5C.
C) x=1y=2 D) x=-1,y=-2
100




cosaa  —sinoe 0 1 -1 0 2 2 4
2) Iff(a)=A=|sina  cosa 0|, Find 8) If A= |2 3 4| B= |4 2 -4,
0 0 1 0 1 2 2 -1 5
i) f—a) i) f(—a) + f(a). show that BA=6I.
i i 2 1 1 2
3) Find matrices A and B, where 9) IfA-= . B= . verify that
0 3 3 2
1 -1 1 -1 -
i) 2A—-B= and A +3 B= IABI= |AIIBI.
10 1 0 1
- - cosa.  Sino
. -1 2 1 10) IfA = ' :
i) 3A-B= and ¢ | =sina cosa
|1 0 5]
_ _ show that A . A = A .
0 0 ©ore
A+ 5B=
-1 0 0
- - 1 o o> 1 _
11) IfA= ol 1 ,B= 1 o , Where o is
2 3
|3 - 341 a complex cube root of unity, then show that
4) 1A= —2.B= 2 1 -3 AB+BA+A-2B is a null matrix.
-1 4
e . 2 -2 -4
Verify i) (A+B™)" = AT + 2B.
B 12) IfA=|-1 3 4 | show that A2 =A.
i) (BA-5B")" = 3A" - 5B.
1 -2 3
5) IfA= {"OS“ ‘Si”“} and A+ AT = |, where 4 -1 -4
sme - cosa 13) IfFA=|3 0 -4/, show that A2=1.
I is unit matrix 2 x 2, then find the value of a. 3 -1 -3
1 2 1 3 2 3 -5
—_ 2_ _ -
6 IfA<|3 2|and B:L 1 3}Show 14) |fA{_4 2},showthatA 5A-141=0.
-1 0
that AB is singular. 2 -1
15) IfA= e show that A>-~4A + 31 =0.
1 23 I -1 1
7) IfA=|2 4 6|,B=|-3 2 -1|,show 3 2 1 x
16) IfA= ,B= , and
1 2 3 -2 1 0 ) {2 _4:| |:)/‘ O}
that AB and BA are both singular matrices. (A+B)(A-B) = A?— B find x and y.
107




17)

18)

19)

20)

21)

i Asl ) ! dB—O_l how that
—10 an —1 0 show a
(A+B)(A—B)#A2— B2

2
IfA:[ } , find A%
3 2

Find x, y if,
4 5 4 3
i) [0 -1 4]42|3 6 |+3|1 4
2 -1 0 -1
=[x vl
i)
5
1 21 2 -3 7 x
-1 +3 0 |=
ol 2 e ]
Find x,y, z if
0 1 2 1 5 x—1
i) 35/1 0(-3]3 -2 L}: y+1
1 1 1 3 2z

2 1 -3 10 -2
If A= B= :
{0 2 6} L -1 4}

find ABT and A'B.

2 -4
I -1 2
22) IfA: 3 _2 1B: ]
-2 1 0
0 1
show that (AB)" = BTAT.

3 _
23) IfA:{1 _J , prove that
1+2n  —4n
A" = , for all neN.
n 1-2n
cosO  sin0
24) IfA=| . , prove that
—sin@ cosO
cosnf  sinn0
A" = , forall neN.
—sinn®  cosnb

25) Two farmers Shantaram and Kantaram
cultivate three crops rice,wheat and
groundnut. The sale (In Rupees) of these
crops by both the farmers for the month of
April and may 2008 is given below,

April sale (In Rs.)

Rice |Wheat |Groundnut
Shantaram | 15000 | 13000 |12000
Kantaram |18000 | 15000 |[8000

May sale (In Rs.)

Rice Wheat | Groundnut
Shantaram | 18000 | 15000 (12000
Kantaram |21000 |16500 |16000
Find

1) The total sale in rupees for two months of
each farmer for each crop.

ii) the increase in sale from April to May for
every crop of each farmer.




Straight Line

—4 Let's Study

e Locus of a points in a co-ordinate plane

e Equations of line in different forms

e Angle between two lines, perpendicular
and parallel lines

e Distance of a point from a line

e Family of lines

Iﬁ% Let's Recall

We are familiar with the properties of
straight lines, the bisector of an angle, circle
and triangles etc.

We will now introduce co-ordinate
geometry in the study of a plane. Every point
has got pair of co-ordinates and every pair of
co-ordinate gives us a point in the plane.

We will use this and study the curves with
the help of co-ordinates of the points.

What is the perpendicular bisector
segment ? ............... A line.

of a

What is the bisector of an angle ? ....... A ray.

These geometrical figures are sets of points
in plane which satisfy certain conditions.

e The perpendicular bisector of a segment is
the set of points in the plane which are
equidistant from the end points of the
segment. This set is a line.

e The bisector of an angle is the set of points
in the plane which are equidistant from the
arms of the angle. This set is a ray.

Activity : Draw segment AB of length 6 cm.
Plot a few points which are equidistant from
A and B. Verify that they are collinear.

103

’7& Let's Learn

5.1 Locus
which satisfy certain geometrical
(or conditions) is called a locus.

A set of points in a plane
condition

L ={P | P is a point in the plane and P
satisfies given geometrical condition}
Here P is the representative of all points in L.

L is called the locus of point P. Locus is a
set of points.

The locus can also be described as the route of
a point which moves while satisfying required
conditions. eg. planets in solar system.

Ilustration :
e The perpendicular bisector of segment AB

is the set

M = { P | P is a point such that PA=PB}.
e The bisector of angle AOB is the set :

D ={P| P isa point such that

P is equidistant from OA and OB }
={P| £ POA =~/ POB }

Verify that the sets defined above are the same.
The plural of locus is loci.

B

v

Fig. 5.1

e The circle with center O and radius 4 is
the set L = { P | OP = 4}
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5.1.1 Equation of Locus : If the set of points,
whose co-ordinates satisfy a certain equation in
x and vy, is the same as the set of points on
a locus, then the equation is said to be the

equation of the locus.

SOLVED EXAMPLES

Ex.1 We know that the y co-ordinate of every
point on the X-axis is zero and this is true
for points on the X-axis only. Therefore
the equation of the X-axis is 'y = 0.

Ex.2 Let L = {P | OP = 4}. Find the equation
of L.

-
N

Fig. 5.2

Solution : L is the locus of points in the
plane which are at 4 unit distance from
the origin.

Let P(x, y) be any point on the locus L.
As OP = 4, OP? = 16

S (X =02+ (y - 0)2=16

X2+ y2=16

This is the equation of locus L.

The locus is seen to be a circle

Ex.3 Find the eqation of the locus of points
which are equidistant from A(-3, 0) and
B(3, 0). Identify the locus.

Solution : Let P(x, y) be any point on the
required locus.

P is equidistant from A and B.
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. PA = PB

. PA?2= PB?

Lo H 3P Ay - 02 = (x - 324
(y -0)*

X2+ BX + 9+ Y= x2—
©12x =0

. Xx = 0. The locus is the Y-axis.

6x + 9 + y?

5.1.2 Shift of Origin : Let O'(h, k) be a point
in the XY plane and the origin be shifted to
O’. Let O'X’, O'Y' be the new co-ordinate
axes through O’ and parallel to the axes OX
and OY respectively.

A N
Y LY’
i P(x'") (new)
M ‘M’ P(x,y) (old)
[T ‘|‘ ._I
E‘—x,_’ ’
DI L I A | LN >
O'(h,k): <
; h%
ok
—h —».
: . X
0(0,0) N N L
\ v
Fig. 5.3

Let (X, y) be the co-ordinates of P referred to
the co-ordinates axes OX, OY and (X, y") be
the co-ordinates of P referred to the co-ordinate
axes O'X’, O'Y'. To find relations between

(x, y) and (X', ).

Draw PL L OX and suppose it intersects O'X’
in L'

Draw PM L OY and suppose it intersects O'Y’
in M.

Let O'Y" meet line OX in N and O'X’' meet
OY in T.

.. ON = h, OT = k, OL = x, OM =y,
oL = X', oM = yl

Now x =OL = ON + NL = ON + O' L'

(Nt



=h+Xx
and y=0OM= OT + TM = OT + O' M’ =
k +y

X=X +hy=y +Kk
These equations are known as the formulae for
shift of origin.

Note that the new co-ordinates can also be
given by (X, Y) or (u,v) in place of (Xy).

SOLVED EXAMPLES

Ex. 1) If the origin is shifted to the point
O'(3, 2) the directions of the axes remaining
the same, find the new co-ordinates of the
points

(@)A(4, 6) (b) B(2,-5).

We have (h, k) = (3,2)

X=X +hy=y +k
x=x+3 andy =y +2 ... (1)
@ (x, y) = (4, 6)

. From (1), we get
y'+ 2

Solution :

4 = xt + 3,6 =

X =1andy =4

New co-ordinates of A are (1, 4)

(ii) (x, y) = (2-5)

from (1), we get 2 = X'+ 3, -5 =y + 2
X' '==1andy = -7. New co-ordinates of
B are (-1,-7)

Ex. 2) The origin is shifted to the point
(=2, 1), the axes being parallel to the original
axes. If the new co-ordinates of point A are
(7, —4), find the old co-ordinates of point A.

Solution : We have (h, k) = (-2, 1) and if
new co-ordinates are (X,Y).

Xx=X+hy=Y+Kk

X =X-2,y=Y +1

(X, Y) = (7, -4)
wegetx=7-2=5 y=-4+1=-3

.. Old co-ordinates A are (5, —3)

Ex. 3) Obtain the new equation of the locus
X2— Xy — 2y* — x + 4y + 2 = 0 when the
origin is shified to (2, 3), the directions of the
axes remaining the same.

Solution : Here (h, k) = (2, 3) and if new
co-ordinates are (X,Y).
~x=X+h y=Y+ k gives
Xx=X+2 y=Y+3

The given equation
X2 — Xy — 2y2 — x + 4y + 2 = 0 becomes
(X+2)2 — (X + 2)(Y + 3) — 2(Y + 3)? —
X+2)+4Y+3)+2=0
S X2— XY - 2Y2-10Y -8=0
This is the new equation of the given locus.

EXERCISE 5.1

1. If A(1,3) and B(2,1) are points, find the
equation of the locus of point P such that

PA = PB.

2. A(-5, 2) and B(4, 1). Find the equation of
the locus of point P, which is equidistant
from A and B.

3. If A(2, 0) and B(0, 3) are two points, find
the equation of the locus of point P such
that AP = 2BP.

4, If A(4, 1) and B(5, 4), find the equation
of the locus of point P if PA2= 3PB2

5. A(2, 4) and B(5, 8), find the equation of
the locus of point P such that

PA2 — PB2= 13,

6. A(l, 6) and B(3, 5), find the equation of
the locus of point P such that segment
AB subtends right angle at P. (ZAPB
= 90°)

7. If the origin is shifted to the point
0'(2, 3), the axes remaining parallel to the
original axes, find the new co-ordinates of
the points

(@) A1, 3) (b) B(2, 5)
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8. If the origin is shifted to the point
O'(1, 3) the axes remaining parallel to the
original axes, find the old co-ordinates of
the points

(@ C(5, 4) (b) DG, 3)

9. If the co-ordinates A(5, 14) change
to B(8, 3) by shift of origin, find the
co-ordinates of the point where the origin
is shifted.

10. Obtain the new equations of the following
loci if the origin is shifted to the point
0'(2, 2), the direction of axes remaining
the same :

@3x-y+2=0
(b) x* +y» - 3x =7
C)xy —2x -2y +4=0
(d) y*—4x —4y + 12 =0

5.2 Straight Line : The simplest locus in a
plane is a line. The characteristic property of
this locus is that if we find the slope of a
segment joining any two points on this locus,
then the slope is constant.

If a line meets the X-axis in the point
A (a, 0), then 'a' is called the X-intercept of
the line. If it meets the Y-axis in the point
B(0O, b) then 'b' is called the Y-intercept of
the line.

'{ (0, )

0
O (a, O)\‘ X>

N

Fig. 5.4

Remarks :
(1) A line parallel to X-axis has no X-intercept.
(2) A line parallel to Y-axis has no Y-intercept.

Let's Think :
e Can intercept of a line be zero ?
e Can intercept of a line be negative ?

5.1.2 Inclination of a line : The smallest angle
made by a line with the positive direction of
the X-axis measured in anticlockwise sense is
called the inclination of the line. We denote
inclination by 0. Clearly 0° < 6 < 180°.

Remark : Two lines are parallel if and only
if they have the same inclination.

The inclination of the X-axis and a line

parallel to the X-axis is Zero. The inclination
of the Y-axis and a line parallel to the Y-axis
is 90°.
5.2.2 Slope of a line : If the inclination of
a line is 0 then tan® (if it exist) is called
the slope of the line. We denote it by m.
. m = tano.

Activity : If A(x,, y,), B(x,, y,) are any two
points on a non-vertical line whose inclination
is O then verify that

tan 6 = 20

., Where X, # X,
X, =X

The slope of the Y-axis is not defined.
Similarly the slope of a line parallel to the
Y-axis is not defined. The slope of the X-axis
is 0. The slope of a line parallel to the X-axis
is also 0.

Remark : Two lines are parallel if and only
if they have the same slope.

SOLVED EXAMPLES

Ex. 1) Find the slope of the line whose
inclination is 60°.

Solution : The tangent ratio of the inclination
of a line is called the slope of the line.

Inclination 6 = 60°.
. slope = tan® = tan60° = /3.
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Ex. 2) Find the slope of the line which passes
through the points A(2, 4) and B(5, 7).

Solution The slope of the line passing
through the points (x,, y,) and (x,, y,) is given

by
Vo=
Xy =X
. —~ —4
Slope of the line AB = Y2mh 77ty
x,—x, 272

Note that X, # X,

Ex. 3) Find the slope of the line which passes
through the origin and the point A(-4, 4).

Solution The slope of the line passing
through the points (x,, y,) and (x,, y,) is given
by
NN
- X, — X,
Here A(-4, 4) and O(0, 0).
0—4

Slope of the line OA = Lo R = 1.
X, — X 0+4
2 1

Note that X, # X,

5.2.3 Perpendicular Lines : We know that
the co-ordinate axes are perpendicular to each
other. Similarly a horizontal line and a vertical
line are perpendicular to each other. Slope of
one of them is zero whereas the slope of the
other one is not defined.

Let us obtain a relation between slopes of non-
vertical lines.

Theorem : Non-vertical lines having slopes m,
and m, are perpendicular to each other if and
only if mxm= 1.

Proof : Let @ and Bbe inclinations of lines
having slopes m and m,. As lines are non

2 2

. tana =m, and tanf8 =m,

From Fig. 5.5 and 5.6 we have,

a-pB=90" ora—p=-90
a-pB=%90
socos(a—p)=0

. cosa cosf + sina sinf =0
. sina sinf} =—cosa cosf

. tano tanf =-1

. mm, =-1

Fig. 5.5 Fig. 5.6

SOLVED EXAMPLES

Ex. 1) Show that line AB is perpendicular to
line BC, where A(1, 2), B(2, 4) and C(0, 5).
Solution : Let slopes of lines AB and BC be
m, and m, respectively.

4-2 2 and
m = ——=+< an
! 2-1
m, = yz_ylzs;:_l
X, — X, -2 2

. Line AB is perpendicular to line BC.

Ex. 2) A(1,2), B(2,3) and C(-2,5) are vertices
of A ABC. Find the slope of the altitude drawn
from A.

Solution : The slope of line BC is
Vo= _5=3 2 1

m = —

1 x,—-x —2-2 4 2

Altitude drawn from A is perpendicular to
BC.
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If m, is the slope of the altitude from A

then mxm, = —1.
-1
“m,o= — =2,
The slope of the altitude drawn from A is 2.

5.2.4 Angle between intersecting lines
We have obtained relation between slopes of
lines which are perpendicualr to each other.
If given lines are not perpendicular to each
other then how to find angle between them?
Let us derive formula to find the acute angle
between intersecting lines.

Theorem : If 0 is the acute angle between
non-vertical lines having slopes m and m, then
m,—m
tand = | ———

I+mm,

Proof : Let a and B be the inclinations of
non-vertical lines having slopes m, and m..
a # 90° and B = 90°.

A N

\Y \Y

(==

ya
<

/*@

§
NxX

/

Fig. 5.7 Fig. 5.8

. tana = m, and tanf =

From Fig. 5.7 and 5.8, we observe that
=B -aor®=m-P - a
. tanf = tan(P — a) or tanf = tan{n—(f — o)}
= —tan(f — a)
tan(B — o)| = [tan(a — PB)|
|tana—tanﬂ| |m -m, |
|1+tanatanﬂ _|1+mm |

. tan0 =

. tan0 =

Note that as 6 is the acute angle, lines are not
perpendicular to each other. Hence m, m, = —1.

'.1+mlm2¢0
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SOLVED EXAMPLES

Ex. 1) Find the acute angle between lines
having slopes 3 and -2.

Solution : Let m, = 3 and m, = —2.

Let 6 be the acute angle between them.

0 = 45°
The acute angle between lines having slopes
3 and -2 is 45°.

L m| | 3-(
|1+mm _|1+ |_

. tan0 =

Ex. 2) If the angle between two Iines is 45°
and the slope of one of the lines is —, find
the slope of the other line.

Solution : If 0 is the acute angle between lines
having slopes m, and m, then

m —m,
tan = |———
I+mm,
Given 0 = 45°.
Let m = L Let m, be the slope of the other
line. 2
L
~ 2
tan 45° % :|1 2m
1+(2jm2 [ 2+m,
1-2m, oo 1=2m,
2+m, 2+m,
=3 or -1
3

There are two lines which satisfy the given
conditions.
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EXERCISE 5.2

1. Find the slope of each of the following
lines which passes through the points :
(@ A(2-1), B@4,3) (b) C(-2,3), D(57)

2. If the X and Y-intercepts of line L are 2
and 3 respectively then find the slope of
line L.

3. Find the slope of the line whose inclination
is 30°.
4. Find the slope of the line whose inclination
is T,
4
5. A line makes intercepts 3 and 3 on the

co-ordiante axes. Find the inclination of
the line.

6. Without using Pythagoras theorem show
that points A(4,4), B(3, 5) and C(-1, -1)
are the vertices of a right angled triangle.

7. Find the slope of the line which makes
angle of 45° with the positive direction
of the Y-axis measured anticlockwise.

8. Find the value of k for which points
P(k,—1),Q(2,1) and R(4,5) are collinear.

9. Find the acute angle between the X-axis
and the line joining points A(3,-1) and
B(4,-2).

10. A line passes through points A(x,, y,) and
B(h, k). If the slope of the line is m then
show that k — y, = m(h - x)).

11. If points A(h, 0), B(0, k) and C(a, b) lie

on a line then show that %4‘%:1.

5.3 Equation of line in standard forms : An
equation in x and y which is satisfied by the
co-ordinates of all points on a line and no
other points is called the equation of the line.

The y co-ordinate of every point on the X-axis
is 0 and this is true only for points on the
X-axis. Therefore, the equation of the X-axis
isy=0

The x co-ordiante of every point on the
Y-axis is 0 and this is true only for points
on the Y-axis. Therefore, the equation of the
Y-axis is x = 0 .

The equation of any line parallel to the
Y-axis is of the type x = k (where k is a
constant) and the equation of any line parallel
to the X-axis is of the type y = k. This is all
about vertical and horizontal lines.

Let us obtain equations of non-vertical
and non -horizontal lines in different forms:

5.3.1 Point-slope Form : To find the equation
of the line having slope m and which passes
through the point A(x,, Y,).

P(x,»)

A(x,.»,)

O / X~
\’4

Fig. 5.9

N

Proof : Let L be the line passing through the
point A(x,, y,) and which has slope m.

Let P(x, y) be any point on the line L other
than A.

Then the slope of line L = 2=%
X—x

But the slope of line L is m. (given)

S YTN -y
X=X

. The equation of the line L is
(y_yl):m (X_Xl)
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The equation of the line having slope m
and passing through A(x,, y,) is
(y - yl) =m (X - Xl)'
Remark : In particular if the line passes
through the origin O(0,0) and has slope m,
then its equation isy — 0 = m (x — 0)

Sy = mX
Ex. Find the equation of the line passing
through the point A(2, 1) and having slope -3.
Soln. : Given line passes through the point
A(2, 1) and slope of the line is —3.
The equation of the line having slope m
and passing through A(x, y,) is
-y)=mx-x)
The equation of the required line is
y—1=-3x-2)
Ly-1=-3x+6
X +y-7=0
5.3.2 Slope-Intercept form To find the

equation of line having slope m and which
makes intercept ¢ on the Y-axis.

N\

\ S];;(O,c)

P(x,y)

0 AN

N\

Fig. 5.10

Proof : Let L be the line with slope m and
which makes Y-intercept c. Line L meets the
Y-axis in the point C(0, c).

Let P(x, y) be any point on the line other than
C. Then the slope of the line L is

—C .
Y = m (given)
x-0
—C
y - m
X
Ly=mx +c

This is the equation of line L.

The equation of line having slope m and which
makes intercept ¢ on the Y-axis isy = mx + c.

Ex. Obtain the equation of line having slope
3 and which makes intercept 4 on the Y-axis.

Solution : The equation of line having slope
m and which makes intercept ¢ on the Y-axis
IS

y = mx + C.

.. the equation of the line giving slope 3
and making Y-intercept 4 is y = 3x + 4.

5.3.3 Two-points Form : To find the equation
of line which passes through points A(x,, y,) and

B(X, Y,)-
P(x.y)

AX,.1)

0 X
y /Bay)

Fig. 5.11

N

S

Proof : A(x, y,) and B(x, y,) are the two
given points on the line L. Let P(x, y) be
any point on the line L, other than A and B.

Now points A and P lie on the line L.

The slope of line L = =—2% ... (1)

xX—x
Also points A and B lie on the line L.
Yo =N

*. Slope of line L = H .......... 2)
From (1) and (2) we get 2= = Yo~ N
X=X X, — X,

X=X _ V=W

X=X N Th

This is the equation of line L.

As line is non-vertical and non-horizontal,
X, # X, and y, # V..
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The equation of the line which passes through

points A(x,, y,) and B(x,, y,) is —— =22
X=X W =N

2

Ex. Obtain the equation of the line passing
through points A(2, 1) and B(1, 2).

Solution : The equation of the line which passes
through points A(x,, y,) and B(x,, Y,) is
X~h _ VTN '
X=X =0

.. The equation of the line passing through

; . -2 -1
oints A(2, 1) and B(Z, 2) is 2 —=-2""
points A(2, 1) and B(L, 2) is T =2~
¥=2_y-1
-1 1
X—-—2=-y+1
X+y-3-0
5.3.4 Double-Intercept form : To find the

equation of the line which makes non-zero
intercepts a and b on the co-ordinate axes.

N

\ S1[3(0,1))

P(x,y)
A(a,0)

0 N\ X

N

Fig. 5.12

Let a be the X-intercept and b be the
Y-intercept of line L.

. Line L meets the X-axis in A(a, 0) and the
Y-axis in B(0, b).

Let P(x, y) be any point on line L other than
A and B.

The slope of line L = slope of line AP

.. The slope of the line L = Slope of AB

_b=0 _ b
0-a a
y -b X
= — . y
_ .. —+—=1
X —a 0 b

This is the equation of line L.

The equation of the Iline which makes
intercepts a and b on the co-ordiante axes
a b
Ex. Obtain the equation of the line which
makes intercepts 3 and 4 on the co-ordiante

axes.

Solution : The equation of the line which
makes intercepts a and b on the co-ordiante

X
axes T4 -

a

The equation of the line which makes intercepts

3 and 4 on the co-ordiante axes is §+£:1

. 4x+3y—-12=0.
Let L be a line and

segment ON be the perpendicular (normal)
drawn from the origin to line L.

5.3.5 Normal Form :

If ON = p and ray ON makes angle o with
the positive X —axis then to find the equation
of line L.

N

\Y

N

Fig. 5.13




From Fig. 5.13 we observe that N is
(p cosa, p sina)

Therefore slope of ON is pPsina—0 _ tan a
pcosa —0

As ON ierpendicular to line L,
Slope of line L = tan® = — cot a
And it passes through (p cosa, p sina)

By the point — slope form, the equation
of line L is,

—CoS&x

y —p sina = (x -pcosa)

sina
y sin o — p sinfa =X COS o + p COS? o
X COS o + Yy sin a = (sin? a. CoS? o)

X cosa+ysina=p (>0

The equation of the line, the normal to which
from the origin has length p and the normal
makes angle o with the positive directions of

the X-axis, is xcosa + ysina = p.

SOLVED EXAMPLES

Ex. 1) The perpendicular drawn from the origin
to a line has length 5 and the perpendicular
makes angle with the positive direction of the
X-axis. Find the equation of the line.

Solution : The perpendicular (normal) drawn
from the origin to a line has length 5.
S p=5

The perpendicular (normal) makes angle 30°
with the positive direction of the X-axis.

0 = 30°
The equation of the required line is X coso +
y sina = p

. X €0s30° + y sin30° = p

B ﬁx-i—ly:S
2 2

~ABx+y-10=0

Ex. 2) Reduce the equation \/§x_y_2:0
into normal form. Find the values of p and o .

Solution : Comparing \/3x—y-2=0 with

ax+by+c=0 we get 3 =,/3, b=-1 and

c=-2

Val+b* =3+1=2

Divide the given equation by 2.

NCI |

—x——y=1

2 2

", €0s330° x=sin330° y = 1 is the required
normal form of the given equation.

p=1 and 6=330°.

Ex. 3) Find the equation of the line :

(i) parallel to the X -axis and 3 unit below it,

(if) passing through the origin and having
inclination 30°

(iii) passing through the point A(5,2) and having
slope 6

(iv) passing through the points A(2-1) and
B(5,1)

(v) having slope —% and Y —intercept 5,

(vi) making intercepts 3 and 6 on the co-ordinate
axes.

(vii) passing through the point N(—2,3) and
the segment of the line intercepted between

the co—ordinate axes is bisected at N.




Solution : (i) Equation of line parallel to the

(i)

(iii)

(iv)

X-axis is of the form : y=k,

. the equation of the required line is

y =3

Equation of line through the origin and
having slope m is of the form : y=mx.
slope = m = tan = tan 30° = /3

-, the equation of the required line is
y:\/éx . \/gx—yz()
By using the point—slope form d

y_yl =m (X_Xl)
slope = m = -6

Equation of the required line is
(y-2) = -6 (x+5)
6x+y+28=0

By using the two points form

X=X _Y=h
X, =X V=W

Here (X17 y1) = (2_1)1 (Xza y2) = (5!1)

-, the equation of the required line is

[\

xX— y+1

5-2 1+1
2(x-2)=3(y+1)

o 2x-3y-7=0

(v) By using the slope intercept form y=mx+c

Given m:—é, c=5
4

. the equation of the required line is

y:_%Hs " 3x+4y-20=0

(vi) By using the double intercept form

£+Z:1

a b

X —intercept = a=3 ; y—intercept = b=¢.
the equation of the required line is f+%:1
2x+y-6=0

(vii) Let the given line meet the X —axis
in A(a,0) and the Y —axis in B(0,b).

The mid—point of AB is

(a+0,0+bj - (2, 3)

2 2

2 2 and E =3
S = 5 =

“a=-4 b=26
. By using the double intercept form :
oY 2LV s 3x—2p+12=0
a b -4 6

An interesting property of a straight line.

Consider any straight line in a plane.
It makes two parts of the points which are
not on the line.

NN
77

Fig. 5.14

Thus the plane is divided into 3 parts, the
points on the line, points on one side of the
line and points on the other side of the line.




If the line is given by ax+by+c = 0, then
for all points (x,y,) on one side of the line
ax,+by +¢ > 0 and for all points (x,y,) on the
other side of the line, ax,+by,+c < 0.

For example, consider the line given by
y — 2x — 3 = 0. Points P(-2,0), Q(-2,4),

1
R(E’S) lie on one side and at each of those
points, y — 2x — 3 > 0. The points A(0,0),
1
B(E ,3), C(8,4) lie on the other side of the line

and at each of those points y — 2x — 3 < 0.

Activity :

Draw the straight lines given by 2y + x
=5 x=1 6y —x+1=0 give 4 points on
each side of the lines and check the property
stated above.

EXERCISE 5.3

1. Write the equation of the line :
a) parallel to the X—axis and at a distance
of 5 unit form it and above it.

b) parallel to the Y— axis and at a distance
of 5 unit form it and to the left of it.

c) parallel to the X— axis and at a distance
of 4 unit form the point (-2, 3).
2. Obtain the equation of the line :

a) parallel to the X—axis and making an
intercept of 3 unit on the Y-axis.

b) parallel to the Y—axis and making an
intercept of 4 unit on the X-axis.

3. Obtain the equation of the line containing
the point :

a) A(2,-3) and parallel to the Y-axis,

b) B(4,-3) and parallel to the X-axis.

Find the equation of the line

a) passing through the points A(2,0) and
B(3,4).

b) passing through the points P(2,1) and
Q(2,-1)

Find the equation of the line

a) containing the origin and having
inclination 60°.

b) passing through the origin and parallel
to AB, where A is (2,4) and B is (1,7).

c) having slope 1 and containing the
point (3,-2).

d) containing the point A(3,5) and having
slope 2 .

3

e) containing the point A(4,3) and having
inclination 120°.

f) passing through the origin and which

bisects the portion of the line 3x+y=6
intercepted between the co—ordinate

axes.

Line y=mx+c passes through points
A(2,1) and B(3,2). Determine m and c.

Find the equation of the line having
inclination 135° and making X-intercept 7.

The vertices of a triangle are A(3,4), B(2,0)
and C(-1,6). Find the equations of the lines
containing

(@) side BC (b) the median AD

(c) the mid points of sides AB and BC.

Find the x and y intercepts of the
following lines :
X y 3x 2y
Q) —+==1 b) —+—=1
@ 3+2 ®) 2 3

(€) 2x-3y+12=0




10. Find equations of lines which contains
the point A(1,3) and the sum of whose
intercepts on the co—ordinate axes is zero.

11. Find equations of lines containing the
point A(3,4) and making equal intercepts on
the co—ordinates axes.

12. Find equations of altitudes of the
triangle whose vertices are A(2,5), B(6,-1)
and C(-4,-3).

13. Find the equations of perpendicular
bisectors of sides of the triangle whose
vertices are P(-1,8), Q(4,-2) and R(-5,-3).

14. Find the co-ordinates of the orthocenter of
the triangle whose vertices are A(2,-2),
B(1,1) and C(-1,0).

15. N(3,-4) is the foot of the perpendicular
drawn from the origin to line L. Find the
equation of line L.

5.4 General form of equation of a line: We
can write equation of every line in the form
ax+by+c=0

This form of equation of a line is called the
general form.

The general form of y=3x+2 is3x—y+2=0

The general form of %-ﬁ-%:l is3x+2y—-6=0

The slope of the line ax+by+c=0 is

~L i b0
b :
The X-intercept is ~Cifa=0 .
a
The Y-intercept is —% it b20 |

Remark : If a=0 then the line is parallel to
the X-axis. It does not make intercept on the
X-axis.

If b=0 then the line is parallel to the Y-axis.
It does not make intercept on the Y-axis.

SOLVED EXAMPLES

Ex. 1) Find the slope and intercepts made by

the following lines :
@ x+y+10=0 (b) 2x+y+30=0
() x+3y-15=0

Solution : (a) Comparing equation x+y+10=0

with ax+by+c=0

we get g=1, b=1, ¢c=10

. Slope of this line = a = -1
b
. ) 10
The X-intercept is - T = -10
a
The Y-intercept is :—%: 10 = 0
1

(b) Comparing equation 2x+y+30=0

with ax+by+c=0.

we get g=2, b=1, ¢=30
. Slope of this line = —— = -2
. . c 30
The X-intercept is —-— = —— = -15
a 2
30
The Y-intercept is —% = -7 c -30

(c) Comparing equation x+3y—15=0
withax+by+c=0.

we get g=1, b=3, ¢c=-15

- __a _ 1
. Slope of this line = 5 ]




] . C -15
The X— intercept is —— = EEE =15
a
c -15
The y- intercept is —— = ——— = 5
y P b 3

Ex. 2) Find the acute angle between the

following pairs of lines :
a) 12x—4y=5 and 4x+2y=7

b) y=2x+3 and y=3x+7
Solution : (a) Slopes of lines 12x—4y=5 and

4x+2y=7 are m;=3 and m,=2.
If 6 is the acute angle between lines having
slope m, and m, then

tane — %
l+mm,
—(=2
. tan@ = ( ) ‘i =1
+(3)(=2)] IS5
. tanf=1 . 0=45°

(b) Slopes of lines y=2x+3 and y=3x+7
are M =2 and M, =3

The acute angle 6 between lines having
slopes m, and m, is given by

tan@ = u
1+ mm,
wo - |22 s
N T e A

Ex. 3) Find the acute angle between the lines

y—B3x+1=0 and By-x+7=0.

Solution Slopes of the given lines are

m =+3 and _ L.
1 h \/g
The acute angle 6 between lines having

slopes m, and m, is given by

tang = |ThT"
I1+mm,
1 \5_1‘ ‘\/__1 \/5_1‘
tan9=$ = ‘ 3 _ \/5 _ 3
gl ||
3
‘QHL
231 Bl B
: tan@—i 0 =30°
NE}

Ex. 4) Show that following pairs of lines are
perpendicular to each other.

a) 2x-4y=5 and 2x+y=17.
b) y=2x+23 and 2x+4y=27

Solution : (i) Slopes of lines 2x—4y=5 and

2x+y=17 are mlzl

2

and m,= -2

: 1 : .
Since m,.m, = EX(_z) = -1, given lines
are perpendicular to each other.

(ii) Slopes of lines y = 2x + 23 and

1
2x+4y = 27 are M =—7

B and m,= 2.
. 1 . .
Since m.m, = —EX(2) = -1, given lines

are perpendicular to each other.




Ex. 5) Find equations of lines which pass
through the origin and make an angle of 45°
with the line 3x — y = 6.

Solution : Slope of the line 3x —y = 6. is 3.
Let m be the slope of one of the required

lines. The angle between these lines is 45°.

) o _ m-3

. tan45" = —1+(m) 3)
B m—3‘  43mle 3
~ |1+3m h |+ |_| _|

. 143m=m-3 or 143m=—(m-3)

m=-2 or l
2

Slopes of required lines are m, = -2 and

Required lines pass through the origin.
. Their equations are y=-2x and

=—X
=3

2x+y=0 and x-2y=0

Ex. 6) A line is parallel to the line 2x+y="7
and passes through the origin. Find its equation.
Solution : Slope of the line 2x+y=7 is -2.
Required line passes through the origin.
. It's equation is y=-2x
2x+y=0.

Ex. 7) A line is parallel to the line x+3y=9
and passes through the point A(2,7). Find its
equation.

Solution : Slope of the line x+3y=9 is _é

Required line passes through the point
A(2,7).
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. It’s equation is given by the formula
(y=w)=m(x-x)

(r=7)=3(x2)

3y—21=x+2

x+3y=23.

Ex. 8) A line is perpendicular to the line
3x+2y—1=0 and passes through the point
A(1,1). Find its equation.

Solution : Slope of the line 3x+2y -1 is—%.

Required line is perpendicular it.
2
The slope of the required line is 3"

Required line passes through the point
A(L1).
. It’s equation is given by the formula

(y=x)=m(x—x)

2

(r=1)=3(x1)

3y-3=2x-2

2x-3y+1=0,

Note:

Point of intersection of lines :

The co-ordinates of the point of intersection
of two intersecting lines can be obtained by
solving their equations simultaneously.

Ex. 9) Find the co-ordinates of the point of
intersection of lines x+2y=3 and 2x-y =1.
Solution : Solving equations x+2y=3 and
2x-y=1 simultaneously, we get X=1 and
y=1.

. Given lines intersect in point (1,1),

(b



Ex. 10) Find the equation of line which is
parallel to the X-axis and which passes through
the point of intersection of lines x+2y=6
and 2x—-y=2

Solution : Solving equations x+2y=6 and

2x—y =2 simultaneously, we get x = 2

and y =2 .
The required line passes through the

point (2,2).

As it is parallel to the X-axis, its equation
sy = 2.
5.4.1 The distance of the Origin from a
Line :

The distance of the origin from the line

c

Va? + b?

ax+by+c=0 is given by P=

N

\ S]{?)(O,—Q)

b
N
ACE 0)
o<(0,0) N\ X
v
Fig. 5.15

Proof : Let A and B be the points where line
ax+by+c=0 cuts the co-ordinate axes.

A [—E,Oj and B (Q—EJ
a b

C

b

OA = E‘ and OB =

By Pythagoras theorem AB? = OA? +OB?

2 2 02 + b2
w-(c] (5] = <)

AB=|" > +57
ab
Now,
1
Area of AOAB = EAB><ON
:%‘% \/mxly (|)
a

1
But, Area of AOAB = 5 OAxOB

2
C

2ab

1

2

cl|ic

b

()

a
From (1) and (Il), we get
_c
Ja’ +b’

5.4.2 The distance of the point (x,y,) from a
line: The distance of the point P (x,y,) from
line ax+by+c=0 is given by

p:

ax, + by, +c

Va® + b?

N
X P(x,y)
e
B(0:%)
N

A ,0)

0(0,0) X
v

Fig. 5.16




Proof : If line ax+by+c¢=0 cuts co-ordiante

axesin B and C respectively then B is (—E,Oj

a
and C is (o,_fj.
b

Let PM be perpendicular to ax+by+c=0.

Let PM=p
2 2 2 2
A(APBC)=1BCxPM =1 ) /Lﬁ%:pci va +b
2 2" Na” b 2ab 0)

Now P(xl,yl), B(—E,Oj and C (0’_%j

Q

are vertices of PBC.

o (1)
A(APBC) =~ |x, —2 0 —%x1%+y1§ %
» O —%
From (I) and (Il) we get
pNa® b L e c .
2ab 21" 'a ab

s peNa® +b* = acx, +bey, +c* |
sopNa +b* = ax, +by, +c|

ax, + by, +c

Ja® + b

54.3 The distance between two parallel
lines :

Theorem : The distance between the parallel
linesax+by+c, =0 and ax+by+c, =0 is give

=6

Ja® + b

by p=

%

N\

N
N
i
\

Fig. 5.17

Proof : To find the distance between parallel
lines, we take any one point on any one of
these two lines and find its distance from the

other line.

A(—ﬁ,OJ is a point on the first line.
a

Its distance from the line ax+by+c, =0
is given by

a(—c'j+b(0)+cz

a

P= Ja* +b’

G

\/az+b2

_ —C, T, ‘_

- \/az+b2‘_

SOLVED EXAMPLES

Ex. 1) Find the distance of the origin from
the line 3x+4y+15=0

Solution : The distance of the origin from the
line ax+by+c=0 is given by

c

Ja? + b?

.. The distance of the origin from the line

p:

3x+4y+15=0 is given by

15 15
=] = — = 3
V3% + 4 S




Ex. 2) Find the distance of the point P(2,5)
from the line 3x+4y+14=0

Solution : The distance of the point P(x,,,)
from the line ax+by+c=0 is given by

ax, + by, +c
Na® + b’
. The distance of the point P(2,5)from
the line 3x+4y+14=0 is given by
3(2)+4(5)+14| 40
¥4 | 5

p:

p= 8

Ex. 3) Find the distance between the parallel
lines 6x+8y+21=0 and 3x+4y+7=0.

Solution : We write equation 3x+4y+7=0 as
6x+8y+14=0 in order to make the
coefficients of X and coefficients of y in
both equations to be same.

C, —C
Now by using formula p=|———=2
NJa* + b’
We get the distance between the given

parallel lines as

|21-14| 7
Ve +82| 10

5.4.4 Family of Lines : A set of lines which
have a common property is called a family
of lines. Consider the set of all lines passing
through the origin. Equation of each of these
lines is of the form j=myx. This set of lines
is a family of lines. Different values of m give
different lines.

Consider the set of all lines which pass through
the point A(2,-3). Equation of each of these
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lines is of the form (y+3)=m(x-2). This set
is also form a family of lines.

Consider the set of all lines which are
parallel to the line y=x. They all have the
same slope.

The set of all lines which pass through
a fixed point or
other is a family of lines.

which are parallel to each

Interpretation of u + kv = 0 : Let
u=sax+by+c and v=a,x+b,y+c,

Equations u=0 and v=0 represent two lines.
Equation u+kv=0,k e R represents a family
of lines.

Fig. 5.18

In equation wu+kv=0 let

usax+by+c , v=a,x+by+c,

We get (alx+b1y+cl)+k(azx+b2y+cz):O
(al+kaz)x+(b1+kb2)y+(cl+kc2)=0

Which is a first degree equation in x and .

Hence it represents a straight line.

i) If lines ;=0 and y=( intersect each

other in P(x,,y,) then ax, +hy +¢ =0 and

a,x,+b,y +c,=0

=)



Therefore
(alx1 +by, -|-c1)+k(ale +b,y, +cz):0+k0:0
Thus line 3+ ky=0 passes through the point

of intersection of lines u = 0 and v = 0 for
every real value of k.

i) If lines u=0! and ,=( are parallel to
each other then their slope is same.

a . q

bl bZ
a, +ka
. each ratio = —— 2
b, + kb,

= slope of the line u+kv=0

Slopes of lines
u+kv=0 are the same.

u:O’ V:O and

Line u+kv=0
u=0,v=0,

is parallel to lines

SOLVED EXAMPLES

Ex. 1) Find the equation of the line which
passes through the point of intersection of
lines x+2y+6=0, and which
makes intercept 5 on the Y-axis.

2x—y=2

Solution : As the required line passes through
the point of intersection of lines x+2y+6=0
and 2x-y=2, its equation is of the form

u+kv=0.
o (x+2y+6)+k(2x-y-2)=0
v (1+2k)x+(2-1k) y+(6-2k)=0
The Y-intercept of this line is given 5.

. 672k
2-k

—-6+2k=10-5k

Tk =16 S k==

the equation of the required line is
" (x+2y+6)+%(2x—y—2):0
L (7x+14y+42)+ (32x-16y-32)=0

39x—2y+10=0

Ex. 2) Find the equation of line which passes
through the point of intersection of lines

3x+2y-6=0, x+y+1=0 and the point
A(20).

Solution Since the required

through the point of intersection of lines

line passes

3x+2y—-6=0 and
equation is of the form wu+kv=0.

x+y+1=0, its

s Gx+2y—6)+k(x+y+1)=0

5 GB+k)x+(2+k)y+(-6+k)=0

This line passes through the point A(2,1).
. (2,1) satisfy this equation.

G+ (2)+(2+k)(1)+(-6+k)=0

-
2

.. The equation of the required line is

“ 4k+2=0

(3x+2y—6)+(—%](x+y+1)20

5x+3y—-13=0




1)

2)

3)

4)

5)

6)

7)

8)

9)

EXERCISE 5.4

Find the slope, X-intercept, Y-intercept
of each of the following lines.

a) 2x+3y—-6=0 b) 3x-y-9=0

c) x+2y=0

Write each of the following equations in
ax+by+c=0 form.

a) y=2x-4 b)y=4

A | d)i__y =
2 4 3 2

Show that lines x—2y—-7=0 and

2x — 4y + 15 = 0 are parallel to each other.

Show that lines x—2y—-7=0 and
2x +y + 1 =0 are perpendicular to each
other. Find their point of intersection.

If the line 3x+4y = p makes a triangle
of area 24 square unit with the co-ordinate

axes then find the value of p.

Find the co-ordinates of the foot of the
perpendicular drawn from the point A(-2,3)
to the line 3x—-y-1=0 .

Find the co-ordinates of the circumcenter
of the triangle whose vertices are
A(-2,3),B(6,-1),C(4,3).

Find the co-ordinates of the orthocenter of
the triangle whose vertices are A(3,-2),
B(7a6)! C (_112)

Show that lines
3Xx—-4y+5=0,7x-8y+5=0,and 4x+5y-45=0
are concurrent. Find their point of
concurrence.

10)

11)

12)

13)

14)

15)

16)

17)

18)

19)

20)

Find the equation of the line whose
X-intercept is 3 and which is perpendicular
to the line 3x—y +23=0.

Find the distance of the origin from the line
7X +24y-50=0.

Find the distance of the point A(-2,3) from
the line 12x -5y -13=0.

Find the distance between parallel lines
4x—-3y+5=0and4x—-3y+ 7=0

Find the distance between parallel lines
9Xx+6y—-7=0. and3x+2y+6=0

Find points on the line x+y—4=0 which
are at one unit distance from the line
X+y-2=0

Find the equation of the line parallel to the
X-axis and passing through the point of
intersection of lines x+y—-2=0 and

4x + 3y = 10.

Find the equation of the line passing
through the point of intersection of lines
X+y—-2=0 and 2x-3y+4=0 and
making intercept 3 on the X-axis.

If A(4,3), B(0,0), and C(2,3) are the
vertices of A ABC then find the equation of
bisector of angle BAC.

D(-1,8), E(4,-2), F(-5,-3) are midpoints of

sides BC, CAand AB of A ABC . Find

(i) equations of sides of A ABC.

(ii) co-ordinates of the circumcenter of
AABC -

O(0, 0), A(6,0) and B(0,8) are vertices of a

triangle. Find the co-ordinates of the incenter
of AOAB.




[W Let's Remember

Locus : A set of points in a plane which
satisfy certain geometrical condition (or
conditions) is called a locus.

Equation of Locus Every point in
XY plane has Cartesian co-ordinates. An
equation which is satisfied by co-ordinates
of all points on the locus and which is not
satisfied by the co-ordinates of any point
which does not lie on the locus is called
the equation of the locus.

Inclination of a line : The smallest angle
0 made by a line with the positive direction
of the X-axis, measured in anticlockwise
sense, is called the inclination of the line.
Clearly 0° < 6 < 180°.

Slope of a line : If 6 is the inclination of
a line then tan6 (if it exist) is called the
slope of the line.

If A(x,,»). B(x,.y,) be any two points
on the line whose inclination is 0 then

tang = 22— (if x, # X))

Xy =X
Perpendicular and parallel lines : Lines
having slopes m, and m, are perpendicular

to each other if and only if mm, =-1.

Two lines are parallel if and only if they
have the same slope.

Angle between intersecting lines : If 0 is
the acute angle between lines having slopes
m —m,

m,and m, then tan6 = |
+mm,

Equations of line in different forms :

Slope point form :  (y—y)=m (x-x,)

Slope intercept form : y=mx+c
Two points form : B RS A
X=X =N

Double intercept form : X 4+2 =1
a b
Normal form : xcosa+ ysina =p

General form : ax+by+c=0

Distance of a point from a line :

The distance of the origin from the line

c

Ja? +b?

ax+by+c=0 is given by p=

e The distance of the point P(x,,y,)from line

ax+by+c=0 Is given by

ax, +by, +c

Va* + b?

e The distance between the Parallel lines

: The distance between the parallel lines
ax+by+c, =0 and  ax+by+c,=0 s

€ —6

Ja® +b*

give by p=




MISCELLANEOUS EXERCISE - 5

() Select the correct option from the given
alternatives.

1) If Ais (5-3) and B is a point on the
x—axis such that the slope of line AB is

-2 then B =

®) (72) ® .0
C 07 D 20
© ©.3) ©) (5.0

2) If the point (1,1) lies on the line passing
through the points (a,0) and (0,b), then

1
(A) -1 B0 (©1 ) -,

3) If A(1,-2), B(-2,3) and C(2,-5) are the
vertices of AABC, then the equation of
the median BE is

(A) Tx+13y+47=0
(C) 7x-13y+5 =0

(B) 13x+7y+5=0
(D) 13x—7y—5=0

4) The equation of the line through (1,2),
which makes equal intercepts on the axes,
is
(A) x+y=1
(C) x+y=4

(B) x+y=2
(D) x+y=3

5) If the line kx+4y=6 passes through the

point of intersection of the two lines
2x+3y=4 and 3x+4y=5, then k =
(A) 1 (B) 2 (€ 3 (D) 4

6) The equation of a line, having inclination
120° with positive direction of X-axis,
which is at a distance of 3 units from
the origin is
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(B) /3x+y+6=0
(D) x+y=—6

(A) /3x1y+6=0
(C) x+y=6

7 A
perpendicular
y—interecpt is

line passes through (2,2) and is
to the line 3x+y=3. |Its

A 1 B % C)1 D i
(A) 3 (B) 3 (©) D) 3
8) The angle between the line +/3x-y—2=0
and x—+/3y+1=0 is
(A) 15°  (B) 30°

(C) 45° (D) 60°

9) If kx+2y—1=0 and 6x—4y+2=0 are identical
lines, then determine k.

1 1
w3 ®-5; ©5 O3
10) Distance between the two parallel lines

y=2x+7 and y=2x+5 is

5

) Ti ®) % ¥ o %

2 J5
(1) Answer the following questions.
1) Find the value of k
a) if the slope of the line passing through
the points P(3,4), Q(5.k) is 9.

b) the points
collinear

A(1,3),B(4,1),C(3,k) are

c) the point P(1,k) lies on the line passing
through the points A(2, 2) and B(3, 3).

2) Reduce the equation 6x+3y+8=0 into
slope-intercept form. Hence find its slope.

3) Find the distance of the origin from the
line x=-2.

4) Does point A(2,3) lie on the line
3x+2y—-6=0 ? Give reason.




5)

6)

7)

8)

9)

10)

11)

Which of the following lines passes
through the origin ?

@ x=2 (b) y=3

(€) y=x+2 (d) 2x-y=0

Obtain the equation of the line which is :

a) parallel to the X—axis and 3 unit below
it.

b) parallel to the Y—axis and 2 unit to the
left of it.

c) parallel to the X—axis and making an
intercept of 5 on the Y-axis.

d) parallel to the Y-axis and making an
intercept of 3 on the X-axis.

Obtain the equation of the line containing
the point

(1) (2,3) and parallel to the X-—axis.

(i1) (2,4) and perpendicular to the Y-—axis.

Find the equation of the line :

a) having slope 5 and containing point
A(-12).

b) containing the point T(7,3) and having
inclination 90°.

c) through the origin which bisects
the portion of the line 3x+2y=2
intercepted between the co-ordinate
axes.

Find the equation of the line passing
through the points S(2,1)and T(2,3)

Find the distance of the origin from the
line12x+5y+78=0

Find the distance between the parallel
lines 3x+4y+3=0 and 3x+4y+15=0

12)

13)

14)

15)

16)

17)

18)

19)

20)

21)

Find the equation of the line which
contains the point A(3,5) and makes equal

intercepts on the co-ordinates axes.

The vertices of a triangle are A(1,4),
B(2,3) and C(1,6). Find equations of

(@) the sides (b) the medians
(c) Perpendicular bisectors of sides

(d) altitudes of A ABC.

Find the equation of the line which passes
through the point of intersection of lines
x+y-3=0, 2x—y+1=0 and which is

parallel X- axis.

Find the equation of the line which passes
through the point of intersection of lines
2x+3y+1=0 and which
makes X-intercept 1.

x+y+9=0,

Find the equation of the line through A
(-2,3) and perpendicular to the line
through S(1,2) and T(2.5).

Find the X-intercept of the line whose
slope is 3 and which makes intercept 4
on the Y-axis.

Find the distance of P(-1,1) from the line
12(x+6)=5(y-2).

Line through A(h,3) and B(4.1)intersect
the line 7x-9y-19=0 at right angle.
Find the value of h.

Two lines passing through M(2,3)intersect
each other at an angle of 45°. If slope
of one line is 2, find the equation of the
other line.

Find the Y-intercept of the line whose
slope is 4 and which has X intercept 5.




22) Find the equations of the diagonals of the
rectangle whose sides are contained in the
lines x=8,x=10, y=11 and y=12.

23) A(1, 4), B(2,3) and C (1, 6) are vertices
of AABC. Find the equation of the altitude
through B and hence find the co-ordinates
of the point where this altitude cuts the
side AC of AABC.

24) The vertices of APQR are P(21),
Q(-2,3) and R(4,5). Find the equation of
the median through R.

25) A line perpendicular to segment joining A
(L,0)and B(2.3) divides it internally in
the ration 1:2. Find the equation of the
line.

26) Find the co-ordinates of the foot of the
perpendicular drawn from the point P
(-1,3) the line 3x-4y-16 = 0 .

27) Find points on the X-axis whose distance

from the line §+%:1 is 4 unit.

28) The perpendicular from the origin to a line

meets it at (—2,9). Find the equation of
the line.

29) P(a,b) is the mid point of a line segment
between axes. Show that the equation of

the line is f+1:2.
a

30) Find the distance of the line 4x—y=0
from the point P(4,1) measured along
the line making an angle of 135°with the
positive X-axis.

31) Show that there are two lines which pass
through A(3,4) and the sum of whose
intercepts is zero.

32) Show that there is only one line which
passes through B(5,5) and the sum of
whose intercept is zero.




Circle

@é} Let's Study

® Equation of a circle and its different forms

® Equation of Tangent to a circle
® Condition for tangency
® Director circle

If\}gﬁ Let's Recall

®  Properties of chords and tangents of a circle.

® The angle inscribed in a semicircle is a right
angle.

®  Product of slopes of perpendicular linesis -1.
® Slopes of parallel lines are equal.

A circle is a set of all points in a plane
which are equidistant from a fixed point in the
plane.

The fixed point is called the centre of the
circle and the distance from the centre to any
point on the circle is called the radius of the circle.

6.1 Different forms of equation of a circle
(1) Standard form : In Fig. 6.1, the origin, O

Y is the centre of the
circle. P(x, y) is any
/ P(Xay)
T,
(0,0)0/ X

point on the circle.
Fig. 6.1

The radius of circle
IST.

S OP=r.

By distance formula
OP2= (x-0)" +(y-0)
Sowegetrz=x2+y?

E
J

X+ yi =2
This is the standard equation of a circle.

(2) Centre-radius form :
In Fig. 6.2, C(h, k) | va
is the centre and r
is the radius of the
circle. P(x, y) is any

point on the circle.

L CP=r s
0/(0, 0) >X

Also, \/

P(x, »)

Fig. 6.2

CP= Jxny +(» k) - [r2=(x-hy+(y-ky

(x —h)? + (y — k)? = r? is the centre-radius form of
equation of a circle.

(3) Diameter Form : In the Fig. 6.3, C is the

Tmﬁ
\

X2, yz)

centre of the circle.

AX, YD), B(X,, Y,)

are the end points
of a diameter of the

circle. P(x, y) is any
point on the circle.
Angle inscribed in a
semi circle is a right

angle; hence, m% APB = 90° that is AP L BP.

Ay

Fig. 6.3

Y= — )
Slope of AP =~ and slope of BP = %

As AP L BP, product of their slopes is —1.

y_%

. Y=
0 X=X

X =-1
X—Xx,

(y - yl) (y - yz) = _(X - Xl)(X - X2)

(X_X]_) (X_Xz) + (y_y]_)(y_yz) =0




(Thatis, (x- X)(x - X)) + (y-y,) (y-y,) =0

This is called the diameter form of the equation
of circle, where (x,, y,) and (x,, y,) are endpoints

of diameter of the circle. )

SOLVED EXAMPLES

Ex.1 Find the equation of a circle with centre at
origin and radius 3.

Solution : Standard equation of a circle is

X2 +y2=r? herer =3
x2+y?2=9 s the equation of circle

Ex.2 Find the equation of a circle whose centre is
(=3, 1) and which pass through the point (5, 2).

Solution : Centre C = (-3, 1),
Circle passes through the point P(5, 2).
By distance formula,

rr=CP2=(5+3)?+(2-1)?
=82+12=64+1=65
the equation of the circle is
(x+3)2+ (y—1)2=65 (centre-radius form)
X2+6Xx+9+y?—-2y+1=65
X2+y?+6x—-2y+10-65=0
X2+y2+6x—2y—-55=0
Ex.3 Find the equation of the circle with A(2,-3)
and B(—3, 5) as end points of its diameter.
Solution : By using the diameter form;
A(2,-3)=(x,Y,) and B(-3,5)=(x,y,) are
the co-ordinates of the end points of a diameter of
the circle.
.. by the diameter form, equation of the circle is
(x=x) (x=x) +(y-y) (y-y,)=0
S (x=2)(x+3)+(y+3)(y-5=0
LXPEX-6+y2-2y-15=0
X+ YyP+x-2y-21=0

Ex.4 Find the equation of circle touching the

Y-axis at point (0, 3) and whose Centre is
at (-3, 3).

Solution :

The circle touches
the Y-axis at point
©3) | (0,3), and the centre
is (-3,3) we get

N
\ 4

radiusr =3

Fig. 6.4 By using centre

radius form;
(x=h)2+ (y k=
(x+ 3+ (y-3) =9
X*+6x+9+y —6y+9=9
X? +y?2+ 6x — 6y + 9 = 0 is the equation
of the circle.

Ex.5 Find the equation of the circle whose centre
is at (3,—4) and the line 3x—4y—5 = 0 cuts the circle
at Aand B; where I(AB) = 6.

Solution : centre of the
circle C(h,k) = C(3,-4)
3x — 4y — 5 = 0 cuts the
circle at Aand B.

I(AB) =6
CM LAB
Fig. 6.5 L AM=BM =3
CM = Length of perpendicular from centre on
the line
33 -a(-4)-5|
JBy +(-4° |
_|9+16-5
VI+16
_ 2,
= 5=




From right angled triangle AMC
CA? = CM?+ AM?

(4)? + (3)?

16+9=25

radius of the circle =5

CA

By centre radius form equation of the circle.
(x-3) + (y+4) = 5°

X2—6x+9+y?+8y+16 = 25

X*+y*—6x+8y = 0

EXERCISE 6.1

1. Find the equation of the circle with

(i) Centre at origin and radius 4.

(ii) Centre at (-3, —2) and radius 6.

(iii) Centre at (2, —3) and radius 5.

(iv) Centre at (-3, —3) passing through point
(=3, -6)

2. Find the centre and radius of the circle.
()x2+y*=25 (ii)) (x=5)?+(y—-3)*=20
(i) (x—%j +[y+%j -2

3. Find the equation of the circle with centre
(1) At (a, b) touching the Y-axis
(i) At (-2, 3) touching the X- axis
(ii1) on the X-axis and passing through the

origin having radius 4.

(iv) at (3,1) and
8x—15y+25=0

touching the line

4. Find the equation circle if the equations of
two diameters are 2x +y =6 and 3x + 2y = 4.
When radius of circle is 9.

5. Ify = 2xis a chord of circle x? + y2-10x = 0,
find the equation of circle with this chord as
diametre.

6. Find the equation of a circle with radius 4
units and touching both the co-ordinate axes

having centre in third quadrant.

7) Find the equation of circle (a) passing through
the origin and having intercepts 4 and -5 on

the co-ordinate axes.

8) Find the equation of a circle passing through
the points (1,-4), (5,2) and having its centre
on the line x-2y+9=0.

Activity :

(1) Construct a circle in fourth quadrant having
radius 3 and touching Y-axis. How many
such circles can be drawn?

(2) Construct a circle whose equation is
X2 +y? — 4x + 6y — 12 = 0. Find the area of
the circle.

6.2 General equation of a circle :
The general equation of a circle is of the
form x? +y? + 2gx + 2fy + ¢ =0, if g? + f2—c>0

The centre-radius form of equation of a circle

(x—=h)?+(y—-ky?=r
i.e xX2—2hx+h?+y>—2ky + k> =r?
e xX2+y?—2hx—2ky+ (h>+k?*-r?) =0
If this is the same as equation x> + y? + 2gx +
2fy + ¢ = 0, then comparing the coefficients
29 =-2h, 2f=-2kand c =h?+ k? -2,
. (h, k) = (-g, —f) is the center and

rP=h2+k*-cie. r=g’+f* —c is the radius.




Thus,

the general equation of a circle is
X2 +y%+2g x + 2 fy + ¢ = 0 whose centre is

(=g, —f) and radius is \/g>+/> —c.

Activity :

Consider the general equation of a circle
xX2+y2+20x+2fy+c=0
X2+2gx+]+y?+2fy+I=CJ+[J-c
o)+ (y+E)?=g2+f2—c.

S x=CO)P+Y-C)P=C )

(use centre radius form of equation of the circle).

Therefore centre of the circle is (g, —f) and radius

is g’ +* —c.

’-%% Let's Remember

(1) Ifg?+f2-c >0, the equation
X% +y? + 2gx + 2fy + ¢ = 0 represents a circle
in the xy plane.

(2) Ifg>+f2—c=0, then the equation
X% +y? + 2gx + 2fy + ¢ = 0 represents a point
which is true degenerate conic and is the
limiting position (radius is 0).

(3) Ifg>+f2—-c<0,then the equation
X% +y? + 2gx + 2fy + ¢ = 0 does not represent
any point in the xy plane.

Activity :

Check whether the following equations
represent a circle. If, so then find its centre and
radius.

a) xX2+y?—-6x—-4y+9=0
b) x2+y2—-8x+6y+29=0
C) X*+y?+7x-5y+15=0

Lets Note :

The general equation of a circle is a second degree
equation in x and vy, coefficient of xy is zero,

coefficient of x* = coefficient of y?

SOLVED EXAMPLES

Ex. 1) Prove that 3x? + 3y? — 6x + 4y — 1 = 0,
represents a circle. Find its centre and radius.
Solution : Given equation is
X2+3y2-6x+4y—-1=0
dividing by 3, we get

4
x2+y2—2x+?y—%=0comparing
this with
X2+y?+2gx+2fy+c¢c=0
we get 2g = -2 Lg=-1
_4 422 o=t
2f-3 f-3andc—3
_ 2y _ 1

IR L
T T9T3

16
As;>0 g?’+f2-c>0

oo 32+ 3y?2 — 6x + 4y — 1 = 0 represents a
circle.

.. Centre of the circle = (-g, —f) = (1, _?2)

Radius of circle r = \/(—g)’ +(-7) —¢

Ex. 2) Find the equation of the circle passing
through the points (5,-6), (1,2) and
(3, -4).

Solution : Conside P = (5, -6), Q = (1, 2),




R=(3,-4)

Let the centre of the @

circlebeatC(h,k) g

. r=CP=CQ=CR p

= radii of the same circle

Consider CP = CQ Fig. 6.6

. CP2=CQ?

By using distance formula,

(h=5)2+ (k+6)?=(h-1)>+ (k — 2)?

- h?—10h + 25 + k* + 12k + 36
=h?-2h+1+k*-4k+4

i.e —8h + 16k = -56

h-2k=7 .. ()

Now consider, CQ = CR - CQ?=CR?

(h—1)>+ (k—2)>=(h—3)? + (k + 4)?

~h?=2h+1+k>-4k+4

=h?-6h+9+k*+8k+16

ie.4h—12k=20 .~ h-3k=5..... (D)

Now, subtracting (1) from I, we get,

k=2

Substituting k = 2 in (I1) we get

h=11 . C=(11,2)

Radius of the circle is

r=|CP|= Ja1-5)* +2+6)* = V100 = 10;

By using centre-radius form, equation of
the circle is (x — 11)? + (y — 2)2 =100

X2 —22x+ 121 +y? -4y +4 =100

X2+y?—22x—-4y+25=0

Ex. 3) Show that the points (5, 5), (6, 4), (-2, 4)

and (7, 1) are on the same circle; i.e. these
points are concyclic.

Solution :

Let, the equation of the circle be

(=2,4)

X2+y2+2g9x+2fy+c=0 ... M
The circle passing through (5, 5), (6, 4),
50+10g+10f+c=0 ... (D)
52+12g+8f+c=0 ... (1)
20—4g+8f+c=0 ... (V)

Now (I1) — (IV) gives 32+ 16g=0

- 169 =-32 Lg=-2
Subtracting (11) from (I11)
weget2+2g-2f=0 .. V)
substitute g = -2 in equation (V)

2+(-4)-2f=0 2-4=2f . f=-1
Now substitute g=—2 and f=-1 in eqn. (IV)
20+c=4(-2)-8(1)=-8+8

20+c=0 . c==20

Now substitutingg=-2,f=-1and c=-20in
equation (I) we get,

X2+ y? —4x =2y — 20 = 0 ... (VI) is the
equation of the circle passing through the
points (5,5), (6,4) and (-2,4).

If (7,1) satisfies equation (VI), the four points

are concyclic.

LHS.=(7)?+(1)?-28-2-20
=49+1-50=0=R.H.S.
.. Thus, the point (7, 1) satisfies the equation of
circle.

.. The given points are concyclic .




EXERCISE 6.2

(1) Find the centre and radius of each of the
following.
(i) *+y?—2x+4y—-4=0
(i) X*+y?—6x—-8y—-24=0
(iii) 4x2 + 4y? — 24x -8y — 24 =0

(2) Show that the equation
3x% + 3y? + 12x + 18y — 11 = 0 represents a
circle.

(3) Find the equation of the circle passing through
the points (5, 7), (6, 6) and (2, -2).

(4) Show thatthe points (3,-2), (1,0), (-1,-2) and
(1, —4) are concyclic.

6.3 Parametric Form of a circle :

Let P(x, y) be any 4
point on a circle Y
with centre at O Plxy)
and radius r. re y
As shown in | O xM | x
Fig. 6.7, OP makes
an angle 6 with the
positive  direction Fi;]. 6.7
of X-axis. Draw
PM L X-axis from P.
A OMP is a right angled triangle,
OM «x ) PM y
C039:§:—; sSinb="15p =,
X =1 C0S 0 . y=rsino

X=rcos6Oandy= rsin 6 is the parametric form
of circle x*> + y? = r% 0 is called parameter.

Note that:
(1) The parametric form of circle
(x —h)? + (y — k)2 = r?is given by

Xx=h+rcos6andy=k+rsin6.
Hence co-ordinates of any point on the circle
are (h+rcos6,k+rsin0).

(2) Sometimes parametric form is more convenient
for calculation as it contains only one variable.

6.3.1 Tangent : When a line intersects a circle in
coincident points, then that line is called as a
tangent of the circle and the point of intersection
is called point of contact.

The equation of tangent to a standard circle
X?+y*>=r*at point P(x,y,)onit.

Given equation of a circle is x? +y?>=r2The
centreofthecircleisatoriginO(0, 0) andradiusisr.
Let P (x,, y,) be any point on the circle.

-0
SIopeofOP:y :%,ifxlqéo,quéo.
1

1
x, -0
A tangent is drawn to the circle at point P.

Since OP is perpendicular
to tangent at point P.

P(x,, y,)
slope of the tangent
m= 4
N

~. equation of the tangent Fig. 6.8

in slope point form is
y-y, =mx-x)
—X,
y_y]_: y_ll (X_Xl)
Yy, - y12 = XX * X12
XX, VY, =XPHY P ()

1 1 2 2 = p2
As (x,, y,) lies on the circle, x? +y? = r?

therefore equation (I) becomes xx, +yy, =r?

Thus, In general, equation of the tangent to a

circle x* +y? = r>at point P(x,, y,) is xx +yy,= r?




Follow the method given above and verify that
equation of tangent to the circle x* + y? + 2gx + 2fy
+C=0at (X, Y,) is X +yy, + g0chx) + f(y+y) +
c=0

To find equation of tangent to the curve at
(x,, y,) replace x> by x x,, 2x by (x+ x,), y* by y
Y 2yby (y+vy)

Equation of tangent in parametric form.
Substituting rcos6, for x, and rsin6,, foy y,, the
equation of a tangent to the circle x? + y? = r? at
point P (r cos 0,, rsin0,) = (x,,y,) is

X.rcos e, +y.rsin6 =r?ie xcos6, +ysino, =r

6.3.2 Condition of tangency :

To find the condition that a line y = mx + C is
a tangent to the circle x? + y? = a2 and also to find
the point of contact,

Let the equation of the linebey =mx + ¢

SLmx-y+c=0

Equation of a tangent to the circle x> + y> = a2
at point (x, y,) onitis xx, +yy, = a?

Le.x, x+y y—-a’=0

If the line given by equation (1) is tangent
to the circle then equation (I) and equation (II)
represent the same (tangent) line.

Comparing the co-efficients of the like terms
in these equations,

2
XY @
m -1 o
X 2 2
1 & Yy, -a
m _C and - =
—-a’m 2
X = c andyl=T

But the point (x, y,) lies on the circle

. 2 2= 72
LXZ+y2= a

a’m?+a?=c% ie. c?=am?+ a?

which is the required condition of tangency
-a'm

c 'c”

Thus a line y = mx + c is a tangent to the circle

XX+y2=a? if c2=am?+a2ie c=+\@m +a

—a?m a2>

and the point of contact P(x , y,) = (

and the point of contact is < - o

Thus, there are two tangents with the same

slopem,y=mx +Ja*(1+m?) , y = mx—Ja*(1+m")

To check the tangency of a straight line to a
circle, it is enough to show that the perpendicular
from the center to the line is equal to the radius.

6.3.3 Tangents from a point to the circle

Fig. 6.9
From any point outside the circle and in the
same plane, two tangents can be drawn to the
circle.

Let P(x,,y,) be a point in the plane, outside
the circle.

If a tangent from P to the circle has slope
m, the equation of the tangent is y-y, = m(x-x,)
I.e. mx-y —mx +y, = 0.




The condition that this is tangent to the circle

Y —mx,

V1+m?

s (y,—mx )% = a¥(1+m?)

is = g, the radius.

- w2 2m?2 = 524.92m?2
SOXP=2X Y, M+ X Fm® = at+atm

S (x—a?) m-2xym + (y?— a?) =0 is
quadratic equation in m.

It has two roots say m, and m,, which are the
slopes of two tangents.

Thus two tangents can be drawn to a circle
from a given point in its plane.

—(=2x
Sum of the roots (m, + m,) = —(f( 2 —1a{l))
1

~ 2xl Y,
- 2 2
X’ —a

(y12 - aZ)

(X12 - aZ)

Product of the roots (m, m,)

6.3.4 Director Circle:

The locus of the point of intersection of
perpendicular tangents to a circle

If the tangents drawn from a point P are
mutually perpendicular to each other them
m, m, = -1 and we have,

XlZ_aZ -

-1

ylz_ a2=— (X12 _ a2)

y12_ a2=— X12 — a2

X12 + y12 = a2+ a2

L2y 2= 28l

Which represents a circle and is called as
equation of the director circle of the circle

circle
X' +y'=16

director circle
X+ y2= 32 VY

Fig. 6.10

SOLVED EXAMPLES

Ex. 1) Find the parametric equation of the circle
X2+y2—6x+4y—-3=0

Solution : We write the equation of the circle as
(X2—6x+9)+(y?+4y+4)=3+9+4
(x=3)*+(y+2)*=16
(Xx=3)*+ (y +2)* = (4)*
The parmetric equations are
X—3=4cos6 andy+2=4sin0
thatis,x=3+4cos6 andy=-2 +4sind

Ex.2) Showthatthe line 3x—4y+15=0isatangent
to the circle x2 + y?> = 9. Find the point of

contact.

Solution : The equation of circle is x2 + y> = 9
..(1)
The equation of lineis3x -4y +15=0 ...(2)

Ly = i (3x + 15), substitute value of y in
equation (1)

1
24 2 —
x+16(3x+15) 9




oo 16X2 + 9x%2 + 90x + 225 = 144
S 25x2+90x+81=0
(5x+9)2=0

-9
X= 7 The roots of equation are equal.
.. line (2) is tangent to given circle (1)
Ly= i (3x + 15)

1 9
22(3(—§j+12)

12
5

(_g’gj is the only point of intersection of
3°5
the line and circle.

.. The line 3x — 4y +15 = 0 touches the circle
9 12

L (912

.. point of contact = (—5,?j

Activity :
Equation of a circle is x? + y>= 9.
Its centre is at ((],[]) and radius is|[ ]
Equationof alineis3x -4y +15=0

Sy=[ ] x+[ ]

Comparing it withy =mx + ¢

m=[ Jandc=[ |

We know that, if the line y = mx + c is a tangent
to x? + y2 = a? then ¢®> = a’m? + a2

Hencec?=( )?

=212—§ () =9[]+9

NS
5'9<16*1>

L _9(25)
C 716

225
= g e (m

From equations (1) and (1) we conclude that

: Also, ¢ = a?m? + a?

Ex. 3) Find the equation of the tangent to the circle
X2+y?—4x—-6y—12=0at (-1, -1)
Solution : The equation of circle is
X2+y?—4x-6y—12=0
Itis of the type X2 +y2 +2gx + 2fy + ¢ =0
sog=-2, f=-3,c=-12
LetP (-1, -1) = (x,Y,)
We know that the equation of a tangent to
acircle
X2 +y?+29x+2fy+c=0at(x,y,) is
XX, +yy, +g(x +x) +f(y+y,) +c=0
X(-1) +y(-1) + 2(x-1) -3 (y-1) -12=0
—X-y-2Xx+2-3y+3-12=0
3x+4y+7=0

EXERCISE 6.3

(1) Write the parametric equations of the circles
()x2+y?=9 (ii)x2+y?+2x—-4y—-4=0
(ii) (x =3+ (y +4)>=25

(2) Find the parametric representation of the
circle 3x* + 3y> —4x + 6y — 4 = 0.

(3) Find the equation of a tangent to the circle
X2 +y?—3x + 2y = 0 at the origin.

(4) Show that the line 7x — 3y — 1 = 0 touches the
circle x> +y?2+5x — 7y + 4 =0 at point (1, 2)

(5) Find the equation of tangent to the circle
X2 +y?—4x + 3y + 2 =0 at the point (4, -2)




W Let's Remember

1)

2)

3)

4)

5)

6)

7)

8)

Equation of a standard circle is x* + y? =12,
Its centre is at (0, 0) and radius is r.

Equation of a circle in (centre-radius) form
IS

(x=h)?+(y-k)*=r

Its centre is at (h, k) and radius is r.

Equation of a circle in general form is

X2 +y2+2gx + 2fy + ¢ = 0.

Its centre is at (-g, —f) and radius is
\VoHT—C

If g>+ f2> c then the circle is real, it can be
drawn in the xy plane.

If g+ f2= c then the circle reduces to a
point.

If g2+ f2< ¢ then the circle is not real and it
cannot be drawn in xy plane.

Equation of a standard circle x> + y> = r?in
parametric form is X = rcos0 y = rsino.

Equation of a tangent to the circle
X*+y*=r?atpoint (x y,) onitisxx +yy, =r?
in the Cartesian form and point of contact is

_r2 2 . .
<rcm : rT> Equation of a tangent in

parametric form to the circle x* + y? = r?
at point P(x,, y,) = P(6,), where 0, is the
parameter, is cosO, X + sin0, y =ris.

Aline y = mx + c is a tangent to the circle
x2+y2=r2if and only if ¢ = r’m? + r2.

Equation of a tangent line in terms of slope
isy=mx+\/r’m?+r?

Equation of director circle of circle
X2+ Y2 =r2is X2 +y* =212,

MISCELLANEOUS EXERCISE - 6

Q)
1)

@)

3)

(4)

()

Choose the correct alternative.

Equation of a circle which passes through
(3, 6) and touches the axes is

(A)x*+y*+6x+6y+3=0
(B)x*+y*>—6x—6y—9=0
(C)x2+y*—6x—6y+9=0
(D) x2+y?—6x+6y—3=0
If the lines 2x — 3y =5 and 3x — 4y = 7 are the

diameters of a circle of area 154 sg. units,
then find the equation of the circle.

(A) x2+y?>—2x+2y =40
(B) x> +y?—2x — 2y = 47
(C)x2+y>—2x+2y =47
(D) x*+y?2—2x—2y =40
Find the equation of the circle which passes

through the points (2, 3) and (4, 5) and the
centre lies on the straight liney —4x + 3=0.

(A)x2+y?—4x—-10y+25=0

(B) x?+y?—4x—10y-25=0
(C)x2+y?—4x+10y-25=0

(D) x*+y?>+4x—-10y +25=0

The equation of the tangent to the circle
x> + y> = 4 which are parallel to
X+2y+3=0are

(B)x+2y=+23
(D)x-2y=+2+5

(A)x—2y=2
(C)x+2y=+25

If the lines 3x — 4y + 4 =0 and
6x — 8y — 7 = 0 are tangents to a circle, then
find the radius of the circle

3 4 1 7
(A) " (B) 3 ©) " D) 4




(6)

()

(8)

©)

Area of the circle centre at (1, 2) and passing
through (4, 6) is
(A) 57
C) 251

(B) 107
(D) 1007
If a circle passes through the point (0, 0),

(a, 0) and (0, b) then find the co-ordinates of
its centre.

Wz ez

b
c)(=a?® D f,—j
( )[2’2j ( )(2 2
The equation of a circle with origin as centre
and passing through the vertices of an

equilateral triangle whose median is of
length 3ais

(A) X2 +y? = 9a?
(C)x*+y*=4a?

(B) x? + y? = 16a?
(D)Xt +y: =4

A pair of tangents are drawn to a unit circle
with cnetre at the origin and these tangents
intersect at A enclosing an angle of 60 . The
area enclosed by these tangetns and the area
of the circle is

(A) %—% (B) 373
01 @

(10) The parametric equations of the circle

x2+y?2+mx+my=0are

N 2
(B) x = %+%cos€, y= +7m+%5in9
C)x=0,y=0

(D) x =mcosO ;y = msin0

(11)
Q.1

Q.2

Q.3

Q.5

Q.6

Q.8

Q.9

Answer the following :

Find the centre and radius of the circle
X2+y?—x+2y-3=0

Find the centre and radius of the circle
X=3-4sind,y =2 - 4co0s0

Find the equation of circle passing through
the point of intersection of the lines
X + 3y = 0 and 2x — 7y = 0 whose centre
is the point of intersection of lines
X+y+1l=0andx—-2y+4=0.

Find the equation of circle which passes
through the origin and cuts of chords of
length 4 and 6 on the positive side of

X - axis and y axis respectively.

Show that the points (9, 1), (7, 9), (-2, 12)
and (6, 10) are concyclic.

The line 2x — y + 6 = 0 meets the circle
x>+ y?+ 10x + 9 = 0 at A and B. Find the
equation of circle on AB as diameter.

Show that x = -1 is a tangent to circle
X2 +y2—-2y=0at (-1, 1).

Find the equation of tangent to the circle
X2 +y? = 64 at the point P (%”)
Find the equation of locus of the point of

intersection of perpendicular tangents
drawn to the circle x = 5cos6 and y = 5sin6.

Q.10 Findtheequationofthecircleconcentricwith

x> + y2 — 4x + 6y = 1 and having radius
4 units.

Q.11 Find the lengths of the intercepts made on

the co-ordinate axes, by the circle.
(i) x¥*+y>-8x+y-20=0
(if) x2+y?-5x+13y-14=0




Q.12 Show that the circles touch each other
externally. Find their point of contact and
the equation of their common tangent.

i) x2+y?2—4x+ 10y +20 =0,
X2 +y2+8x—6y—-24=0.

i) xX2+y?2—4x-10y +19=0,
X2 +y2+2x+8y—-23=0.

Q.13 Show that the circles touch each other
internally. Find their point of contact and
the equation of their common tangent.

i) X2+y?—4x—-4y-28=0,
X2+y?2—4x-12=0.

i) X*+y?+4x-12y +4 =0,
X2+y?-2x-4y+4=0.

Q.14 Find the length of the tangent segment
drawn from the point (5, 3) to the circle
X2 +y?+ 10x -6y - 17 =0.

Q.15 Find the value of k, if the length of the
tangent segment from the point (8, -3) to
the circle.

X2+y?—-2x+ky—-23=01s J10.

Q.16 Find the equation of tangent to Circle

X? +y% —6x —4y =0, at the point (6, 4) on it.

Q.17 Find the equation of tangent to Circle
x?+y? =5, at the point (1, -2) on it.

Q.18 Find the equation of tangent to Circle
X =5 cos. y = 5 sin6, at the point 6 = n/3
on it.

Q.19 Show that 2x + y + 6 = 0 is a tangent to
X2 +y? + 2x — 2y — 3 = 0. Find its point of
contact.

Q.20 If the tangent at (3, —-4) to the circle
x? +y? = 25 touches the circle x2 + y? + 8x —
4y + ¢ =0, find C.

Q.21 Find the equations of the tangents to the
circle x> + y?> = 16 with slope —2.

Q.22 Find the equations of the tangents to the
circle x? + y?
3Xx+2y +1=0.

= 4 which are parallel to

Q.23 Find the equations of the tangents to the
circle x? + y> = 36 which are perpendicular
tothe line5x +y =2.

Q.24 Find the equations of the tangents to the
circle x* + y2 — 2x + 8y — 23 = 0 having
slope 3.

Q.25 Find the eq" of the locus of a point, the
tangents from which to the circle x> +y? =9
are at right angles.

Q.26 Tangents to the circle x> + y*> = a? with
inclinations, 0, and 0, intersect in P. Find
the locus of such that
i)tan 6, +tan 6,=0

iii) cot 0,. cot 6, =c.

i) cot®, +cot0,=5

Extra Information :

1)

d(CICZ) = I.I—"_I.Z

Fig. 6.10

Circles touching each other externally.
d(c,c,)=r +r,

Exactly three common tangents can be drawn.




2)

d(C,C)) = |r,-1)|

Fig. 6.11
Circles touching each other internally.
dic,c)=|r —r,]
Exactly one common tangent can be drawn.

3

d(C]CZ) > I'I_‘_I‘Z

Fig. 6.12

Disjoint circles.
|r,+r,]<d(c,c,)

Exactly four common tangents can be drawn.

4)

d(C.C) <rtr,

Fig. 6.13

Circles intersecting each other.

Line joining the point of intersection is the

common chord also called as the radical axis.

(seg AB)

Exactly two common tangent can be drawn.

5)

N/

d(C,C)=0

Fig. 6.14

Concentric circles
No common tangent can be drawn.




Conic sections

’%&V Let's Learn

® Conic sections : parabola, ellipse, hyperbola

Standard equation of conics

Equation of tangent to the conics

Condition for tangency

Ifﬁ% Let's Recall

® Section formulae Let A (X,y,) and
B(x,y,) be two points in a plane. If P
and Q divide seg AB in the ratio m:n
internally and externally respectively then

pP= (mszrnxl ,my2+ny1) and

m+n m+n
Q _ | mx, —nx, my, —ny,
m-—n ’ m-—n

Introduction:

The Greek mathematician Archimedes
and Apollonius studied the curves named conic
sections. These curves are intersections of a plane
with right circular cone. Conic sections have

a wide range of applications such as planetary
motions, in designs of telescopes and antennas,
reflection in flash light, automobile headlights,
construction of bridges, navigation, projectiles
etc.

A straight line, a circle, parabola, ellipse and
hyperbola are all conic sections. Of these we have
studied circle and straight line.

Earlier we have studied different forms of
equations of line, circle, and their properties. In
this chapter we shall study some more curves,
namely parabola, ellipse and hyperbola which are
conic sections.

Let's Learn

7.1.1 Double cone: n

Let | be a fixed
line and m another line
intersecting it at a fixed v
point V and inclined
at an acute angle 6
(fig 7.1.) Suppose we
rotate the line m around v
the line I in such a way

that the angle 6 remains Fig.7.1
intersecting
parabola
nappes hyperbola
\Y
circle
/5
ellipse ’

A

Fig.7.2 Fig.7.3(a) Fig.7.3(b) Fig.7.4




constant. Then the surface generated is a double-
napped right circular cone.

The point V is called the vertex, the line |
is called axis, and the rotating line m is called a
generator of the cone. The vertex V separates the
cone in to two parts called nappes (Fig.7.2).

7.1.2. Conic sections :
Let’s construct

Take a carrot or a cone made of drawing paper
and cut it with a plane satisfying the following
conditions.

1)  The plane is perpendicular to the axis and
does not contain vertex, the intersection is a
circle (studied earlier Fig. 7.3(a)).

ii))  The plane is parallel to one position of the
generator but does not pass through the
vertex, we get a parabola (Fig. 7.3(a)).

i) The plane is oblique to the axis and not
parallel to the generator we get an ellipse

(Fig. 7.3(a)).

iv) Ifa double cone is cut by a plane parallel to
axis, we get parts of the curve at two ends
called hyperbola (Fig. 7.3(b)).

v) A plane containing a generator and tangent
to the cone, intersects the cone in that
generator. We get pair to straight lines
(Fig. 7.4).

7.1.3. Definition of a conic section and its
equation:

A conic section or conic can be defined as
the locus of the point P in a plane such that the
ratio of the distance of P from a fixed point to its
distance from a fixed line is constant.

The fixed point is called the focus of the conic
section, denoted by S. The fixed straight line is
called the directrix of conic section, denoted by d.

If S is the focus, P is any point on the
conic section and segment PM is the length of
perpendicular from P on the directrix, then by

definition SP_ constant. (fig. 7.5)
PM

This constant ratio is
called the eccentricity of the
conic section, denoted by e. M P
Hence we write SPo_ e ;

PM S ™\

Focus

Ad

or SP = ¢ PM. This is called
Focus - Directrix property |
of the conic  section.

The nature of the conic section
depends upon the value of e.

Directrix

Fig. 7.5

1) Ife=1, the conic section is called parabola.

ii)) If 0 <e <1, the conic section is called an
ellipse.

i) If e > 1, the conic section is called
hyperbola.

7.1.4. Some useful terms of conic sections:

1)  Axis: A line about which a conic section
is symmetric is called an axis of the conic
section.

2)  Vertex : The point of intersection of a conic
section with its axis of symmetry is called a
vertex.

3)  Focal Distance : The distance of a point on
a conic section from the focus is called the
focal distance of the point.

4)  Focal chord : A chord of a conic section
passing through its focus is called a focal
chord.

5)  Latus-Rectum: A focal chord of a conic
section which is perpendicular to the axis of
symmetry is called the latus-rectum.

6)  Centre of a conic : The point which bisects
every chord of the conic passing through it,
is called the centre of the conic.

7)  Double ordinate : A chord passing through
any point on the conic and perpendicular to
the axis is called double ordinate.




7.1.5. Parabola

Definition: A parabola is the locus of the point\

in plane equidistant from a fixed point and a

fixed line in that plane. The fixed point is called

the focus and the fixed straight line is called
\ the directrix.

Standard equation of the parabola:

Equation of the parabola in the standard form
y2= 4ax.

Let S be the focus and d be the directrix of the
parabola.

Let Sz be
perpendicular
to the directrix. oM ’
Bisect SZ at
the point O. By | ¢
the definition | X'  Z| O
of parabola the
midpoint O is
on the parabola. A
Take O as the Fig. 7.6
origin, line OS as

the X - axis and the line through O perpendicular
to OS as the Y - axis.

LetSZ=2a,a>0.

P(x, y)

b\ 4

S(a, 0)

Then the coordinates of the focus S are (a, 0) and
the coordinates of Z are (—a, 0).

The equation of the directrix d is
X=-a,ie.x+a=0

Let P (X, y) be any point on the parabola. Draw
segment PM perpendicular to the directrix d.

L M=(-a,y)

By using distance formula we have

SP = J(x—a)’ +(y—0) ,

PM = \/(x+a)2 +(y—y)

By focus — directrix property of the parabola
SP=PM

Vx=ay +(v=0)" = [rra)+(y—y)
Squaring both sides (X —a )?+ y2= (X + a)?
thatis x?—2ax +a?+y?=x2+ 2ax + a?
thatis y?=4ax (a>0)

This is the equation of parabola in standard form.
Activity :

Trace the parabola using focus directrix
property.

1) find the equation of parabola with focus at
(2, 0) and directrix x +2=0.

2)  Find the equation of parabola with focus at
(—4,0) and directrix X =4.

7.1.6. Tracing of the parabola y> = 4 ax (a>0)

1) Symmetry : Equation of the parabola can
be written as y = + 2/, that is for every
value of X, there are two values of y which
are negatives of each other. Hence parabola
is symmetric about X- axis.

2) Region : For every X < 0,the value of y is
imaginary therefore entire part of the curve
lies to the right of Y-axis.

3) Intersection with the axes: For x=0we have
y = 0, therefore the curve meets the co
ordinate axes at the origin O(0, 0)

4) Shape of parabola: As X > o,y —> oo
Therefore the curve extends to infinity as x
grows large and opens in the right half plane
Shape of the parabola y*> = 4 ax (a > 0) is as

shown in figure 7.6.




7.1.7 Some results

LS=L'S =1 (say).

1) Focal So the coordinates of L are (a, I)
. . dn AY
distance - Let P (e, 1) Since L lies on y? =4 ax, 1> =4a (a)
P (Xl’yl) be TM Tt
any point on b f 2= 422
2 = >
the parabola x z| oNi |50 | =423
y2 =4 ax g y?=dax
@ As L is in the first quadrant, >0
Yl
Let segment M | =2a
PM 15 Fig.7.7 Length of latus rectum LSL' = 2| = 2(2a)
perpendicular
] ] =4a
to the directrix
d, then M is (-a,y,) The co-ordinates of ends points of the latus
rectum are L (a, 2a) and L' (a,—2a)
SP=PM= \/(x, +a)’ +(», -»)° =X +a
- focal distance SP =X, +a Activity :
= a + abscissa of point P. 1) Find the length and end points of latus
2) Length of latus-Rectum: rectum of the parabola x*= 8y
In figure 7.7 LSL' is the latus-rectum of the = 2)  Find the length and end points of latus
parabola y? =4 ax. By symmetry of the curve rectum of the parabola 5y?= 16x
7.1.8 Some other standard forms of parabola
y?=—4ax x2= 4by x2=—4by
YA Ad
d
L - < >
Il
E N pd S
/X' E J( X\ < 1 i
L' pd Y
b Z | y+b=0
Y'v W %
Fig.7.8 Fig.7.9

We summarize the properties of parabola in four standard forms




Equation of the
arabola|y?= 4ax |x?=4by
Terms
1 |Focus (a, 0) (0,b)
2 |Equation of
o x+a=0 |ytb=0
directrix
Vertex 0(0,0) 0(0,0)
4 |End points of latus
P (a.£2a) | (22b, b)
rectum
Length of latus
. 4al 14b|
S |rectum
6 |Axis of symmetry | X-axis Y-axis
7 |Equation of axis y=0 x=0
8 |Tangent at vertex | Y-axis X-axis
9 |Focal distance of a
) Ix, +al |y, + bl
point P(x, y,)

Parameter : If the co-ordinates of a point on
the curve are expressed as functions of a variable,

that variable is called the parameter for the curve.

7.1.9 Parametric expressions of standard

parabola y>= 4ax

X = at?, y = 2at are the expressions which
satisfies given equation y?= 4ax for any real value
of t that is y? = (2at)’ = 4 a2 t? = 4a (at?) = 4ax
where t is a parameter

P(x,, y) = (at, 2at) describes the parabola
y? = 4ax, where t is the parameter.

Activity :

1)  Forthe parabolay?>= 12x, find the parameter
for the point a) (3,—6) b) (27,18)

2) Find the parameter for the point (9, —12)
of the parabola y?= 16x

7.1.10 General forms of the equation of a

parabola

If the vertex is shifted to the point (h, k) we
get the following form

1) (y—k@?=4a(x—h)

This represents a parabola whose axis of
symmetry is y — k = 0 which is parallel to the
X-axis, vertex is at (h, k) and focus is at (h +a, k)

and directrix is X=h —a.

It can be reduced to the form x = Ay? + By + C.
OR

Y?= 4aX,where X=X-h,Y=y-k

Activity :

1)  Obtain the equation of the parabola with its

axis parallel to Y— axis and vertex at (h, k)

2)  Find the coordinates of the vertex, focus
and equation of the directrix of the parabola

y2 = 4x+4y

SOLVED EXAMPLES

Ex. 1) Find the coordinates of the focus, equation
of the directrix, length of latus rectum and
coordinates of end points of latus rectum of

each of the following parabolas.

i) y? = 28X i) 3x? = 8y
Solution:
i) y? = 28x

Equation of the parabola is y? = 28x

comparing this equation with y? = 4ax, we get
4a=28 ..a=7

Coordinates of the focus are S(a,0) = (7,0)




Equation of the directrix is X + @ = 0 that is
X+7=0

Length of latus rectum =4a=4 x 7 =28

End points of latus rectum are (a,2a) and
(a,—2a). that is (7,14) and (7, —14)

i) 3x2 = 8y
Equation of the parabola is 3x* = 8y that is
8
XZ —
3 y
comparing this equation with x2 = 4by, we
8 2
tdb=—-b==
ST 3

Co-ordinates of the focus are S (0, b) =
0.2)

3
Equation of the directrix is y + b = 0 that is

2
y+§ =0thatis3y+2=0

2 8
Length of latus rectum = 4b =4 x (EJ = 5

Coordinates of end points of latus rectum are

4 2
(2b, b) and (-2b, b). that is (5, 3) and

4
3 1

w | N

- )

Ex. 2) Find the equation of the parabola with
vertex at the origin, axis along Y-axis and

passing through the point (6,-3)
Solution:

The vertex of the parabola is at the origin,
it’s axis is along Y-axis. Hence equation of the
parabola is of the form x*> = 4by.

Now the point (6,—3) lies on this parabola.
Hence the coordinates of the points satisfy the
equation of the parabola.

= (6)?=4bx-3)

#-12b=36 -~ b=-3

~ equation of parabolais x*= 4(-3)y
X2 = —12y thatis X2 + 12y = 0.

Ex. 3) Find the equation of the parabola whose
diretrix isX+3 =0

Solution:

Here equation of diretrixs is X + a = 0 that
IS X + 3 =0 comparing we get a = 3.

=~ Equation of the parabola y? = 4ax that is
y2 = 12X.

Ex. 4) Calculate the focal distance of point P on
the parabola y> = 20x whose ordinate is 10

Solution : Equation of parabola is y> = 20x
comparing this with y? = 4ax

weget 4a=20-~a=>5

Here ordinate =y — coordinate = 10

~ (10)>=20x = 20x =100
X= 100 5
20
Now focal distance = a + X
= a + abscissa of point

=5+ 5= 10 units

Ex. 5) Find the equation of the parabola having

(4,-8) as one of extremities of porabola.

Solution : Given that, one of the extrimities
of the latus rectum of the parabola is
(4, —8) therefore other must be (4,8).
End-coordinates of latus - rectum (a, + 2a) =
(4, £8).
sa=4
Equation of parabola is y? = 4ax

y2=4(4)x .. y>=16x

145



Ex. 6) For the parabola 3y? =16x, find the
parameter of the point (3,—4)

Solution : Equation of parabola is 3y? =16x
, 16 ) .
“ ¥* ==X comparing this with y? = 4ax we get

16 4
= EY ~ a = — Parametric equations of the

4 , 8
parabola y? = 4ax are (at?, 2at) = (g tzagtj
(ﬂtz §tj = (3,4
3003 )76

Equating second components we get gt
=—4

4a

at=—4x

0| W

~ Parameter t = —

W W

Ex. 7) Find the coordinates of the vertex and
focus, the equation of the axis of symmetry,
diretrix and tangent at the vertex of the
parabola X2 +4X + 4y + 16 =0
Solution : Equation of parabola is
X*+4x+4y+16=0
X2+4x=—-4y - 16
X2+4x+4= —4y—12
(X+2)’=—4 (y+3)

Comparing this equation with X? = —4bY
Weget X=x+2,Y=y+3and 4b=-4
~b=-1

Coordinates of the vertex are X = 0 and
Y=0thatisx+2=0andy+3=0
~X=-2andy=-3

~ Vertex = (X, y) = (-2,-3)

Coordinates of focus are given by X =0 and
Y=+Db

thatis x+2 =0 and y+3 =-1

* X=-2 andy=-4

=~ Focus = (-2, —4)

Equation of axis is X =0thatisx+2=0
Equation of diretrix is Y + b = 0 that is
y+3—-1=0thatis y+2=0
Equation of tangent at vertex is Y = 0 that
isy+3=0

7.1.11 Tangent :

A straight line which intersects the parabola in
coinsident point is called a tangent of the parabola

A

v

)

Q2 Ql

o

Fig. 7.11

Point Q moves along the curve to the point
P. The limiting position of secant PQ is the tangent
at P.

A tangent to the curve is the limiting
position of a secant intersecting the curve in
two points and moving so that those points of
intersection come closer and finally coincide.

Tangent at a point on a parabola.

Let us find the equation of tangent to the
parabola at a point on it in cartesion form and in
parametrics form.

We find the equation of tangent to the
parabola y?= 4ax at the point P(x , y,) on it. Hence,
obtain the equation of tangent at P(t).

Equation of the tangent to the curve y = f(x)
at point (x, y,) on it is,

y-y, =1ff (X)](Xl,yl) (- X‘) [ (X)](Xl,yl)

We need to know the slope of the tangent at
P(X, y,). Fromthe theory of derivative ofa function,

the slope of the tangent is ? at (x, y,)
» ,




d 2
and here - ==

X | (x, y1) N
The equation of parabola is y?= 4ax, differentiate

both sides with respect to x

We get 2y Y- 4a (1)
dx

dy 2a
dx
i = 2a =slope of thetangentatP(x.,y,)
dx | (1, y1) Wi v
Equation of the tangent at P(x, y,) is
2a

y_y1: yl (X_Xl)

Yy, - Y =2a(x—x)

yy, —Y,>=2ax — 2ax,

Now P(x,y,) lies on the parabola .. y *= 4ax,
~ Yy, — 4ax = 2ax - 2ax,

S Yy, = 2ax + 2ax,
syy,=2a(x+Xx)
This is the equation of the tangent at P(x_,y,) on it
Now, t. is the parameter of point P

~P(x,y,) = (at? 2at) thatis x, = at? y, = 2at,
Substituting these values in equation (1), we get
y(2at) = 2a (x + at,?)

thatis yt =x+at?

This is the required equation of the tangent at P(t).

Thus, the equation of tangent to the parabola
y? = 4ax at point (x,y) on itisyy, = 2a(x +x,) or
yt, = x + at,> where t_ is the parameter.

7.1.12 Condition of tangency

To find the condition that the liney = mx + ¢
is tangent to the parabola y?= 4ax. Also to find the
point of contact.

Equation of the lineisy=mx + ¢
SmX=y+c=0....oiiiinnn()

equation of the tangent at P(x_,y,) to the parabola
y?=4axis yy, = 2a (X +X,)

L 2ax-y y+2ax=0............... (1

If the line given by equation (1) is a tangent to the
parabola at (x,,y,). Equation (I) and equation (I1)
represents the same line.
Comparing the co-efficients of like terms in
equations (I) and (1)
we get 2a_ “h_ 24y

m -1 c

2a

_c —
“X,=—and y = —
m m

But the point P(x,,y,) lies on the parabola
~ Y2 =4ax

2a c
(o) =dal)

m m

4a’ _ <
G

S C=—
m
this is the required condition of tangency.

Thus the line y = mx + c is tangent the parabola\
y?=4daxifc= % and the point of contact is

<c 2a>. <ma 2a>
—, —ie.|—, —
\\m - m 2 m

The equation of tangent in terms of slope is)

= mx + =
\y - m
7.1.13 Tangents from a point to a parabola

In general, two tangents can be drawn to a
parabola y? = 4ax from any point in its plane.

Let P (x,,y,) be any point in the plane of parabola.
Equation of tangent to the parabola y? = 4ax is

a
y=mx+ —
m
Since the tangent passes through P (x.y,), we

h _ a
ave y, =mx+ —
m
S my,;= m’x +a
2 —
mx, —my,+a=0..........ccoeiinn(l)
2 —_
xm>—y m+a=0
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This is quadratic equation in m and in general it
has two roots say, m, and m, which are the slopes
of two tangents.

Thus, in general, two tangents can been drawn to
a parabola from a given point in its plane.

If the tangent drawn from P are mutually
perpendicular we have

mm, = -1

From equation (1) m m, = a product of roots
1 2
X,

which is the equation of directrix.

Thus, the locus of the point, the tangents from
which to the parabola are perpendicular to each
other is the directrix of the parabola.

SOLVED EXAMPLES

Ex. 1) Find the equation of tangent to the parabola
y?2=9x at (1,-3).

Solution :
Equation of the parabola is y? = 9X;

comparing it with y? = 4ax

4da=9 = a—g
4

Tangent is drawn to the parabola at (1,-3) = (X,,y,)

Equation of tangent to the parabola y? = 4ax at
X,y isyy, =2a(x + X))

. Equation of tangent to the parabola

y2=4x at (1,-3) is y(-3) = 2[%) (x+1)

. 9
e —3y= (Ej(x +1)

ie.—6y=9x+9
i.e.3x+2y+3=0

Ex. 2) Find the equation to tangent to the parabola
y? = 12X from the point (2,5).
Solution :
Equation of the parabola is y? = 12X
comparing it with y> = 4ax = 4a = 12
sa=3
Tangents are drawn to the parabola from the
point (2,5).
We know, equation of tangent to the

a
parabola y? = 4ax having slopes misy = mx+—.

m
_ A
(S)=m@)+

5m=2m2+3
2m>-5m+3=0
2m?>—=2m-3m+3=0
@2m-3)(m-1)=0

m—E or m=1
2

These are the slopes of tangents.

Therefore the equations of tangents by slope
- point form are

3
(y=-5-= 5 (x=2) and (y—-5)=1(x-2)

2y—10=3x—-6and y-5=x-2
S3x—-2y+4 =0 and Xx—-y+3=0
Ex. 3) Show that the tangents drawn from the

point (—4,-9) to the parabola y?> = 16x are
perpendicular to each other.

Solution :

Equation of the parabola is y? = 16X.

comparing it with y> = 4ax = 4a =16
sa=4

Tangents are drawn to the parabola from
point (—4,-9).

Equation of tangent to the parabola y? = 4ax

a
having slope misy = mx+ .

4
(-9 =m(-4) + -




So=9m=—-4m? + 4
SAm2-9m+4=0
m, and m, be the slopes (roots)

constant

m.m) =+ ,
(m,.m,) co-efficient of m?
_ 4 _

m,.m, = 7 m,.m,=-1

hence tangents are perpendicular to each
other.

Activity :

1)  Find the equation of tangent to the parabola
y? = 9x at the point (4,-6)

2)  Find the equation of tangent to the parabola
y? = 24x having slope 3/2

3)  Show that the line y = x + 2 touches the
parabola y> = 8x. Find the coordinates of
point of contact.

EXERCISE 7.1

1) Find co-ordinate of focus, equation of
directrix, length of latus rectum and the
co ordinate of end points of latus rectum
of the parabola i) 5y?= 24x ii) y?= -20x
iii) 3x? =8y iv) x*=-8y v) 3y*= -16x

2) Find the equation of the parabola with
vertex at the origin, axis along Y-axis and
passing through the point (-10,-5)

3) Find the equation of the parabola with
vertex at the origin, axis along X-axis and
passing through the point (3,4)

4)  Find the equation of the parabola whose
vertex is O (0,0) and focus at(-7,0).

5) Find the equation of the parabola with
vertex at the origin, axis along X-axis and
passing through the point i) (1,-6) ii) (2,3)

6)  Forthe parabola 3y?=16x, find the parameter
of the point a) (3,-4) b) (27,-12)

7)  Find the focal distance of a point on the
parabola y? = 16x whose ordinate is 2 times
the abscissa.

8)

9)
10)

11)

12)

13)

14)

15)

16)

17)

18)

19)

20)

Find coordinate of the point on the parabola.
Also find focal distance. i) y?>= 12x whose
parameter is 1/3 ii) 2y?=7x whose parameter
Is -2

For the parabola y? = 4x, find the coordinate
of the point whose focal distance is 17.

Find length of latus rectum of the parabola
y?= 4ax passing through the point (2.-6).

Find the area of the triangle formed by
the line joining the vertex of the parabola
x? =12y to the end points of latus rectum.

If a parabolic reflector is 20cm in diameter
and 5 cm deep, find its focus.

Find coordinate of focus, vertex and
equation of directrix and the axis of the
parabolay = x>—2x + 3

Find the equation of tangent to the parabola
i) y?2 = 12x from the point (2,5)
i) y?2 = 36x from the point (2,9)

If the tangent drawn from the point (-6,9)
to the parabola y> = kx are perpendicular to
each other, find k.

Two tangents to the parabola y? = 8x meet
the tangents at the vertex in the point P and
Q. If PQ = 4,prove that the equation of the
locus of the point of intersection of two
tangent is y? = 8(x + 2).

Find the equation of common tangent to the
parabola y? = 4x and x? = 32y.

Find the equation of the locus of a point, the
tangents from which to the parabola y? =
18x are such that some of their slopes is -3

The tower of a bridge, hung in the form of
a parabola have their tops 30 meters above
the road way and are 200 meters apart. If the
cable is 5meters above the road way at the
centre of the bridge, find the length of the
vertical supporting cable from the centre.

A circle whose centre is (4,-1)
passes through the focus of the parabola
x? + 16y = 0.

Show that the circle touches the diretrixs of
the parabola.




7.2 Ellipse

~—/ Let's Study

e Standard equation of the ellipse.
e Equation of tangent to the ellipse.
e Condition for tangency.

e Auxilary circle and director circle of the

If S is a fixed point is called focus and
directrix d is a fixed line not containing the focus

then by definition % =eand PS = e PM, where

PM is the perpendicular on the directrix and e is
the real number with 0 < e < 1 called eccentricity
of the ellipse.

ellipse
" Earth
 Eliptical Orbit *
' Sun
Fig. 7.12

The ellipse is the intersection of double

napped cone with an oblique plane.

[
2

Fig. 7.14

" An ellipse is the locus of a point in a plane
which moves so that its distance from a fixed
point bears a constant ratioe (0 <e<1)toits
distance from a fixed line. The fixed point is
called the focus S and the fixed line is called

the directrix d. W,

Y

d (fixed|line)

li‘: ......................... M,

< . 5 M
<t \‘fr . » X

/S(fixed point)
b v,
Fig. 7.13

7.2.1 Standard equation of ellipse
Let’s derive the standard equation of the ellipse

"""""

How to draw an ellipse
Fig. 7.15

Let S be the focus, d be the directrix and e be the
eccentricity of an ellipse.

Draw SZ perpendicular to directrix. let A and
A' divide the segment SZ internally as well as
externally in the ratio e : 1.




d? ﬂ‘ d directrix
A A
B L
/_ P
M M
— \
< = X / 5 o S A Z » X axis (y = 0)

B'
\ 4 v
\Iatus rectum (LSLY)
v

Fig. 7.16

let AA' = 2 a, midpoint O of segment AA' be the

. a
origin. Then O = (0,0) ,A=(a, 0)and A'=(-a,0)  'hatisx e 0

By definition of ellipse A and A’ lie on ellipse.
SA e S _—e

AZ 1 A'Z 1

Let P(x, y) be any point on the ellipse.

Since P is on the ellipse SP=ePM ... (1)

SP = focal distance

= J(x—ae)’ +(y-0) ....(4)

PM = distance of point P from directrix

a
therefore SA=eAZ. xX——
= == ]x =T . (5)
Let Z=(k,0) and S = (h,0) 12 + 02 e

By section formula
From (1), (4) and (5)

ek+1h ek—1h
a=— also—a= =) ,

‘ \/(x—ae)2+(y—0)2:ex——
ae+ta=ek+h ) €
—aet+ta=ek-h ... (3 \/(X—a€)2+(y—0)2=|ex—a|
Solving these equations , we get Squaring both sides
k=aleand h=ae (x — ae)? + (y — 0) = e3¢ — 2aex + &
Focus S = (ae, 0) and Z = (ale , 0) X2 — 2aeX + a%2 + y? = 62’ — 2aex + &

a X2 + aZeZ + yZ — eZXZ + a2

Equation of the directrix is x = —
e (1—e2)x2+y2:a2(1—e2)




Since (1 — e?) > 0, Dividing both sides by a?
(1-¢%)

2 2
X
T
a a((l-¢e)

2 2
x_2+;;_=1 whereb?=a?(1-e? anda>b
a

This is the standard equation of ellipse .

We also get for a point P(x,y) on the locus PS' = e
PM' ... (6) where PM' is the perpendicular on

directrix x=- ﬁ, from point P.
e

S'P = focal distance

:\/(x+ae)2+(y—0)2 e(7)

PM' = distance of point P from directrix

a
X+ 4

_ e |_|.,a

= T+02_x+€ ....... (8)

From (6) , (7) and (8)

\/()c+ae)2 +(y-0) =e

a
xX+—
e

\/(x+ae)2 +(y-0)" = |ex+a|
Squaring both sides

(x +ae)?+ (y—0) = exx? + 2aex + a?
X2 + 2aex + a%? + y? = e2X? + 2aex + a?
X2+ a%e? +y?=e’? + a2
1-e)x+y*=a’(1-¢)
Since (1-€?) >0,

Dividing both sides by a2 (1 — €?)

2 2

x Y

4+ —=
a  a‘(l-ée)

2 2
XY
_2+_

= Ilwhereb?=a%?(1-e?)anda>b
a

Thus for the ellipse (ae,0)and (—ae,0)are

. a a .
two foci and x = — and x =— — are corresponding
e e

two directrices.
2 2
.. Standard equation of Ellipse is x—2+2}—2 =1
a

Note:

2 2
Equation of the ellipse x—2+Z—2 =1 (a>Dh)
a

i)  The ellipse Intersects x-axis at A(a, 0), A’
(—a, 0) and y-axis at B(0, b), B'(0, —b), these
are the vertices of the ellipse.

i)  The line segment through the foci of the
ellipse is called the major axis and the line
segment through centre and perpendicular
to major axis is the minor axis. The major
axis and minor axis together are called
principal axis of the ellipse. In the standard
form X axis is the major axis and Y axis is
the minor axis.

i)  The segment AA' of length 2a is called the
major axis and the segment BB' of length 2b
is called the minor axis. Ellipse is symmetric
about both the axes.

iv)  The origin O bisects every chord through it
therefore origin O is called the centre of the
ellipse.

v) latus rectum is the chord through focus
which is perpendicular to major axis. It is
bisected at the focus. There are two latera
recta as there are two foci.

7.2.2 Some Results :
1) Distance between directrices

d (dd") is the same that of distance ZZ'
ie. d (22

Z (a/e,0)and Z' (— ale, 0)
= d(dd)=d(zz)=1]2 - (-ﬁ)
e e

=2

NEES




2) End co-ordinates of latera recta
Let LSL’ be the latus rectum of the ellipse.

2 2
2.0
a b
(SL and SL' are the semi latus rectum)
Let: L=(ae, )

@) () _,

2 2
a b

=la>b (refer fig. 7.16)

2= (1-e?)
%)
P=p?| 5| [.b=a(l-e)]

2
a

[=+

2 72
L= [ae,b—j and L= [ae,ij
a a

These are the co-ordinates of end points of latus
rectum.

bZ
a

3) Length of latus rectum

b b* 2
I (LSL) =1(SL) + I (SL") = —+—="—
a a a
4) SPand S'P are the focal distances of the point

P on the ellipse. (ref. Fig.7.17)

A

SP=ePMand SP=ePM'
Sum of focal distances of point P
SP+SP=ePM+ePM

=e (PM+PM)

=e (MM

e (distance between the directrix)

e(Zxﬁj: 2a
e

SP + S'P = 2a = constant

= length of major axis.

Sum of focal distances of point on the ellipse
is the length of major axis which is a constant.

Using this property one can define and draw
an ellipse. If S, and S, are two fixed points and a
point P moves in the plane such that PS, + PS, is
equal to constant K, where K > d(S,S,) , then the
locus of Pis an ellipse with S, and S, as foci. Here
in the standard form K = 2a.

5) A circle drawn with the major axis AA’ as a
diameter is called an auxiliary circle of the
ellipse.

6) Parametric form of an ellipse

P(x, y) be any point on the ellipse. Let Q

be a point on the on the auxiliary circle such that
QPN _L to the major axis.

Letm £ X0Q =60 .. Q= (acosb, asinb)

Let P(x,y)=(acos¥,y).

2

(acos@)2 +y_ _1 AY
a’ b’ Q
cos’0 + y—2 =1 . 0 R
b A 0 A X
y? = b? (1 - cos?0)
y? = b2 sin%0 J
y =+ bsinf Fig. 7.18

P(X,y) =(acosd, bsinb)=P(6H)




Thus x = a cos® and y = b sin0 is the parametric
2 2

form of the ellipse —2+)b}—2 =1 (a > b) where 6
a

is the parameter which is called as an eccentric

angle of the point P.

To find the eccentric angle of a point P(X,y) on
the ellipse in terms of X and Y.

If 6 is the eccentric angle of P, we know that

ay
bx

note that 0 is not the angle made by OP with X
axis.

7y S+l

2 Tz =1(b>a)is other standard form

is 0 = tan™

of the ellipse.

y It is called vertical ellipse. (Ref. figure 7.22)
Xx=acosO,y = Db sinf then tand = b _4r , that
X bx
a
2 2
1 | Standard equation x—+%—1’a>b x_ £ I,b>a
Centre 0(0,0) 0(0,0)

3 | Axes of symmetry

Both X axis and y axis

Both X axis and y axis

A(a,0) A'(—a,0)

A(a,0) A'(—a,0)

4 | Vertices B(0,b) B'(0.-b) B(0,b) B'(0.-b)
5 | Major axis and minor axis X axis and Y axis Y axis and X axis
6 | Length of major axis 2a 2b
7 | Length of minor axis 2b 2a
8 | Relation between a b and ¢ b>=a’(1 —¢? a2=b*(1-¢?)
9 | Foci S(ae, 0) S(—ae,0) S(0,be) S(0, —be)
10 | Distance between foci 2 ae 2 be
11 | Equation of directrix x = %’ ,and x = _-g- y= -g- and y = _-g-
12 | Distance between the directrix .2;_ .ZEQ

L:ée,% and L%,be)
13 | End points of latus rectum b 2

e ) i 3¢

14 | Length of latus rectum —Zabi —2Bai

15 | Parametric form

X =acosO and y = b sinb

X =a cosO and y = b sinf

16 | Equation of tangent at vertex

X=a,x=—aand

X=a,X=—aand

y=by=-b y=by=-b
Sum of Focal distance of a point 2a 2b
17 . : . . . .
P(x,, y,) is the length of it's major axis major axis
(124
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Vo

B(0, b)

1 (0, be)

SY
T(0,~be

B'(0, —b)

N
N

A4

Fig. 7.19

SOLVED EXAMPLES

Ex. 1) Find the coordinates of the foci, the vertices,
the length of major axis, the eccentricity and the
length of the latus rectum of the ellipse

2 2

i) f—6+% -1
i) 4x2+3y?=1
i) 3x2+4y?=1
iv) 4x2+9y?-16x+54y+61=0
Solution :

i) Given equation of an ellipse is §+%2=1
Comparing with standard equation a—+)b}—2 =1
a?=16 ; b*=
a=4; b=3(@>h)

X-axis (y = 0) is the major axis and y-axis

(x=0) the minor axis.

Centre O (0, 0)

VerticesA(x a, 0)=(x4,0),B (0,£b)= (0, £3)
Length of major axis (2a) =2(4) =9

Length of minor axis (2b) =2(3) =6

By relation between a, b and e.

b2=a%(1-¢?
9=16(1-¢€?)

% =1-¢?

ezzl—%
e—%thatls g

7
but 0 <e<1 therefore e= e

Foci  S(ae, 0) = {4 o OJ (\/7 0)

S'(—ae, 0) = (—4% 0] ( -7, 0)

Distance between foc = 2 ae = 2+/7 ,

Equation of directrix x == a
e

16
X=% —— thatis x=
ke
4 16
distance between directrix = 2 a_ 2[—] =
e

End coordinates of latus rectum

£5(73)
b))

Length of latus rectum = — =2(
a




Parametric form X =acos0,y =Db sinf

Thatis x=4 cos0,y =3 sind

i) 3x*+4y*=1

LS}

+ 2o

*r Y
B!
3 4
Comparing with —+y—2 =1

a b

a’= b? =

1
4

1
a= b_E (@a>Dh)

. Majoraxisis[ ]

By the relation betweena, b & e

L J=[1(1-¢)

centre is at 0(0, 0)
vertices (<a, 0) = ( 7z, 0) and

(O,J_rb):(O,i%)
foc )

+— ,0
( 243 j
distance between foci =[___|= \%
Equationof [ Jisx=% %
: [ ]
leXxTt=—o
] L1

i . . a

Distance between directrices = 2 Y
=[]

. b?
End points of Latera recta = (ae; + =)

V3
2

Length of Latus rectum =[] =

Parametric form [x = |; ly=

i) 4x2+3y2=1

x2 2
+y =1

W6

Comparing with

x’ y
PR
1 1
a?=— , b= —
4 3
1 1
a=— b=— b>a
2"

therefore y-axis is major axis
Y-axis (ie x = 0) is the major axis

x-axis (ie. y = 0) is the minor axis
1
Length of major axis 2b =2 —+~=
g J 5
length of minor axis 2a = 25 =1
Centreisat O(0,0)

Vertices A(x a, 0) = (:I: —,0),

B (0, +b)= (Oi\/—

Relation between a, b, e
a?=b?(1-¢?)
1

1
—_ = — 1_e2
4 3( )

3
= =1-¢?
4
3 1
Le?z=l-— e’=-—
4 4

1
. - — X < < 1
e 2 (+0<e<l)




foci S (0, + be) and S’ (0, — be) =

oo oo

1 1 1
distance between foci = 2 be = 2(—)&) =—

(0, + be) =

3 V3
. . .. b
equation of directricesis y=+ —
e
(1
NE) 2
= +—Ly=+ —
y=1= (lj y==% 5
2
Dist betw directri 2b 4
stance between directrices 2— = —=
I i i . g
and coordinates of latus rectum.
L' = (= = ,be
(£ - . be)
BT
= |+
B
= i£
4
Length of latus rectum T = g

Parametric form
X =acosh, y=hsino

1 |
= = =—sinf
X=> cosO, Y \/3

iv) 4x2+9y?—-16x+54y+61=0

By the method of completing square the above
equation becomes 4 (x —2 )2+ 9 (y+3)? =36

That is

(=2 03 _,
9

4

2 2
Comparing with standard equation x_2 + 2’_2 =1
a

a?=9; b’=4

a=3; b=2(a>b)

Y =0 ie.y+3=0 isthe major axis and
X =0ie. X -2 =0 is the minor axis.

Centre (X =0,Y=0)=(Xx-2=0,y+3=0) =
(25_3)

VerticesA(x—2=43,y+3=0)=(2+3,-3)i.e.
A(5,-3) and A'(-1,-3)

B(x-2=0,y+3=+2)=(2,-3+2)

i.e. B(2,-1) and B'(2,-5)
A(5,-3),A(-1,-3). B2, -1)B'(2,-5)
Length of major axis (2a) =2(3) =6

Length of minor axis (2b) =2(2) =4

b?=2a2(1-¢?
L 4=9(1-¢) LA le =14
9 9
5
= — thatis e=i£
9 3
J5

but 0<e<1 thereforee= Y

J5

Foci S(x—2:3—
3

S'{x—2:—3§

Distance between foci =

’y+3=0j E(2+ \/59_3)

+3= 0] 2-+5,-3)
245

i

) ; ] 1
distance between directrix = 2 q_ 2[ij = —8

Equation of directrix x—2=4+

thatis x = 2+—
NG

e \V5) s

coordinates of end point of latera recta




2 4 9
Length of latus rectum = 26" _ (_j _2
a 3 2

Parametric form X =3 cosf, Y =2 sinf
Thatis x—2=3cos,y+3 =2sinf

i.e.Xx=2+3cosH, y=-3+2sind

\

A

-2 1 2 3 4 5 6

A
1/—\

G (2’-:3)/8
A\

Fig. 7.20

Ex. 2) Find the equation of an ellipse having
vertices (x 13, 0) and foci (= 5, 0)
Solution : Since vertices and foci are on the

x-axis, the equation of an ellipse will be of the

2 2
X
form ?+Z—2:1(a>b)

Vertices (£ 13,0)=(xa,0) =>a=13
Foci (£ 5,0) = (xae,0) > ae =5

5
L e=—
13

We know b?=a?(1-e?) = a?- a%?
= (13)2-(5)2 = 169 — 25 = 144

2 2

Equation of the ellipse is S A

169 144

Ex. 3) Find the eccentricity of an ellipse whose
length of the latus rectum is one third of its
minor axis.

Solution :

| .
Length of latus rectum = 3 (minor axis)

2
&:l(zb) thatis b= a
a 3 3
We know that b?=a? (1 -¢€?)
laZ:a2 (1-¢?)
9
l:1—e2 e2:1—l
9 9
8
e?= — thatis e:i&
9 3
butO<e<1 e:&
3
Activity :

Find the equation of an ellipse whose major axis
is on the X-axis and passes through the points
(4, 3) and (6, 2)

Solution :

2 2
Let equation an ellipse x—2+Z—2 =1
a

a > Db, since major axis is the X-axis.
Also ellipse passes through points (4, 3) and (6, 2)

" ﬁ (3)2 1 and ﬁ+(2)2 =1

ft= =
a’ b* a’ b*

Solve these equations simultaneous to set a? and
b2.

7.2.3 Special cases of an ellipse:

=1 where

2 2
Consider the standard ellipse x—2+Z—2
a

b’=a?(l-e?)anda>Dh.




As a — b (b > 0) then observe that e — 0 and
shape of the ellipse is more rounded. Thus when a
= b the ellipse reduces to a circle of radius a and
two foci coincides with the centre .

7.2.4 Tangent to an ellipse :

A straight line which intersects the curve ellipse
in two coincident point is called a tangent to the
ellipse

A
\Y

tangent

ellipse

A

S s

d
-

Fig. 7.21

To find the equation of tangent to the ellipse.

2 2
Xy : -
—+=5 =1 at the point P(x, y,) on it. Hence,

a b
to obtain the equation of tangent at P(0,).

We need to know the slope of the tangent at
P(x, y,). From the theory of derivative of a

function, the slope of the tangent is % at (x,y,)
» :
2 2
. . . xT 0y
The equation of ellipse is —2+b—2 =1
a

differentiate both sides with respect to x

2x 2y dy
Weget — + — — =0
J a b dx
d__bx
dx a*y

bz
" {Q} XY=~ 2 il slope of the tangent
dx ’ )

1

at P(x,.y,).
.. Equation of the tangent (by slope point form)

2

. b x
atP(x,y,)is y-y,= -z 7’- (x=x)
1

azyl(y_yl):_ble(x_xl)

a’y, y—aty =-b*x x+b*x?

b>x x + a’y, y = b*x?+a’y?
Dividing by a2 b?

2 2

R
x2 yZ
Now P(x,,y,) lies on the ellipse 71'2— + —b‘; =1
X X,
3 a—;+% =1 (D)

This is the equation of the tangent at P(x,,y,) on it
Now, 0, is the parameter of point P
o P(xpy,) = (acos0, , bsind, ) that is
X, = acosb, ,y, =bsinb,
Substituting these values in equation (1),
X a cosb,

y b sin0,
we get 2z T - 1

XcosO,  ysinf, 1
+ =

a b

is the required equation of the tangent at P(0,).

7.2.5 Condition for tangency

To find the condition that the line y = mx + c is
2 2
tangent to the ellipse x—2+z—2 =1. Also to find
a

the point of contact.

Equation of the lineisy =mx + ¢

thatis mx-y+c=0... (1)




equation of the tangent at P(x,,y,) to the ellipse

2 2
x—+y =1is 2+)2/2—1.

a b
. X
thatlszﬁ_x+-b7_y 1=0...(

If the line given by equation (1) is a tangent to the
ellipse at P(x,,y,).

Comparing coefficients of like terms in equation
(1) and (2)

a =
m 1 c
) o, G
2
a “lang \07J —1
m c -1 c
1 —__1 and ﬁ —i
a’m c b2 c
azm 2
X = . and y, = —
2
P(x,.y,) lies on the ellipse —+y—2 =1
a b
x 2 2
L Zbg 1
a‘m b?
() (?)2
+ =1
a’ b?
atm’ b!
Cz (07)
+ =1
a’ b?
am* b’
+—=1
6'2 C2
S a2m? + p? =c?

ie.c2=a?m?+b?

. ¢ =+~a’*m®+b? isthe condition for tangency.

The equation of tangent to the ellipse in
terms of slope is

2 2
y=mxta’m’+b* P [‘a m,b_J

C C

Thus the liney =m x + c is tangent to the eIIipsD

2 2
Y Y 1 e=+Ja?m? +b? and the point

2 b2

a
2 b2
of contact is (—M , ).
N\ ©c €

7.2.6 Tangents from a point to the ellipse

Two tangents can be drawn to the ellipse from any
point outside the ellipse.

Let P(x,,y,) be any point in plane of the ellipse.

The equation of tangent, with slope m to the
ellipse is

y=mx+~a’m® +b°

This pass through (x,,y,)

Loy =Emx ENadm’ + b

o y—mx =%Na’m® +b*  we solve it for m.

Squaring on both sides and simplifying we get the
quadratic equation in m.

(x> -a’ym’ —2x1y1m+(y12 —b2)= 0

it has two roots say, m, and m, which are the
slopes of two tangents.

Thus, in general, two tangents can be drawn to a
ellipse from a given point in its plane.

_(_2x1y1)

(x12 - az)

_ QCxy)
- (x12_a2)

Sum of the roots =m_+m, =




Productof roots=m m, = —5——*

7.2.7 Locus of point of intersection of

perpendicular tangents

If the tangent drawn from P are mutually
perpendicular then we have m m, = -1
ylz_bz
L oxf-a

director 3e
circle

Fig. 7.22

(ylz_bz):_(xlz_az)
" x12+y]2 =a’ +b*

This isthe equation of standard circle with centre at
origin and radius va® +b> which is called the
director circle of the ellipse.

7.2.8 Auxiliary circle, director circle of the
ellipse

X2y

For the standard ellipse 2ty s 1(a > b) the

circle drawn with major axis as a diameter is
called the auxillary circle of the ellipse and it's
equation is x? +y?> = a?.

The locus of point of intersection of perpendicular
2

. X .
tangents to the ellipse Z % =1 is called the

director circle of the ellipse and its equation is
X2+y2:a2+b2.

director circle
X' +y'=34

auxiliary circle
X +y=25

ellipse 9x°

A

vY

Fig. 7.23

SOLVED EXAMPLE

Ex. 1) Find the equation of tangent to the ellipse

2 2

i) %+% =1 at the point (2, \/3).
x2 2
i) X Y 1 atthe point whose eccentric
25 9
angle is n/4.
Solution :
2 2
. . . .oXxXT oy
i) Equation of the ellipse is §+?:1
2
Xy _q

comparing it with 2t s
a’=8and b*=6.

Tangent is drawn to the ellipse at point

(2, /3)onit. Say (x,, y,) = (2, /3).

We know that,

the equation of tangent to the ellipse

yZ

X
2t s 1 at point (x, y,) onitis

xx

7+%: 1

x(2)  yN3)
+

8 6

=1




i.e. 6x+4./3y=24

ie. 3x+2,/3y=12

Thus required equation of tangent is
3x+2.3y=12.

2 2
Equation of ellipse is S A
25 9

compairing it with x—+y—2 =1
a b

a?=25and b®=09.

eccentric angle 6 = %

By parametric form equation of tangent is

x-cos@  y-sinf
a b
T . T
X-cos—  y-sin—
i.e. 4 . 4 _
5 3

=1

=1

I A
52 32
3x + 5y =15./2

Ex. 2) Show that the line 2x + 3y = 12 is tangent

to the ellipse 4x? + 9y? = 72,

Solution : Equation of the ellipse is 4x? + 9y? =72

2 2
- X
e X .Y
2 2

18 8
S XY
compairing it with —+=— =1
p g PR

a?=18and b*=8
Equation of line is 2x + 3y = 12
. 2
lLeey=—=-x+4

3

compairing itwithy=mx +c¢

mz—%and c=4

We know that,
if the line y = m x + ¢ is tangent to the ellipse

2 2
x—2+y—2 =1 then c®=a?m? + b2
a b

Here ¢? = (4)? = 16 and

a’m?+b? = (18) (——)2 +(8) = (18) ( )+8
= (2) (4) +8 =16

hence the given line is tangent to the given
ellipse.

Ex. 3) Find the equations of tangents to the ellipse

4x? + 9y? = 36 passing through the point
(2,-2).

Solution : Equation of the ellipse is 4x? + 9y? = 36

2 2

ie. 4+ Y
4
compairing it with —+y—2 =1
a b
a?=9and b?>=4

Equation of tangent in terms of slope m, to
the ellipse is

y=mx+a’m® +b*

Point (2, —2) lies on the tangent

L (DEM@E fomta
L=2m=2=% jom?+4

squaring both sides

dm?+8m+4=9m?+4

-5m?+8m=0

m(-5m+8)=0 = m=0 or m=8/5
Equation of tangent line having slope m and
passing through pt (2, -2) isy+2=m (x - 2)

8
iey+2=0(x-2) ory+2= 3 (x-2)
y+2=0 Sy +10=8x-16
8x-5y-26=0

Thus equation of tangents are y + 2 = 0 and
8x—-5y-26=0




EXERCISE 7.2

Find the (i) lengths of the principal axes.
(ii) co-ordinates of the focii (iii) equations
of directrics (iv) length of the latus rectum
(v) distance between focii (vi) distance
between directrices of the ellipse:

(@) x¥25+y?[9=1 (b) 3x2+ 4y2 =12
(c) 2x2+6y*=6 (d) 3x2+ 4y2=1.

Find the equation of the ellipse in standard
form if

1) eccentricity = 3/8 and distance between
its focii = 6.

i) the length of major axis 10 and the
distance between focii is 8.

iii) distance between directrix is 18 and
eccentricity is 1/3.

iv) minor axis is 16 and eccentricity is 1/3.

v) the distance between foci is 6 and the
distance between directrix is 50/3.

vi) The latus rectum has length 6 and foci
are (+2, 0).

vii) passing through the points (-3, 1) and
2 -2)

viii) the dist. between its directrix is 10 and
which passes through (=V5, 2)

iIX) eccentricity is 2/3 and passes through
(2, -5/3).

Find the eccentricity of an ellipse, if the
length of its latus rectum is one third of its
minor axis.

Find the eccentricity of an ellipse if the
distance between its directrix is three times
the distance between its focii.

10.

11.

12.

Show that the product of the lengths of
ht perpendicular segments drawn from
the foci to any tangent line to the ellipse
x?/25 +y?/16 = 1 is equal to 16.

A tangent having slop —1/2 to the ellipse
3x% + 4y? = 12 intersects the X and Y axes in
the points A and B respectively. If O is the

origin, find the area of the triangle.

Show that the line x —y = 5 is a tangent to
the ellipse 9x? + 16y? = 144. Find the point
of contact.

Show that the line 8y + x = 17 touches
the ellipse x? + 4y? = 17. Find the point of
contact.

Determine whether the line x + 3yv2 =9 is
atangentto the ellipse x%9 +y?/4=1. If so,

find the co-ordinates of the pt of contact.

Find k, if the line 3x + 4y + k = 0 touches 9x?
+16y2 = 144,

Find the equation of the tangent to the

ellipse (i) x?/5 + y?/4 = 1 passing through

the point (2, -2).

i) 4x%+ 7y? =28 from the pt (3, -2).

iii) 2x2 +y? = 6 from the point (2, 1).

iv) x2+4y2=9which are parallel to the line
2x+3y-5=0.

V) X425+ y%4 =1 which are parallel to
the linex +y + 1= 0.

vi) 5x?+ 9y?= 45 which are L to the line
3x+2y+y=0.

vii) X+ 4y>=20, 1 tothe line 4x+3y =7.

Find the equation of the locus of a point the
tangents form which to the ellipse 3x?+ 5y?
= 15 are at right angles.




13. Tangents are drawn through a point P to the
ellipse 4x>+ 5y?= 20 having inclinations 0,
and 0, such that tan 0, + tan 0, = 2. Find the
equation of the locus of P.

14. Show that the locus of the point of
intersection of tangents at two points on an
ellipse, whose eccentric angles differ by a
constant, is an ellipse.

15. P and Q are two points on the ellipse
2 2

e + P 1 with eccentric angles 0, and 0.,.

Find the equation of the locus of the point
of intersection of the tangents at P and Q if
0,+6,=m/2.

16. The eccentric angles of two points P and Q
the ellipse 4x?+ y?= 4 differ by 2n/3. Show
that the locus of the point of intersection
of the tangents at P and Q is the ellipse
4x2+ y?=16.

17. Find the equations of the tangents to the
ellipse x%/16 + y?/9 = 1, making equal
intercepts on co-ordinate axes.

18. A tangent having slope — %2 to the ellipse
3x%+ 4y? =12 intersects the X and Y axes in

the points A and B respectively. If O is the
origin, find the area of the triangle.

7.3 Hyperbola

—y Let's Study

e  Standard equation of the hyperbola.
e Equation of tangent to the hyperbola.
e condition for tangency.

e auxillary circle and director circle of the
hyperbola.

The hyperbola is the intersection of double
napped cone with plane parallel to the axis.

The hyperbola is the locus of a point in
a plane which moves so that its distance from

a fixed point bears a constant ratio e (e > 1) to
its distance from a fixed line. The fixed point is
called the focus S and the fixed line is called the
directrix d.

MY
N ' N
S (M
ol P(x, )
L X

S JA"|1Z' O Z

)
/

Fig. 7.24

A((ae, 0) g
N

If S is the focus and d is the directrix not
containing the focus and P is the moving point,

P . .
then Fﬁ = e, where PM is the perpendicular

on the directrix. e > 1 called eccentricity of the

khyperbola. (Fig. 7.24)

7.3.1 Standard equation of the hyperbola

Let S be the focus, d be the directrix and e be the
eccentricity of a hyperbola.

Draw SZ perpendicular to directrix. Let A and A’
divide the segment SZ internally and externally in
the ratio e : 1. By definition of hyperbola A and A'
lie on hyperbola.

Let AA' =2 a, midpoint O of segment AA' be the
origin. Then O = (0,0) , A= (a,0) and A'= (- a,0)
ﬁ _¢ ( SA" _—e )

AZ 1 ‘a4z 1

therefore SA=eAZ.

Let Z= (k,0) and S = (h,0)

By section formula for internal and external di-
vision.

ek+1h ek—1h
a= also —a=

e+1 e-1




ae+ta=ek+h ...(2)
—ae+a=ek-h ... (3
Solving these equations , we get

k = ale and h=ae

Focus S=(ae,0)and Z = (ale, 0)

: : o a
Equation of the directrix is x = A

Thatisx— — =0
e
Let P(x,y) be a point on the hyperbola.

SP = focal distance

= \/(x—ae)2+(y—0)2 ..... (4)

PM = distance of point P from the directrix

a
T a

= e =|X——] «eviuun 5
1> +0? e ©

From (1), (4) and (5)

a
x__
e

\/(x—ae)2 +(y—0) =e

=\/(x—ae)2+(y—0)2 :|ex—a|
Squaring both sides
(x—ae)’+ (y-0)2?=e’x>-2 aex + a?
X2—2aex + a’e? +y?=ex*—2aex + a2
X2+ a%?+y?=eX?+ a?
(1-e)x*+y?= a2 (1-¢?
Sincee>1
(e2=1)x? —y?= a?(e*-1)
Dividing both sides by a? (e?-1)
)CZ y2

at a(e’-))

Xy

2
5 —b—2=lwhere b2= a2 (e?-1)

N}

This is the standard equation of hyperbola .

Let S' be (—ae,0) and d' be the line x = — g .

For

any point P on the hyperbola, PM' is per-

pendicular on d' then it can be verified that
PS'=ePM"

Thus for the hyperbola (ae,0)and (—ae,0)

.. a a
are two focii and x = — and x = — — are
e e
corresponding two directrices.
AY
N d

M' M
P(x, y)
X

S'(-ae,0)/A' [z O  z| A\ S(ae, 0)
a a
e

vY'

Fig. 7.25

7.3.2 Some useful terms of the hyperbola

2 2

Equation of the hyperbola 2y =1

b2
The hyperbola intersects x-axis at A(a, 0),
A’ (—a, 0).
It does not intersects the y-axis.
The segment AA’ of length 2a is called the

transverse axis and the segment BB’ of length
2b is called the conjugate axis.

i) The line segment through the foci of the

hyperbola is called the transverse axis and the
line segmentthrough centre and perpendicular
to transverse axis is the conjugate axis. The
transverse axis and conjugate axis together
are called principal axes of the hyperbola.
In the standard form X axis is the transverse
axis and Y axis is the conjugate axis.




iv) latus rectum is the chord passing through the
focus which is perpendicular to transverse
axis. It is bisected at the focus. There are two
latera recta as there are two focii.

7.3.3 Some Results :
1) Distance between directricesi.e. d (dd") is the
same that of distance ZZ' ie. d (ZZ')

Z=(ale,0)and Z' (- ale, 0)

= d@dd)=d@)=|2+ 2|
e e

:22
e
2) Let LSL’' be the latus rectum of the
hyperbola.
xz yZ
— =1

a b
(SL and SL’ are the semi latus rectum)

LetL=(ae, )

ae)> P

2
e2+? =1
?:I—e2

2= b2 (1-e?)

2
- [b_j
a2

b? >
L= (ae,—j and L'= (ae,—j
a a

These are the co-ordinates of end points of latus
rectum.

3) Length of latus rectum =1 (LL")

I (SL) + 1 (SL _b2 +_b2 _2b2
= + "y = =
(SL)+1(sL) = =+ ==

4) SP and S'P are the focal distances of the point
P on the hyperbola.

SP=ePMand S'’P=e PM’

Difference between the focal distances of
point P

SP-SP=ePM-ePM

=e (PM-PM)

=e (MM

= e (distance between the directrices)
=e(2ale)

SP — S'P = 2a = constant

= length of major axis ie. transverse axis.

Difference between the focal distances of point
on the hyperbola is the length of transverse
axis which is a constant.

5) Acircle drawn with the transverse axis AA’ as
a diameter is called an auxiliary circle of the
hyperbola and its equation is x* +y? =a?.

e Parametric Equation of the Hyperbola

2 2

XY

2 2
a b

Taking the transverse axis AA' as diameter.
Draw a circle with centre at origin and radius

'a’ so that its equation is x>+y2 = a2, It is called the
2 2

auxiliary circle of the hyperbola x—z—Z—Z:l ()]
a
AY
S AP
a
X 0 M X
N A (a, 0) i




Let P(x,y) be any point on the hyperbola. Draw .. for any value of 6, the point (a sec6, b tan)
PM perpendicular to OX. Draw the tangent MQ  always lies on the hyperbola.
touching auxiliary circle at Q. Point Q is called the

i 4 n ’ Let us denote this point by P(6) = P (a seco,
corresponding point of P on the auxiliary circle.

b tan6) where 0 is called parameter also called the
Let m£XOQ = 6. Then by trigonometry  eccentric angle of point P.

co-ordinates of Q are (a cos 6, a sino). The equations X = a secb, y = b tan 6 are called

Further, parametric equations of the hyperbola.
X =OM = oM .0Q =sech. a=asec 7)  Other standard form of hyperbola.
2 x2 . .
The point P(x,y) = P(a sec 0, y) .. P lies on the Z—z abri 1 is called the conjugate hyperbola
hyperbola-(I) therefore. 2y
of the hyperbola — —=5 =1
a’sec’0 y’ _ a b
a’ b’
2 Y
- L =sec?0 — 1 = tan?0
b? 1S 0.50)
Yoy tano
b B(OJb) yzg
Since P lies in the first quadrant and angle < >
0 < 90°, y and tan6 both are positive. < >
X A O A X
- y=Dbtan6 < >
B'(0,|-b) __b
. P=P (aseco, b tand) T
Substituting these co-ordinates in the LHS of /Q
equation of hyperbola (I), we get Y"
\4
[x—2:3§,y+320] =sec’0—tan’0=1 Fig. 2.27
2 2 2 2
1 | Standard equation % - % =1 ;:—2 - % =l
Centre 0(0,0) 0(0,0)
3 | Axes of symmetry Both x axis and y axis Both x axis and y axis
A(a,0)A'(—a,0 A(a,0) A'(-a,0
4 | Vertices (8.0)A'a0) (8,0)A'-a0)
B(0,b) B'(0,—b) B(0,b) B’(0,-b)
5 ;’;?Snsverse B el (e X axis and Y axis Y axis and X axis
Length of transverse axis 2a 2b
Length of conjugate axis 2b 2a
167




8 | Foci S(ae, 0) S(- ae,0) S(0,be) S(0, — be)
Distance between foci 2 ae 2 be
10 | Equation of directrix w= and x=_2 y=+ b andy:—é
e @ e
11 | Distance between the directrics 2a 2_b
e
b’ 2
L= (ae,—j and L= (i , be) and
12 | end points of latus rectum da b
72 o —-a?
LE(W#QJ L= be)
a
2 2
13 | Length of latus rectum 208 2o
a b
14 | Parametric form X =asech and y = b tan6 X =atanf and y = b sech
15 | Equation of tangent at vertex X=a,Xx=—-a y=b,y=-D
2a 2b
16 | Sum of Focal distance of a point | (length of major axis ie. trans- | (length of minor axis ie.
P(x,y,) verse axis) conjugate axis)

Ex. 1) Find the length of transverse axis, length of

SOLVED EXAMPLE

Eccentricity b? = a? (e? - 1)

\/a 24 p? \/H \/__i_

2
conjugate axis, the eccentricity, the co-ordi- 60
nates of foci, equations of directrices and the (-e>0)
length of latus rectum of the hyperbola ae=2(2)=4
2 ) 2 2 .. foci (x ae, 0) are (£4,0)
O™ W 5T a_2_,
Solution : ¢ 2 a
_ _ Xy .. the equations of directrices x = + L are
(i) The equation of the hyperbolais —-—~=1. X = +1.
26 _2(12)
Xy Length of latus rectum = — 5 =12
Comparing this with equation Pl _b_2 =1 a
2 2
.. : .y

EARN |
We have a2 = 4, b? = 12 (i) The equf'mon 9f th.e hyperbola.ls 9 16
a=2.b=2.3 Comparing this with the equation

, 2 2
Length of transverse axis = 2a = 2(2) = 4 LY
b a

Length of conjugate axis = 2b = 2(2./3)

:4\/5

We have a? =16, b*=9




a=4,b=3

Length of transverse axis =2b =2(3) =6
Length of conjugate axis = 2a =2(4) =8
Eccentricity a? = b? (e? - 1)

Ja'+b _J16+9 25 5

b 3 3 3

(- e>0)
be:S(éj =5
3

.. focii (0, £ be) are (0,+5)
b 3 9

e 5/3 5

S e=

. : : b
.. the equations of directricesy = +— are
e

W | O

y=+

2a° 2(16) 32
Length of latus rectum = %:%:?

Ex. 2) Find the equation of the hyperbola with the
centre at the origin, transverse axis 12 and

one of the foci at (3./5 ,0)
Solution :
Let the equation of the required hyperbola be
2 2

X y_l

PRI (1)

Length of transverse axis = 2a = 12
.a=6 ..a’=36

Since focus (ae, 0) is (3+/5, 0)

- ae=3.5

oo ate?=45

saz+b?=45

.36 +b>=45

S b?2=9

Then from (1), the equation of the required
hyperbola is

Ex. 3) Find the equation of the hyperbola referred
to its principal axes whose distance between

directrices is % and eccentricity is g

Solution :
The equation of the hyperbola referred to its prin-
cipal axes be
X2 B y2 _1
2 DL e 1)
: . 5 :
Since eccentricity =e = 3 and distance between
) ) 2a 18
directrices= — = _—
e 5
La_?
e S
IR B
Lasge=gxy3,as
Lat=9
25
Now b?=a2 (e?-1)=9 ?—1
1
=9 x 16 =16
9

Then from (1), the equation of the required

2 2

. X y
h b I e
YPEernola IS 9 16

7.3.4 Tangent to a hyperbola:

Astraight line which intersects the curve hyperbola
in two coincident points is called a tangent of the
hyperbola

A
4




Tangent at a point on a hyperbola.

To find the equation of tangent to the hyperbola.

2 2
X

2
a b

to obtain the equation of tangent at P(0,).

=1 at the point P(x,, y,) on it. Hence,

We need to know the slope of the tangent at
P(x, y,). Fromthe theory of derivative of a function

the slope of the tangent is ? at (X, y,)
» ,

d
and here d_ic) Xy, ¥y~ M
2 yZ
The equation of hyperbola is PR =1
a

differentiate both sides with respect to X

2x_2y Q:O

We get — — ——
g a® b? dx
Cdy (_Ej(_ﬁj_ b® x
o » - a2 zy - azy
dy _ b*x

o dy _bx,
TV ) T a2y slope of the tangent at

P(Xl,yl)

1

~ Equation of the tangent to the hyperbola
b? x,
a’y,
%y, (y-y,) =0, (x-x,)

a%y, y-a%y,>=bx x-bx?

atP(x,y)is y-y= (X=x,)

2 2 = bh2x 2 2y 2
b, X + a%, y = b2+ a?%,

Dividing by a? b?

is the equation of the tangent at P(x,,y,) on it
Now, 0, is the parameter of point P

~ P(x,y,) = (asecO, , b tan0,) that is

X, = asecH, ,y, =btanb,

Substituting these values in equation (1),

xasecO, ybtan6, ~

we get 2 b?
X secO, ytand,
a b

: (sec 0, j (tan 0, j
1.e. xX— y=1
a b

is the required equation of the tangent at P(0,).

7.3.5 Condition for tangency

To find the condition that the line y = mx + ¢
2 2

x
is tangent to the hyperbola —z—b—z =1. Also to
a

find the point of contact.

Equation of the line isy =mX + ¢
thatis mx—-y+c=0 (1)
equation of the tangent at P(x,,y,) to the hyperbola

2 2

LD A S N &

is =1.
a® b’ a’ b*

thatis “Lx—2Ly—1=0...(2)
a b

If the line given by equation (1) is a tangent to the
hyperbola at (x,,y,).

Comparing similar terms in equation (1) and (2)

xx, yy_xEy2 S I
@ T g2 p a’ b’ -1
2 y2 we get = 1 = ?
Now P(x,,y,) lies on the hyperbola P 1 m
X Y
NES S (ij -1 (_béj -1
a b AL e and e
" _
xx
Bt I )
T




X -1 1
+— = — and y—; =- -
am C b C
a’m —b?
X == B and y, = T

am’ b’
=l
c c

2= a?m? = b2

c = + Ja’m*-b> is called the condition of

tangency.

e)

Thus the line y = m x + ¢ is tangent to th
hyperbola
x_y

o lifc==+ \/a?m? —p? and the point of

a’m —b*
contact is (— , ——j.
C ©

The equation of tangent in terms slope is
d=mxidfm%ﬁ%

7.3.6 Tangents from a point to the hyperbola

Two tangents can be drawn to a hyperbola from
any point outside the hyperbola in its plane.

Let P(x,,y,) be any pointin plane of the hyperbola.
The equation of tangent to the hyperbola is

y=mx= ,/azmz—bz .

If the tangent passes through (x,,y,).

Y, EmxE Jam b

ay —mx, =% Jatm’ = b7 .

Squaring on both sides and simplifying we get the
quadratic equation in m which is found to be,
(x2—a)m>=2x y, m+(y?+b>)=0

it has two roots say, m, and m, which are the
slopes of two tangents.

Thus, in general, two tangents can be drawn to a
hyperbola from a given point in its plane.

—(-2
Sum of the roots =m_ +m, = w
(x,"—a’)

(2x,,)

- (x12 _az)

(yl2 +b2)
Product of roots=m m, = _(xz _az)
1

7.3.7 Locus of point of intersection of perpen-
dicular tangents :

If the tangent drawn from P are mutually perpen-
dicular then we have m m, = -1

- (y12 + b2) == (Xlz - aZ)
LxPryR=at-b?

Which is the equation of standard circle with Cen-
tre at origin and radius \/,2 _p? (a > D). This is
called the director circle of the hyperbola.

7.3.8 Auxiliary Circle, Director Circle

The director circle of the given hyperbola is
the locus of a point, the tangents from which to
the hyperbola are at right angles.




hyperbola
9x’ - 16y°=144

Y

v

Fig. 7.29

A

auxiliary circle[x’ + y’= 25

hyperbola
9x’ - 16y’=]44

director circle

"Y
Fig. 7.30
x2 y2
For the standard hyperbola Pt 1, the

circle drawn with transverse axis as a diameter is
called the auxillary circle of the hyperbola and its
equation is x*> + y? = a2,

The locus of point of intersection of perpen-
2 2
dicular tangents to the hyperbola % - % =1is
called the director circle of the hyperbola and its
equationisx?+y?=a?-b%.(a>h).

auxillary circle x2 + y? = 25;

director circle x? + y? = 16 of the

hyperbola 9x? — 16y? = 144. (Refer fig 7.30)

7.3.9 Asymptote:

Consider the lines X=+2, they pass through
origin O. a b

Consider the point P moving along the line so that
distance OP goes on increasing, then the distance
between P and hyperbola goes on decreasing but
does not become zero. Here the distance between
the point P and hyperbola is tending to zero,
such a straight line is called an asymptote for the
hyperbola

- 0w & wr

SOLVED EXAMPLES

Ex.1 : Find the equation of the tangent to the
hyperbola 2x? — 3y? = 5 at a point in the third
quadrant whose abscissa is —2.

Solution : Let P(-2, y,) be the point on the
hyperbola

5o 2(-2)?=3y?=5

o 8-5=3y?

o 3=3y?

Lyr=l

Ly=41

But P lies in the third quadrant.

L P=(E2,-1)

The equation of the hyperbola is

2 2
A A Comparing this with the
5/2 5/3




x2 y2
equation — — =5 =1, we have
q JERNY
2 — é b2— é
=5 =y

The equation of tangent at
P(x,y)=P(=2.-1)is

oW
a b

SO 2XK = 3Yy, =9
oo2X(-2) - 3y(-1) =5
So=4X+3y=5

S Ax=3y+5=0

Ex. 2 : Show that the line 4x — 3y = 16 touches
the hyperbola 16x2 — 25y? = 400. Find the co-ordi-
nates of the point of contact.

Solution : The equation of the hyperbola is

2 2

X Y

25 16

[38)

)=

<=

Comparing it with the equation

we have a2 =25, b?2=16

The equation of the line is 3y = 4x — 16
4 16

L y=—x——
Y=3Y3

.. Comparing it with the equation

y=mx+c

4 -16
Wegetng, CZT
Now

a’m?-h%?=25 (%) - 16

@(ﬁjc
9 3

Thus the condition of tangency is satisfied.

.. the given line touches the hyperbola.

Let P(x,, y,) be the point of contact.

Y s
-a'm _ 3 _é

X E . _(_16j 4
3

.. the point of contact is P <%TS 3>

Ex. 3 : If the line 2x + y + k = 0 is tangent to the

Xy
hyperbola 5 "8~ 1 then find the value of k.

Solution : The equation of the hyperbola is
£y
6 "8 =1.

The equation of the lineis2x+y+k=0
Sy==-2x-k

Putting this value of y in the equation of hyperbo-
la, we get

2 (2x-kP

6 8

CoAx? - 3(4x% + dkx + K*) =24

o Ax7 — 12(4x7 - 12kx - 3K?) = 24

2o 8x7 + 12kx + (B3k2 +24) =0 ... (1)
Since given line touches the hyperbola
.. the quadratic equation (1) in x has equal roots.
... its discriminant = 0 i.e. b*—4ac=0
- (12k)2 = 4(8) (3k2 + 24) = 0

. 144K* - 32(3k* +24) =0

9K —203k2+24)=0

L9k -6k*-48=0

o3k =48

k=16

k=14




Another Method :

Herec=-k m=-2,a°=bb*=8
S =atm? - b

Sk =[(-2)*,6] =8

S kP=16

Lk=x4

Ex.4 : The line x—y + 3 = 0 touches the hyperbola
whose foci are (+,/41, 0). Find the equation of
the hyperbola.

Solution : Let the equation of the hyperbola be

oy

Gl pE e (@8]

Its foci (+ae, 0) are (+,/41, 0)

Soae= 41

Later=41

Lat+bi=41. (2) (a%?=a%+bh?)

The given lineisy =x+3

Comparing this with y = mx + ¢, we get
m=1c¢c=3

Since the given line touches the hyperbola
.. It satisfies the condition of tangency.

S aim?—b? = ¢?

soa3(1)?2—-b?=(3)?

By adding (2) and (3), we get
2a*=50 .. a*=25

from (2), we get

25+b’=41 . b*=16

From (1), the equation of the required hyper-
bola is

2 2

X Y

25 16

EXERCISE 7.3

1) Find the length of transverse axis, length of
conjugate axis, the eccentricity, the co-ordi-
nates of foci, equations of directrices and the
length of latus rectum of the hyperbola.

2)

3)

4)

5)

i)

)

16x2 - 9y? = 144
21x2 — 4y? = 84
3x2 — yz -

x=2sect, y=2/3 tan6

Find the equation of the hyperbola with cen-
tre at the origin, length of conjugate axis 10
and one of the foci (-7,0).

Find the eccentricity of the hyperbola, which
is conjugate to the hyperbola x? — 3y? = 3.

If e and e' are the eccentricities of a hyperbo-
la and its conjugate hyperbola respectively,

prove that elﬁ

12:1
(e"

Find the equation of the hyperbola referred to
its principal axes.

i)

whose distance between foci is 10 and

eccentricity % :

whose distance between foci is 10 and
length of conjugate axis 6.

whose distance between directrices is

8 and eccentricity is E_
3 2




iv)  whose length of conjugate axis = 12 Xy . b o i
and passing through (1, -2). v) 16 9 ! atthe pointin a first
v)  which passes through the points (6,9) quadratures whose ordinate is 3.
and (3,0). V) 9x? —16y? = 144 at the point L of latus
vi) whose vertices are (+7,0) and end rectum in the first quadrant.
points of conjugate axis are (0, £3). 7) Show that the line 3x — 4y + 10 = 0 is tangent
vii) whose foci are at (+2,0) and till the hyperbola x? — 4y? = 20. Also find the
eccentricity . . point of contact.
2
: 8) If the 3x — 4y = k touches the hyperbola
viii) whose length of transverse and conju- ) , , y yp
gate axis are 6 and 9 respectively. % _A 1 then find the value of K.
. . 5
iX) whose length of transverse axis is 8
and distance between foci is 10. 9) Find the equations of the tangents to the
2
6) Find the equation of the tangent to the hyperbola RA % = 1 making equal
hyperbola. intercepts
i) 3¢ -y?=4atthe point (2,2\2). on the co-ordinate axes.
i) 3x?-4y? =12 at the point (4,3).
XY . . 10) Find the equations of the tangents to the
i) 144 25 ;1 atthe pointwhose eccentric hyperbola 5x? — 4y? = 20 which are parallel to
angle is 3 the line 3x + 2y + 12 = 0.
Conic Eccen- | Equation of | Equation of tan- | Point of contact Condition for
section | tricity the curve gent at point of the target tangency
(x, f(x)) (x,,y,) onit
circle - X2 +y? = a? XX, +yy, = a’ - c? = a’m? + a?
parabola e=1 y? = dax yy, = 2a(x, -y, <r: 2a> a
— c=—_
Z'm m
ellipse O<e<l x_j N iz ., x—)iu)ll i <a2m .|._bz> c2 = a?m? + b?
a b a ’
c ¢
(a>b)
hyperbola | e>1 Xy xx, Yy, a2m —b c2 = a’m? — b?
Z Y| 2wl T
c ¢
Curve Equation of auxillary circle Equation of director circle

X2 +y? = a?(circle)

x2 X2+ 2=a2 X2+ 2=a2+b2
?+%=l(a>b) Y y
xZ X2+ 2:a2 X2+ 2:a2_b2
?—%zl(c»b) J v




W Let's Remember

A conic section or a conic can be defined as
the locus of the point P in a plane such that
the ratio of the distance of P, from a fixed
point to its distance from a fixed line is con-
stant.

The constant ratio is called the eccentricity of
the conic section, denoted by 'e".

If e = 1 the conic section is called parabola if
0 <e < 1the conic section is called ellipse. if
e > 1 the conic section is called hyperbola.

eccentricity of rectangular hyperbola is N2
standard equations of curve.
parabola y? = 4ax , x? = 4by

X x?
elllpse?+%:1, (a>b)?+§:l (b>a)
X
hyperbola?—%:1a>b,
yox

?—?-1b>a

focal distance of a point P on the parabola
y? = 4ax is a abscissa of point P.

sum of focal distances of point on the ellipse
is the length of major axis.

Difference between the focal distances
of point on the hyperbola is the length of
transverse axis.

MISCELLANEOUS EXERCISE - 7

)

1)

Select the correct option from the given
alternatives.

The liney =mx + 1 is tangent to the parabola
y2 = Axifmis .............

A) 1 B) 2 D) 4

2)

3)

4)

5)

6)

7)

8)

The length of latus rectum of the parabola
X2—4x -8y +12=0is.........

A) 4 B) 6 C)8 D) 10

If the focus of the parabola is (0,-3) its
directrix is y = 3 then its equation is

A) x2= =12y B) x2 = 12y
C)y?= 12x D) y2= —12x

The coordinates of a point on the parabola
y? = 8x whose focal distance is 4 are ........

A) (172, +2) B) (1, £2V2)

C) (2, +4) D) none of these

The end points of latus rectum of the
parabola y’= 24xare............

A) (6, +12) B) (12, +6)

C) (6, £6) D) none of these

Equation of the parabola with vertex at the
origin and diretrixx + 8 =01iS...............
A) y? = 8x B) y? = 32x

C) y? = 16x D) x2 = 32y

The area of the triangle formed by the
line joining the vertex of the parabola
x2 = 12y to the end points of its latus rectum

A) 22 sg.units
C) 18 sq.units

B) 20 sq.units
D) 14 sqg.units

If P[%) is any point on he ellipse

Ox? + 25y? = 225. S and S* are its foci then
SP.S'P =
A) 13 B) 14

C)17 D) 19

The equation of the parabola having (2, 4)
and (2, —4) as end points of its latus rectum

A) y? = 4x
C) y? =-16x

B) y? = 8x
D) x? = 8y




10)

11)

12)

13)

14)

15)

16)

17)

If the parabola y?> = 4ax passes through
( 3, 2) then the length of its latus rectum

D) 4

The eccentricity of rectangular hyperbola is
A) Y B)1/(2%)
C) 2% D)1/(3%)

The equation of the ellipse having foci
(+ 4, 0) and eccentricity %is,

A) 9x2 + 16y% = 144

B) 144x? + 9y? = 1296

C) 128x? + 144y? = 18432

D) 144x% + 128y? = 18432

The equation of the ellipse having

eccentricity ﬁ and passing through
(-8,3)is
A)dxc+y?=4 B) x* + 4y? = 100

C)ax2+y2=100 C)x2+4y?=4

If the line 4x — 3y + k = 0 touches the ellipse
5x2 + 9y2 = 45 then the value of k is

A)+ 21 B)*+3,21C)+3 D)+3 (21)
The equation of the ellipse is 16 x* + 25 y? =

400. The equations of the tangents making
an angle of 180° with the major axis are

A)x=4 B)y=+4C) x=—4 D)x=45
The equation of the tangent to the ellipse
4x? + 9y? = 36 which is perpendicular to the
3x+4y=171s,
A)y=4x+6

C) 3y = 4x + 6+/5

B)3y+4x=6
C)3y=x+25

Eccentricity of the hyperbola 16x? — 3y? —
32x— 12y —44=01is

A)\/E B)\/E ) Y19 py V17
3 3 3 3

18)

19)

20)

Centre of the ellipse 9x? + 5y? — 36x — 50y
—164 =0isat

A) (2,5) B)(1,-2) C)(-2,1) D) (0, 0)
If the line 2x — y = 4 touches the hyperbola
4x? — 3y? = 24, the point of contact is
A)(1,2) B)(2,3) C)(3,2) D)(-2,-3)

The foci of hyperbola 4x? — 9y? — 36 = 0 are
A) (413, 0) B) (+411,0)
C) (V12 0) S) (0, +J12)

(II) Answer the following.

1)

2)

3)

4)

5)

6)

7)

8)

9)

10)

For each of the following parabolas, find
focus, equation of the directrix, length of the
latus rectum, and ends of the latus rectum.
(i) 2y? = 17x  (ii) bx? = 24y.

Find the Cartesian co-ordinates of the points
on the parabola y? = 12x whose parameters
are (i) 2, (ii) =3.

Find the co-ordinates of a point of the
parabola y? = 8x having focal distance 10.

Find the equation of the tangent to the
parabola y? = 9x at the point (4, —6) on it.

Find the equation of the tangent to the
parabolay?=8xatt=1onit.

Find the equations of the tangents to the
parabola y? = 9x through the point (4,10).

Show that the two tangents drawn to the
parabola y? = 24x from the point (-6,9) are
at the right angle.

Find the equation of the tangent to the
parabola y? = 8x which is parallel to the line
2x + 2y + 5= 0. Find its point of contact.

A line touches the circle x*> + y?> = 2 and the
parabola y? = 8x. Show that its equation is
y =+ (x+2).

Two tangents to the parabola y?> = 8x
meet the tangent at the vertex in P and Q.
If PQ = 4, prove that the locus of the point
of intersection of the two tangents is
y2=8(x + 2).




11) The slopes of the tangents drawn
from P to the parabola y> = 4ax are
m, and m,, show that (i) m, — m, = k
(i) (m,/m,) = k, where K is a constant.

12) The tangent at point P on the parabola
y? = 4ax meets the y — axis in Q. If S is the
focus, show that SP subtends a right angle

at Q.

13) Find the (i) lengths of the principal axes
(ii) co-ordinates of the foci (iii) equations
of directrices (iv) length of the latus rectum
(v) Distance between foci (vi) distance
between  directrices of the curve
(@) x425 + y?2/9 = 1 (b) 16x? + 25y = 400
(c) x3/144 —y?25 =1 (d) X2 —y? =16

14) Find the equation of the ellipse in standard
form if (i) eccentricity = 3/8 and distance
between its foci=6. (ii) the length of major
axis 10 and the distance between foci is 8.
(iii) passing through the points (-3, 1) and
(2,-2).

15) Find the eccentricity of an ellipse if the
distance between its directrices is three times
the distance between its foci.

16) For the hyperbola x?/100-y%25 = 1, prove
that SA. S'A =25, where S and S' are the foci
and A is the vertex.

17) Find the equation of the tangent to the ellipse
X?/5-y?/4 = 1 passing through the point
(2,-2).

18) Find the equation of the tangent to the ellipse
X%+ 4y? = 100 at (8,3).

19) Show that the line 8y + x = 17 touches the
ellipse x2 + 4y? = 17. Find the point of contact.

20) Tangents are drawn through a point P to the
ellipse 4x* + 5y> = 20 having inclinations 6,
and 0, such that tan 6, + tan 6, = 2. Find the
equation of the locus of P.

21) Show that the product of the lengths of its
perpendicular segments drawn from the foci
to any tangent line to the ellipse x%/25 + y?/16
= 1lisequal to 16.

22) Find the equation of the hyperbola in the
standard form if (i) Length of conjugate
axis is 5 and distance between foci is 13.
(i) eccentricity is 3/2 and distance between
foci is 12. (iii) length of the conjugate axis is
3 and distance between the foci is 5.

23) Find the equation of the tangent to
the hyperbola, (i) 7x? — 3y? = 51 at (-3, -2)
(if) x =3 secO, y =5 tand at 6 = «/3 (iii) x4/25
—y?/16 = 1 at P(30°).

24) Show that the line 2x — y = 4 touches the hy-
perbola 4x? — 3y? = 24. Find the point of con-
tact.

25) Find the equations of the tangents to the hy-
perbola 3x? — y? = 48 which are perpendicular
to the linex+2y—-7=0

2 2
26) Two tangents to the hyperbola ?_ly)_z =1
make angles 0, 0,, with the transverse axis.
Find the locus of their point of intersection if
tano, + tano, = k.




Measures of Dispersion

~—y Let's Study

e Meaning and Definition of Dispersion
e Range of data.
e  Variance and Standard Deviation

e Coefficient of Variation

Iﬁ Let's Recall

e Concept of Constant and Variable

e Concept of an Average

e Computation of Mean for Ungrouped and
Grouped Data

“An average does not tell the full story.
It is hardly fully representative of a mass unless
we know the manner in which the individual items
scatter around it. A further description of the se-
ries is necessary if we are to gauge how represen-
tative the average is.”

- George Simpson and Fritz Kafka

Let’s Observe

In the earlier classes we have learnt about
the measures of central tendency mean, median
and mode. Such an average tells us only about
the central part of the data. But it does not give
any information about the spread of the data. For
example, consider the runs scored by 3 batsmen
in a series of 5 One Day International matches.

Batsman Runs scored Total | Mean
X 90, 17,104,33,6 | 250 50
Y 40, 60, 55, 50,45 | 250 50
Z 112, 8, 96, 29, 5 250 50

All the above series have the same size
(n=5) and the same mean (50), but they are
different in composition. Thus, to decide who
is more dependable, the measure of mean is not
sufficient. The spread of data or variation is a
factor which needs our attention. To understand
more about this we need some other measure.
One such measure is Dispersion.

In the above example, observations from
series X and series Z are more scattered as
compared to those in series Y. So Y is more
consistent. The extent of scatter in observations
which deviate from mean is called dispersion.

Activity :

Given two different series-
A:05,1,15,3,4,8
B:2,2.2,2.6,34,3.8,

Find arithmetic means of the two series.

Plot the two series on the number line.

Observe the scatter of the data in each series
and decide which series is more scattered.

=

(3 c)

Let's Learn

According to Spiegel:

“The degree to which numerical data tend
to spread about an average value is called the
variation or dispersion of the data.”

8.1 Measures of Dispersion :

Following measures
commonly used —

of dispersion are the

(i) Range
(i) Variance
(111) Standard deviation




8.1.1 Range :

Range is the simplest measure of dispersion.
It is defined as the difference between the largest
value and the smallest value in the data.

Thus, Range = Largest Value — Smallest Value
=L-S

Where, L = Largest Value and S = Smallest
Value.
Uses of Range:
1) Itis used in stock market.

2) Itisused in calculations of mean temperature
of a certain place.

SOLVED EXAMPLES

Ex.1) Following data gives weights of 10
students (in kgs) in a certain school. Find
the range of  the data.

70, 62, 38, 55, 43, 73, 36, 58, 65, 47
Solution : Smallest Value =S = 36
Largest Value =L =73
Range=L-S=73-36 =37

Ex.2. Calculate range for the following data.

(S(?(l)?ry 30-1 50-( 70-| 90-| 110-| 130-
> 50| 70 [ 90 | 110 | 130 | 150
Rs.)
No. of

Employ-| 7 | 15 [ 30| 24| 18 | 11
€esS

Solution :
L = Upper limit of highest class = 150
S = Lower limit of lowest class = 30

. Range=L-S=150-30=120

EXERCISE 8.1

1. Find range of the following data:
19,27, 15, 21, 33, 45,7, 12, 20, 26

2. Find range of the following data:

575, 609, 335, 280, 729, 544, 852, 427, 967,
250

3. The following data gives number of typing
mistakes done by Radha during a week. Find
the range of the data.

Da Mon- | Tues- | Wedn- | Thurs- | Fri- | Satur-
Y day day esday day | day | day
No. of
mis- 15 20 21 12 17 10
takes

4  Following results were obtained by rolling a
die 25 times. Find the range of the data.

Score 112 (3 |14[5]6
Frequency 416 | 2733

5. Find range for the following data.

62-64 | 64-66 | 66-68 | 68-70 | 70-72
Frequency 5 3 4 5 3

}é Let's Learn

8.2 VARIANCE and STANDARD DEVIATION:

Classes

The main drawback of the range is that it is
based on only two values, and does not consider
all the observations. The variance and standard
deviation overcome this drawback as they are based
on the deviations taken from the mean.

8.2.1 Variance:

The variance of a variable X is defined as the
arithmetic mean of the squares of all deviations of
X taken from its arithmetic mean.

It is denoted by Var(X) or o2 .
1 n
Var (X) = 6% = Hz (X.— X)?
i=1
Note :

We have, Lo
Var(X) = =2 (%= X
i=1




1 n
= =D (- 2% X + X?)
N3

13 13 13
ZH;XiZ_ZX.H;Xi-I-izH;l

13 o 1
=—ZX-2—2x.x +X?x 7N
nig

l n
- —ZX.Z—Z)_(2+ %2
n= '

1 n
= _Z Xiz_ X?
N

1 n
Therefore, Var (X) = o2 = HZ (X — X )?
i=1

l n
= _inz_ X
[ ey

8.2.2 Standard Deviation :

Standard Deviation is defined as the positive

square root of the variance.

(i)

(i)

It is denoted by o (sigma) and ¢ = +/Var(X)

Variance and Standard Deviation for raw
data :

Let the variable X takes the values x,, X,, X,
... X_. Let X be the arithmetic mean.

Then,
Var (X) =o¢?

n
2
Z X
i=1

n

1 n
Where, X = ;;xi S.D.=06= /Var(X)

—-x?

Variance and Standard Deviation for
ungrouped frequency distribution :

Let X, X,,..., X_be the values of variable X
with corresponding frequencies f, fz, e

f respectively, then the variance of X is
defined as

Var (X) =c? = %Zn: f(x—X)?

Where, X = ;fixi , and Y f =N = Total
N
frequency S. D. =6 = [Var(X)

(ili) Variance and Standard Deviation for

grouped frequency distribution :

Let X, X,,..., X be the mid points of the
intervals. and f, f,, ..., T are corresponding
class frequencies, then the variance is
defined as :

Var (X) = 6% = %Zn: f(x— %)

— =l
- N

_)_(Za

Where,

n

Z fx

— =l

X

S.D.=o= ,/Var(X)

,and Zfi =N =Total frequency
i=1

8.2.3 Change of origin and scale:

1.

The variance and consequently the standard
deviation are independent of change of
origin.

That is if d = x — A where A the class mark of
middle class interval if the number of classes
is odd. If the number of classes is even, then
there will be two middle class intervals and
A is the class mark of the one having greater
frequency.

then Gj = Gf and 6,= G,

It means that if ¢ _is standard deviation of the
values Xps Xy Xgy oo X . The standard deviation
o, OF X, — A, X,~A, X, - A, ..., X —Alsalso

same as that of o,




2. The variance and consequently the standard ~ Ex.2) Given below are the marks out of 25
deviation are not independent of change of  of 5 students in mathematics test. Calculate
scale. the variance and standard deviation of these

observations.

Marks : 10, 13, 17, 20, 23

interval if given. If the class intervals are not Solution : We use alternate method to solve this
given, then h is the difference (or distance)  problem.

between the two consecutive value of X..

Letu= % where h is width of the class

Calculation of variance :

and 2 # 0, thenc =ho, X X2
and ze = h?— o 2 10 100
. . 13 169
It means that if 6, is standard deviation of the T 289
values X, X,, ... X . Then standard deviation
20 400
o, of xl_A’ xz_A’ X3 _A,...., x, —4 is 23 529
h h h h 83 1487
1 times of
h o, p
2%
_ Y — _i=1 _ - _
SOLVED EXAMPLES Here,n=5 —and % =-7"==""=166
Ex.1) Compute variance and standard deviation Zn:xf
of the following data observations. Therefore, Var (X) =c%= =L — (% )?
9,12, 15,18, 21, 24,27 "
) 1487
Solution : = 5 " (16.6)?
X; X, = X (x = X)? = 297.4 -275.56
J 9 8l = 21.84
12 -6 36
15 -3 9 SD. =o= Var(X) = /21.84
18 0 0
24 6 36 Ex.3) A die is rolled 30 times and the following
27 9 81 distribution is obtained. Find the variance and
126 252 S.D.
SX 126 Score (X) 112 |3 4 |5 6
Here,n=7, X = = — =18 Frequency (f) | 2 | 6 2 5110 5
Solution :
1 252
Var (X) =6?= =Y (x— X)’= — =36
()= 0'= 2= xr== X f fx £
1 2 2 2
SD. =oc=Var(X) = \/3_ =6 5 6 12 24
182




3 2 6 18
4 5 20 80
5 10 50 250
6 5 30 180
Total 30 120 554
- > X120
We get, X = =— =4
e ge N 30
> fx?
Now, o} = N~ X
554

Therefore, o,

Ex. 4) Compute variance and standard deviation

for the following data:

N2.47 =1.57

— —42=1847-16=247
30

=3.72-0.0016

= 3.7184
Therefore, o, = J3.1784 =1.92
o, = ho,
= 5(1.92)
5.0y =9.6

Ex.5. Compute variance and standard deviation
for the following data.

C.I.|45-| 55- | 65-| 75-| 85- | 95- | 105-| 115-
55165 |75 |8 | 95 [ 105 115 | 125
f 7 120 |27 | 23 | 13 6 3 1
Solution :
X =90
Letu= .

Calculation of variance of u :

. Mid
x |15 20| 25 |30 |35/ 40/ 45 Ct'aSS-'In- e |2 o | oon || A
f 131215 18|17 |10]15 eVals 1 (x)
_ 45-55 50 7 | 4| 28 | 112
Solution: 55-65 60 20 | -3 | —60 | 180
Lety= X=30 6575 | 70 | 27 | 2 | 54 | 108
75-85 80 23 -1 -23 23
x ' . " " 85-95 90 13 | 0 0 0
o T o] (e el |
2 —Z L2 —24 48 112-122 120 1 3 9
25 -1 15 -15 15 .
Total 100 —150 | 450
30 0 18 0 0 ot
35 1 17 17 17 _ Yfu  -150
40 2 10 20 40 Now, U ==K "= 750 =~ 17
45 3 15 45 135
Y fu?
Total 100 4 372 Var(u) = o? =&t =2
W g o= = —i—oo4 V. _ 40 1.52=45-225
e get, U = =N =700 * ar(u)—100 —(-1.5)=4.5-2.
N L, S f.u2 , =2.725
oW, % T "N ~ Thus, Var(u) = 2.25
_372 G ox = Var(X)= h2.Var(u) = 10% x2.25 = 225
100
» S.D.=0, = JVar(X) = 255 =15
(183)

K22



Ex.6) Find the standard deviation of the following
frequency distribution which gives distribution of

heights of 500 plants in centimeters.

Height of 20- | 25- | 30- | 35- | 40- | 45-
plants 25 | 30 | 35 | 40 | 45 50
(in cm)
No. of 145 [ 125 | 90 | 40 | 45 55
plants
Solution : Let u= X =325

5

Calculation of variance of u :

Class |Midvalue| f u | fu | fu?
(x)
20-25 22.5 145 | -2 |-290| 580
25-30 27.5 125 | =1 [-125| 125
30-35 32.5 0 | 0 0 0
35-40 37.5 40 1 40 40
40-45 42.5 45 2 90 180
45-50 47.5 55 |3 165 495
Total -120 | 1420
_ ¥fu, -120 _

Now, U = N W =-0.24

Var(u) = o :%— u’

- 1420 (~0.24)?

500

=2.84-0.0576 = 2.7824
Thus, Var(u) =2.7824

. Var(X)= h2.Var(u) = 52 x2.7824 = 69.56 cm?

~S.D.=0, = Var(X) =469.56 = 8.34cm

EXERCISE 8.2

Q. Find variance and S.D. for the following set
of numbers.

1. 7,11,2,4,9,6,3,7,11,2,5,8,3,6,8,8,2,6
2. 65,717,381, 98,100, 80, 129

3. Compute variance and standard deviation
for the following data:

X246 |8[10[12 |14 161820
F(8|10(10| 7|6 |4 |34 |26

4. Compute the variance and S.D.

X 31 132| 33 (34 (35| 36 | 37
Frequency | 15|12 10 | 8 | 9 | 10 | 6

5. Following data gives age of 100 students in
a college. Calculate variance and S.D.

Age (Inyears) |16 |17 | 18 | 19 | 20 | 21
No. of Students | 20 [ 7 | 11 | 17 | 30 | 15

6. Find mean, variance and S.D. of the
following data.

Class- | 10- | 20- | 30- | 40- | 50- | 60- | 70- | 80- | 90-
es 20 | 30 [ 40 | 50 [ 60 | 70 | 80 | 90 | 100

Freq. 71146 |13] 9 |15|11]10]| 15

7.  Find the variance and S.D. of the following
frequency distribution which gives the
distribution of 200 plants according to their

height.
Height 14- | 19- | 24- | 29- | 34- | 39- | 44-
(in cm) 18 23 28 | 33 | 38 | 43 48

No. of 5 18 | 44 | 70 | 36 | 22 5
plants

8. The mean of 5 observations is 4.8 and the
variance s 6.56. Ifthree of the five observations
are 1, 3 and 8, find the other two observations.

Let's :Learn

8.3 Standard Deviation for Combined data :

If 6,, 0, are standard deviations and X 1, Xpare
the arithmetic means of two data sets of sizes n,
and n, respectively ,then the mean for the combined

datais:

_ nXx +nx
xczll 2°V2

n +n,

And the Standard Deviation for the combined
series 1S :




2 2 2 2
o = n(o; +d)+n,(o; +d;)
¢ n +n,

Where, d,= X;— X.and d,= X, — Xe

SOLVED EXAMPLES

Ex.1) The means of two samples of sizes 10 and
20 are 24 and 45 respectively and the standard
deviations are 6 and 11. Obtain the standard
deviation of the sample of size 30 obtained by
combining the two samples.

Solution :
Let n, =10, n, = 20, X, = 24, X, = 45,
0,=6,0,=11
Combined mean is :
$ N MY, 10x24+20x45
C om+n, 10420

_ 1140
~ 30
Combined standard deviation is given by,

. ZJnl<af+d5>+nz<a§+d§)

n -|-I’l2

38

=X2—X

C

~d=X - X,=24-38=-14and
d=%,-Xx,6 =45-38=-7

. - \/10(62 +(=14)%)+20(1 1% +7%)
‘ 10+20

_ \/2320+3400: \/5720
30 30

= J190.67 =134

Ex.2) The first group has 100 items with mean
45 and variance 49. If the combined group has
250 items with mean 51 and variance 130, find
the mean and standard deviation of second group.

Solution :
Given, n,=100, X,=45, o/=49
For combined group,

2

Gc =130,

n =250, x. = 5I,

To find : %, and o,

n=n1+n2=> 250=100+n2 = n2=150
_ nXx +nXx
We have, X, =————**%
n +n,
51— 100x 45+ n,x,
© 100+150

12750 = 4500 + 150 x,
Therefore, X, =55
Combined standard deviation is given by,

ol = (o] +d})+ny(o; +d;)

c

n, +n,

Where, d= x,— X ,=45-51=-6
andd=Xx, — X, =55-51=4

100(49 +36) +150(c> +16)
100+150

32500 = 1500 + 10900

130 =

o, = 144
Therefore, 0, = {144 =12
= S.D. of second group = 12

’ﬁ Let's :Learn

8.3.1 Coefficient of Variation :

Standard deviation depends upon the unit
of measurement. Therefore it cannot be used to
compare two or more series expressed in different
units. For this purpose coefficient of variation
(C.V.) is used and is defined as,

C.V. =100 x <
X




Coefficient of Variation is used to compare
the variability of two distributions. A distribution
with smaller C.V. is said to be more homogenous
or compact and the series with larger C.V. is said
to be more heterogeneous. The distribution with
smaller C.V. is said to be more consistent.

SOLVED EXAMPLES

Ex.1) The arithmetic mean of runs scored by
3 batsmen Varad, Viraj and Akhilesh in the
same series are 50, 52 and 21 respectively. The
standard deviation of their runs are 11, 16 and 5
respectively. Who is the most consistent of the
three? If one of the three is to be selected, who
will be selected?

Solution :

Let X, X,,
and standard deviations of the three batsmen Varad,
Viraj and Akhilesh respectively.

X, and 6,, 6,, 6, be the means

Therefore, X, = 50,
c,=11,06,=16,0,=5

X, =52, X, =21 and

o}
Now, C. V. of runs scored by Varad = 100 x —

X1
100 = 22
= X — =
50
C. V. of runs scored by Viraj = 100 x 2
X2

100 16 30.76
= X —_— =
52 ‘

(02
C. V. of runs scored by Akhilesh = 100 x Y_S
5 3
=100 x — =23.81
21

(i) Since the C. V. of the runs is smaller for Varad,
he is the most consistent player.

(i1) To take decision regarding the selection, let us
consider both the C.V.s and means.

(a) Based on consistency :

Since C.V. of Varad is smallest, he is more
consistent and hence is to be selected.

(b) Based on expected score :

If the player with highest expected score
(mean) is to be selected, then Viraj will be
selected.

Ex.2. The following values are calculated in
respect of prices of shares of companies X and Y.
State the share of which company is more stable
in value.

Share of Y | Share of Y
Mean 50 105
Variance 7 4
Solution :
Here, 6. =7, 0, =4, X =50, ¥ =105

Therefore 0, = \[7=2.64, O, =J4 =2

(2
C.VA(X) =100 x —* =100 x =5.8

o, 2
C.V.(Y) =100 x —~ =100 x — =1.90
y 105

Since C.V.(Y) < C.V.(X),

The shares of company Y are more stable in
value.

Activity : Construct the table showing the
frequencies of words with different number
of letters occurring in the following passage,
omitting punctuation marks. Take the number of
letters in each word as one variable and obtain
the mean, S.D. and the coefficient of variation of
its distribution.

“Take up one idea. Make that one idea your
life — think of it, dream of it, live on that idea.
Let the brain, muscles, nerves, every part of your
body, be full of that idea, and just leave every
other idea alone. This is way to success.”




EXERCISE 8.3

1. The means of two samples of sizes 60 and
120 respectively are 35.4 and 30.9 and the
standard deviations 4 and 5. Obtain the
standard deviation of the sample of size 180
obtained by combining the two sample.

2. For a certain data, following information is

available.
X Y
Mean 13 17
S. D. 3 2
Size 20 30

Obtain the combined standard deviation.

3. Calculate coefficient of variation of marks
secured by a student in the exam, where the
marks are: 85, 91, 96, 88, 98, 82

4. Find the coefficient of variation of a sample
which has mean equal to 25 and standard

(i1)) Which worker seems to be faster in
completing the job?

A company has two departments with 42 and

60 employees respectively. Their average

weekly wages are Rs. 750 and Rs. 400. The
standard deviations are 8 and 10 respectively.

(i) Which department has a larger bill?

(i1)) Which department has larger variability
in wages?

The following table gives weights of
the students of two classes. Calculate
the coefficient of variation of the two
distributions. Which series is more variable?

Weight (in kg) Class A Class B
30-40 22 13
40-50 16 10
50-60 12 17

Compute coefficient of variation for team A
and team B.

deviation of 5.

A group of 65 students of class XI have their
average height is 150.4 cm with coefficient
of variance 2.5%. What is the standard
deviation of their height?

Two workers on the same job show the
following results:
Worker P Worker Q

Mean time for

No. of goals 0 3 4
No. of matches played by | 19 16 | 14
team A
No. of matches played by | 16 | 14 | 10 | 14 | 16
team B

Which team is more consistent?

10. Given below is the information about marks
obtained in Mathematics and Statistics by
100 students in a class. Which subject shows

completing the job 33 21 the highest variability in marks?
(hours) o Mathematics Statistics
Standard Deviation 9 7 Mean 20 25
(hours)
) ) ] ) S.D. 2 3
(1) Regarding the time required to complete
the job, which worker is more consistent?
Range :
Activity 1 :
The daily sale of wheat in a certain shop is given below.
Day Monday Tuesday Wednesday | Thursday Friday Saturday
Sale in Kg 135 39 142.5 78 120.5 93
Then L = Range L-S =




Activity 2 :
Neeraj Chopra is an Indian track and field athlete, who competes in the Javelin throw.

The following datareveals his record of throws in Asian Championships (A.C.) and World Championships
(W.C)

i . 2015 2016 2017 2018 2013 2016 2017
Championship
(A.C) (A.C) (A.C) (A.C) (W.C) (W.C) (W.C)
Throw
(Meters) 70.50 77.60 85.23 88.06 66.75 86.48 82.26
Then L = S = Range L-S =

Variance and Standard Deviation :
Activity 1 :
The marks scored in a test by seven randomly selected students are

3 4 6 2 8 8 5

Find the Variance and Standard Deviation of these seven students.

Solution :

Mean Y:3+4+ +7+ + +5 22

The deviation from mean for each observation is ( X — X)

3 30 8 36 5-—=
7 B 7
L 20

7 7
The deviations squared are ( X — X)?
25 400
49 49
j— v 2 -
Variance = Z:()C—)C) Standard Deviation = \/Varlance = \/ =
n
188




Activity 2 :

The number of centuries scored in a year by seven randomly selected batsmen are

3

5 6 3 7 6 4

Find the Variance and Standard Deviation of these seven batsmen.

Solution :
X 5 6 3 7 6 4 Result
G 9
2.X 3 + + + =
> X 81 + + 49 =
2 2 2| = )=
Variance = o2 DRSNS - 49
- nm \Tn, =7 7 _
Standard :
Deviation c |= \/Varlance = \/ -
_ = Variance and Standard Deviation for
Y i e e frequency distribution :
1 n
X 2 = — f - Y 2
= Range = Largest Value — Smallest Var (X) o n .Z:;‘ = %)
Value =L -S ., )
- ZiZI f;xl =2
= Variance and Standard Deviation for =T Ny X
raw data :
Wh g = =
Let the variable X takes the values x,, x,, e, X TN
Xgp oon X,
and » f =N = Total frequency
Let, X be the arithmetic mean. Then,
S.D. = WVar(X
Var (X) = o? ) X)
| @ > x? = Change of origin and scale method :
== (=X =H— X
. ' X-4
7 " Letu= T "
Wh e 2 Jus
e, X = Then Var (u) = ¢? = = N u’
And S.D.=0c=
o= JVar(X) And Var (X) = h2. Var (u)
189




ie. sz =h?c2 5) [If the S.D. of first n natural numbers is \/7,
. then the value of n must be
S.D.is o, —hau A) 5 B) 4
= Standard Deviation for Combined ) 7 D) 6
data :
— — 6) The positive square root of the mean of the
o = |™ (o) +d))+n (o, +d,) squares of the deviations of observations
‘ n +n, from their mean is called:
Where, d,= X, — X, and d,= X, X, A) Variance B) Range
C) S.D. D) C.V.
= (Coefficient of Variation :
o 7) The variance of 19, 21, 23, 25 and 27 is 8.
C.V. =100 x 3 The variance of 14, 16, 18, 20 & 22 is:
A) Greater than 8 B) 8
MISCELLANEOUS EXERCISE - 8 C) Less than 8 D) 8-5=3
8) For any two numbers SD is always
(1) Select the correct option from the given A) Twice the range B) Half of the range
alternatives : C) Square of the range D) None of these
1) If there are 10 values each equal to 10, then ) ) )
S.D. of these values is : 9) Given the heights (in cm) of two groups of
students:
A) 100 B) 20 G A:131 150 147 138
) 0 D) 10 roup A : cm, cm, cm, cm,
144 cm
2) Number of patients who visited cardiologists Group B : 139 cm, 148 cm, 132 cm, 151 cm,
are 13, 17, 11, 15 in four days then standard 140 cm
deviation (approximately) is Which of the following is / are the true?
A) S patients B) 4 patients I) The ranges of the heights of the two
C) 10 patients D) 15 patients groups of students are the same.
IT) The means of the heights of the two
3) If the observations of a variable X are, —4, groups of students are the same.
=20, —39, —44 and —36, then the value of the A) Tonly B) Ilonly C) BothIandIl
range will be: D) None
A) -48 B) 40
C) 40 D) 48 10) Standard deviation of data is 12 and mean is
72 then coefficient of variation is
4) The standard deviation of a distribution A)  13.67% B) 16.67%
d1V1ded.by 'the mean of the distribution and C) 14.67% D) 15.67%
expressing in percentage is called:
A) Coefficient of Standard deviation (1) Answer the following :
B)  Coefficient of skewness 1. 76,57, 80,103, 61, 63, 89, 96, 105, 72
C) Coefficient of quartile deviation Find the range for the following data.
D) Coeficient of variation 2. 116, 124, 164, 150, 149, 114, 195, 128, 138,
203, 144
100




3.

Given below the frequency distribution
of weekly wages of 400 workers. Find the
range.

Weekly wages | 10 | 15 [ 20 | 25 | 30 | 35 | 40
(in ’00 Rs.)

No. of workers | 45 | 63

102 [ 55 | 74 | 36 | 25

4. Find the range of the following data
Classes | 115- | 125- | 135- | 145- | 155- | 165-
125 | 135 | 145 155 | 165 | 175
Fre- 1 4 6 1 3 5
quency
Find variance and S.D. for the following set of
numbers.
5. 25,21,23,29,27,22,28,23,21, 25
6. 125,130, 150, 165, 190, 195, 210, 230, 245,

260

7. Following data gives no. of goals scored by a

team in 100 matches. Compute the standard
deviation.

No. of Goals 0| 1 2 3 4 5
Scored

No. of matches [ 5| 20 | 25 15 | 20 5

8. Compute the variance and S.D. for the
following data:

X | 62|30 | 64 |47|63|46|35]|28 | 60

F |5 8 31415 718 |3 7

9. Calculate S.D. from following data.

Age 20- | 30- | 40- | 50- | 60- | 70- | 80-

(In yrs) 29| 39 |49 | 59|69 | 79 | &9

Freq. 65 | 100 | 55 | 87 | 42| 38 | 13

10. Given below is the frequency distribution of
marks obtained by 100 students. Compute
arithmetic mean and S.D.

Marks 40- | 50- | 60- | 70- | 80- | 90-

49 [ 59 | 69 | 79 | 89 | 99

No. of students 4 12 | 25 | 28 | 26 | 5

11.

The arithmetic mean and standard deviation
of a series of 20 items were calculated by a
student as 20 cms and 5 cms respectively.
But while calculating them, an item 13 was

12.

13.

14.

15.

16.

17.

18.

misread as 30. Find the corrected mean and
standard deviation.

The mean and S.D. of a group of 50
observation are 40 and 5 respectively. If two
more observations 60 and 72 are added to the
set, find the mean and S.D. of 52 items.

The mean height of 200 students is 65 inches.
The mean heights of boys and girls are
70 inches and 62 inches respectively and the
standard deviations are 8 and 10 respectively.
Find the number of boys and the combined
S.D.

From the following data available for 5 pairs
of observations of two variables x and y, obtain
the combined S.D. for all 10 observations.

Where, Zn: X. =30, Zn: y, =40, Zn: X2 =220,
i=1 i=1 i=1
3y2 =340
i=1

Calculate coefficient of wvariation of the
following data.

23,27, 25, 28,21, 14, 16, 12, 18, 16

Following data relates to the distribution of
weights of 100 boys and 80 girls in a school.

Boys Girls
Mean 60 47
Variance 16 9

Which of the two is more variable?

The mean and standard deviations of two
bands of watches are given below :

Brand-I Brand-II
Mean 36 months 48 months
S.D. & months 10 months

Calculate coefficient of variation of the two
brands and interpret the results.

Calculate coefficient of variation for the data
given below

Size (cm) 5- | 8-

11- | 14-|17-| 20- | 23-
8 |11 | 14 | 17|20 | 23 | 26

Noofitems | 3 | 14 | 13 |16 | 19 | 24 | 11




19. Calculate coefficient of variation for the data ~ 21. There are two companies U and V which
given below manufacture cars. A sample of 40 cars each
Tncome | 3000- | 4000- | 5000- | 6000- | 7000- | 8000- | 9000- from these companies are taken and the
(Rs.) | 4000 | 5000 | 6000 | 7000 | 8000 | 9000 | 10000 average running life (in years) is recorded.
No. of 24 13 15 28 12 8 10
families Life ( in years) No of Cars
Company U | Company V
20. Compute coefficient of variations for the 0-5 5 14
following data to show whether the variation
i ter in the yield or in th f'the field >-10 18 8
is greater in the yield or in the area of the field.
£ Y 10-15 17 18
Year Area (in acres) Yield
(in lakhs) Which company shows greater consistency?
2011-12 156 62 22. The means and S.D. of weights and heights of
2012-13 135 70 100 students of a school are as follows.
2013-14 128 68 Weights Heights
2014-15 117 76 Mean 56.5 kg 61 inches
2015-16 141 65 SD. 876kg | 12.18 inches
2016-17 154 69
2017-18 142 71 Which shows more variability, weights or
heights?
° °
192




Probability

’}% Let's Learn

e Basic Terminologies

e Concept of probability
e Addition Theorem

e Conditional probability
e  Multiplication Theorem
e Baye's Theorem

e Odds

If\/gﬁ Let's Recall

9.1.1 Basic Terminologies

Random Experiment Suppose  an
experiment having more than one outcome.
All possible results are known but the actual
result cannot be predicted such an experiment
is called a random experiment.

Outcome: A possible result of random
experiment is called a possible outcome of the
experiment.

Sample space: The set of all possible
outcomes of a random experiment is called the
sample space. The sample space is denoted by
S or Greek letter omega (€2). The number of
elements in S is denoted by n(S). A possible
outcome is also called a sample point since it
is an element in the sample space.

Event: A subset of the sample space is
called an event.

Favourable Outcome: An outcome that
belongs to the specified event is called a
favourable outcome.

Types of Events:

Elementary Event: An event consisting
of a single outcome is called an elementary
event.

Certain Event: The sample space is called
the certain event if all possible outcomes are
favourable outcomes. i.e. the event consists of
the whole sample space.

Impossible Event: The empty set is called
impossible event as no possible outcome is
favorable.

Algebra of Events:

Events are subsets of the sample space.
Algebra of events uses operations in set theory
to define new events in terms of known events.

Union of Two Events: Let A and B be
two events in the sample space S. The union
of A and B is denoted by AUB and is the set
of all possible outcomes that belong to at least
one of A and B.

Ex. Let S = Set of all positive integers
not exceeding 50;

Event A = Set of elements of S that are
divisible by 6; and

Event B = Set of elements of S that are
divisible by 9. Find AuB
A = {6,12,18,24,30,36,42,48}
B = {9,18,27,36,45}
.. AuB = {6,9,12,18,24,27,30,36,42,45, 48} is

the set of elements of S that are divisible by
6 or 9.

Exhaustive Events: Two events A and B
in the sample space S are said to be exhaustive
if AuB = S.

Solution :




Example: Consider the experiment of
throwing a die and noting the number on the
top.

Let S be the sample space
oS ={12345,6}

Let, A be the event that this number does
not exceed 4, and

B be the event that this number is not
smaller than 3.

Then A = {1,23,4} B = {3,4,5,6}

and therefore, AuB = {1,2,345,6} = S

. Events A and B are exhaustive.

Intersection of Two Events: Let A and
B be two events in the sample space S. The
intersection of A and B is the event consisting

of outcomes that belong to both the events A
and B.

Example, Let S =
integers not exceeding 50,

Set of all positive

Event A = Set of elements of S that are
divisible by 3, and

Event B = Set of elements of S that are
divisible by 5.

Then A = {3,6,9,12,15,18,21,24,27,30,33,
36,39,42,45,48},

B = {5,10,15,20,25,30,35,40,45,50}

AnB = {15,30,45} is the set of
elements of S that are divisible by both 3
and 5.

Mutually Exclusive Events: Event A
and B in the sample space S are said to be
mutually exclusive if they have no outcomes
in common. In other words, the intersection of
mutually exclusive events is empty. Mutually
exclusive events are also called disjoint events.

Example: Let S =
integers not exceeding 50,

Set of all positive

Event A = set of elements of S that are
divisible by 8, and

Event B = set of elements of S that are
divisible by 13.

Then A = {8,16,24,32,40,48},
B = {13,26,39}

.. AnB = ¢ because no element of S is
divisible by both 8 and 13.

Note: If two events A and B are mutually
exclusive and exhaustive, then they are called
complementary events.

Symbolically, A and B are complementary
events if AuUB = S and AnB = ¢.

Notation: Complement of an event A is

denoted by A, A or Ac. The following table
shows how the operations of complement,
union, and intersection can be combined to
define more events.

Operation Interpretation
A', A or A° Not A.
AuB At least, one of Aand B
AnB Both Aand B
(A'mB) U (AnB") | Exactly one of Aand B
(A'nB") = (AuB)' Neither A nor B

SOLVED EXAMPLES:

Ex. 1. Describe the sample space of the
experiment when a coin and a die are thrown
simultaneously.

Solution : Sample space S = {(H,1), (H,2), (H,3),
(H4), (H,5), (H,6), (T.1), (T.2), (T.3), (T.4),
(T.5), (T.6)}

Ex. 2: Sunita and Samrudhi who live in Mumbai
wish to go on holiday to Delhi together.
They can travel to Delhi from Mumbai either
by car or by train or plane and on reaching
Delhi they can go for city-tour either by bus
or Taxi. Describe the sample space, showing
all the combined outcomes of different ways
they could complete city-tour from Mumbai.




Solution : Sample space

S ={(car, bus), (car, taxi), (train, bus), (train,
taxi), (plane, bus), (plane, taxi)}

Ex. 3: Three coins are tossed. Events E , E,, E,

and E, are defined as follows.
E, : Occurence of at least two heads.

E2 : Occurence of at least two tails.

E,: Occurence of at most one head.

E,: Occurence of two heads.

Describe the sample space and events E_, E,,
E,and E,.

Find E,UE,, E,". Also check whether

i) E,and E, are mutually exclusive

i) E,and E, are equal

Solution : Sample space

S= {HHH, HHT, HTH, HTT, THH, THT, TTH,
TTT}

E,: {HHH, HHT, HTH, THH}

E,.{HTT, THT, TTH, TTT}

E,;{HTT, THT, TTH, TTT}

E, {HHT, HTH, THH,}

E,UE, = {HTT, HTH, THH, HHH, HHT}
E,={HHH, HHT, HTH, THH}
DENE={}=9¢

=~ E, and E, are mutually exclusive.

i) E, and E, are equal.

9.1.2 Concept of Probability:

A random experiment poses uncertainty
regarding the actual result of the experiment, even
though all possible outcomes are already known.
The classical definition of probability is based on
the assumption that all possible outcomes of an
experiment are equally likely.

9.1.3 Equally likely outcomes:

All possible outcomes of a random
experiment are said to be equally likely if none
of them can be preferred over others.

9.1.4 Probability of an Event:
The probability of an event A is defined as

P(A) = nA)
( )_ n(s)
Where,
n(A) = number of outcomes favorable for
event A,

n(S) = number of all possible outcomes.

9.1.5 Elementary Properties of Probabilty:

1) A' is complement of A and therefore
P(A)=1-P(A)

2) ForanyeventAinS,0<P(A)<1
3) For the impossible event ¢, P(¢) =0
4) For the certain event S, P(S) =1

5) If A and A, two mutually exclusive events
then P(A, UA)) =P(A) +P(A)

6) If A < B, then P(A) < P(B) and
P(A'nB) = P(B) - P(A)

7) Addition theorem: For any two events A and
B of a sample space S,

P(AUB) = P(A) + P(B) — P(AnB)
8) For any two events A and B,
P(ANB') = P(A) - P(AnB)

9) For any three events A, B and C of a sample
space S,

P(AuBUC) =P(A) + P(B) + P(C) - P(AnB)
- P(BNC) - (P(ANC) + P(ANBNC)

10) If A, A, ... , A, are mutually exclusive
eventsin S, then P(A, UA, U, ...... UA

=P(A) +P(A)+..+P(A)

Remark: Consider a finite sample space S
with n finite elements.




S={a,a,a,..a} LetA A, A, .. A be
elementary events given by A = {a} with
probability P(A,). We have

P(S)=P(A) +P(A) +..+P(A)=1 ..(I)

When all elementary events given by A
(i=1,2, 3, ...n) are equally likely, that is
P(A) =P(A,)) =...=P(A), then from (1), we
have P(A) =1/n,i=1,2,..n

If A is any event made up of m such
elementary events, i.e.

A=A UA UAU ...UA | thenusing property
10, we have

P(A) =P(A) +P(A,)) +P(A,) +.... + P(A )

B NS ISP S
=( )+(n)+...+(n)(mt|mes)

n

(A)
LOEEE Irll(—s) e (1)

~ P(A) = (Number of favourable outcomes
for the occurrence of event A)/ (Total number
of distinct possible outcomes in the sample
space S)

SOLVED EXAMPLES

Ex. 1) IfFAUBUC =S (the sample space) and A, B

and C are mutually exclusive events, can the
following represent probability assignment?

i) P(A)=0.2,P(B)=0.7,P(C)=0.1
ii) P(A)=0.4,P(B)=0.6,P(C)=0.2
Solution:
i) Since P(S) = P(AUBUC)
=P(A) + P(B) + P(C) [Property 10]
=02+07+01=1
and 0O< P(A),P(B),P(C) <1

The given values can represent the
probablllty assignment.

i) Since
P(S) =P(AuBUC)
=P(A) + P(B) + P(C) [Property 10]
=04+06+02=12>1

~ P(A), P(B) and P(C) cannot represent
probability assignment.

Ex. 2) One card is drawn at random from a pack

of 52 cards. What is the probability that it is
a King or Queen?

Solution:

Random Experiment = One card is drawn
at random from a pack of 52 cards

- n(S) =*C, =52
Let event A: Card drawn is King
and event B: Card drawn is Queen.

Since pack of 52 cards contains, 4 king cards
from which any one king card can be drawn
in“C, =4 ways. . n(A) =4

Similarly, a pack of 52 cards contains, 4

queen cards from which any one queen card

can be drawn in *C_ =4 ways. .. n(B) =4
n(B) 4

“PBF g T 5

Since A and B are mutually exclusive events

. required probability P(king or queen)

4 4 2
=P(AUB) =P(A) +P(B) = 5 + o5 =

Ex. 3: Five employees in a company of 20 are

graduates. If 3 are selected out of 20 at
random. What is the probability that

1) they are all graduates?

ii) there is at least one graduate among them?




Solution : Out of 20 employees, any 3 are to
be selected in *C_ ways.

. n(S) =%C, where S is the sample space.
Let event A: All 3 selected employees are
graduates.

Out of 5 graduate any 3 can be selected in
°C, ways.

5
-, required probability P(A) = G _ 10
- Y 2C, T 1140
_ b
T 114

Let event B: At least one graduate employee
is selected.

.. B'is the event that no graduate employee
is selected.

Since out of 20 employee, 5 are graduates,
therefore from the remaining 15 non-
graduate any 3 non-graduates can be selected
in **C, ways.

PC, 455 91
c, T 1140 T 228

. P(B) =

.. required probability

91 _137

=1 - V=1- =
P(B)=1-P(B) 228 228

Ex. 4) The letters of the word STORY be arranged

randomly. Find the probability that
a) TandY are together.

b) arrangment begins with T and end with
Y.

Solution:

The word STORY consists of 5 different
letters, which can be arranged among
themselves in 5! ways.

- n(S)=5!=120
Event A: T and Y are a together.

Let us consider T and Y as a single letter say
X. Therefore, now we have four different

b)

1)

2)

3)

letters X, S, O and R which can be arranged
among themselves in 4! = 24 different ways.
After this is done, two letters T and Y can be
arranged among themselves in 2! = 2 ways.
Therefore, by fundamental principle, total
number of arrangements in which T and Y
are always together is 24 x 2 = 48.

. . . 48 2

.. required probability P(A) = 1203
Event B: An arrangement begins with T and
ends with Y.

Remaining 3 letters in the middle can be
arranged in 3! = 6 different ways.

. required probability P(B) = 50120

EXERCISE 9.1

There are four pens: Red, Green, Blue and
Purple in a desk drawer of which two pens
are selected at random one after the other
with replacement. State the sample space
and the following events.

a) A Selecting at least one red pen.
b) B : Two pens of the same color are not
selected.

A coin and a die are tossed simultaneously.
Enumerate the sample space and the
following events.

a) A Getting a Tail and an Odd number
b) B : Getting a prime number
c) C: Getting a head and a perfect square.

Find n(S) for each of the following random
experiments.

a) From an urn containing 5 gold and 3
silver coins, 3 coins are drawn at random

b) 5 letters are to be placed into 5 envelopes
such that no envelop is empty.

c) 6 books of different subjects arranged
on a shelf.

d) 3ticketsaredrawn from abox containing
20 lottery tickets.




4)

5)

6)

7)

8)

Two fair dice are thrown. State the sample
space and write the favorable outcomes for
the following events.

a) A : Sum of numbers on two dice is
divisible by 3 or 4.

b) B : Sum of numbers on two dice is 7.
¢) C:0dd number on the first die.
d) D : Even number on the first die.

e) Check whether events A and B are
mutually exclusive and exhaustive.

f) Check whether events C and D are
mutually exclusive and exhaustive.

A bag contains four cards marked as 5, 6, 7
and 8. Find the sample space if two cards are
drawn at random

a) with replacement
b) without replacement

A fair die is thrown two times. Find the
probability that

a) sum of the numbers on them is 5
b) sum of the numbers on them is at least 8

c) first throw gives a multiple of 2 and
second throw gives a multiple of 3.

d) product of numbers on them is 12.

Two cards are drawn from a pack of 52
cards. Find the probability that

a) one is a face card and the other is an ace
card

b) one is club and the other is a diamond
c) both are from the same suit.
d) both are red cards

e) one is a heart card and the other is a non
heart card

Three cards are drawn from a pack of 52
cards. Find the chance that

a) two are queen cards and one is an ace
card

b) at least one is a diamond card
c) all are from the same suit
d) they are a king, a queen and a jack

9)

10)

11)

12)

13)

14)

15)

From a bag containing 10 red, 4 blue and
6 black balls, a ball is drawn at random. Find
the probability of drawing

a) ared ball.

b) a blue or black ball.

¢) not a black ball.

A box contains 75 tickets numbered 1 to 75.
A ticket is drawn at random from the box.
Find the probability that,

a) Number on the ticket is divisible by 6
b) Number on the ticket is a perfect square
c) Number on the ticket is prime

d) Number on the ticket is divisible by 3
and 5

What is the chance that a leap year, selected
at random, will contain 53 sundays®.

Find the probability of getting both red
balls, when from a bag containing 5 red and
4 black balls, two balls are drawn, i) with
replacement ii) without replacement

A room has three sockets for lamps. From a
collection 10 bulbs of which 6 are defective.
At night a person selects 3 bulbs, at random
and puts them in sockets. What is the
probability that i) room is still dark ii) the
room is lit

Letters of the word MOTHER are arranged
at random. Find the probability that in the
arrangement

a) vowels are always together

b) vowels are never together

c) O s at the begining and end with T

d) starting with a vowel and end with a
consonant

4 letters are to be posted in 4 post boxes. If
any number of letters can be posted in any of
the 4 post boxes, what is the probability that
each box contains only one letter?




16) 15 professors have been invited for a round
table conference by Vice chancellor of a
university. What is the probability that two
particular professors occupy the seats on
either side of the Vice Chancellor during the
conference.

17) A bag contains 7 black and 4 red balls. If 3
balls are drawn at random find the probability
that (i) all are black (ii) one is black and two
are red.

9.2.1 Addition theorem for two events

For any two events A and B of a sample
space S, P(AUB) = P(A) + P(B) — P(ANB). This
is the property (7) that we had seen earlier. Since
it is very important we give its proof. The other
properties can also be proved in the same way.

This can be proved by two methods
a) Using the definition of probability.
b) Using Venn diagram.

We assume that all outcomes are equally
likely and sample space S contains finite
number of outcomes.

(a) Using the definition of probability:

If A and B are any two events, then event
AUB can be decomposed into two mutually
exclusive events ANB' and B

i.e. AUB = (AnB")UB
~ P(AUB) P[(AnB"UB]
= P(ANB") + P(B)
[By property 10]
= P(A)- P(ANB) + P(B)
[By property 8]
Hence P(AUB) =P(A) + P(B) — P(ANB)

(b) Using Venn diagram:

Let n(S) = n = Total no. of distinct possible
outcomes in the sample space S.

n(A) = x, number of favourable outcomes
for the occurrence of event A.

n(B) =y, number of favourable outcomes for
the occurrence of event B.

n(ANB) = z, the number of favourable
outcomes for the occurrence of both event A and
B.

n(A) «x n(B) »

PAY= ") =7 PBI= 1) T
(ANB) z
P(ANB) =" 5 =

As all outcomes are equally likely.
From Venn diagram

S
A B
Fig. 9.1

n(AUB) = (x-2) + z + (y-2)
~n(AUB)=x+y-z
n(AUB) = n(A) + n(B) - n(AnB)
Dividing both sides by n(S), we get
nAUB)  n(A) n(B) nNANB)

S T n©) T nE) N

«~ P(AUB) = P(A) + P(B) - P(ANB).




SOLVED EXAMPLES

Ex. 1) Two dice are thrown together. What is the
probability that,

i) Sum of the numbers is divisible by
3or4?

i)  Sum of the numbers is neither divisible by 3
nor 5?

Solution : Let S be the sample space

LetN, =N, ={1,2,3,4,5,6}

S=N, xN,={(x,y)/x e N,y e N}

n(S) = 36

1) LeteventA: Sum of the numbers is divisible

by 3

=~ possible sums are 3, 6, 9, 12.

A = {(11 2)’ (11 5)1 (2’ 1)! (2’ 4)1 (31 3)’
(3,6), (4, 2), (4,5), (5. 1), (5 4), (6, 3),
(6,6)}

=~ n(A)=12 ~ P(A)=n(A) /I n(S) = 12/36

Let event B: Sum of the numbers is divisible
by 4.

=~ possible sums are 4, 8, 12

B :{(11 3)’ (2’ 2)’ (2’ 6)1 (31 1)1 (3! 5)!
(4,4), (5,3), (6,2), (6, 6)}

~ n(B)=9 -~ P(B)=n(B)/n(S) = %

~ Event AnB: Sum of the numbers is
divisible by 3 and 4 i.e. divisible by 12.

=~ possible Sum is 12

~ AnB = {(6, 6)}

~ n(AnB) =1

~ P(ANB) = n(AnB)/n(S) = %

P (Sum of the numbers is divisible by

i) Letevent A: Sum of the numbers is divisible
by 3

12
o P(A) = =
(A) 36

Let event Y: Sum of the numbers is divisible
by 5.

=~ possible sums are 5, 10
~ Y ={(1, 4), (2, 3), (3, 2), (4, 1), (4, 6),
(5,5), (6,4)}
n(Y) 7

~ n(Y)=7 aP(Y) = E =36

~ Event AnY: sum is divisible by 3 and 5
& ANY = ¢
[X and Y are mutually exclusive events]
n(AnY)
ns) O

~ required probability = P(Sum of the
numbers is neither divisible by 3 nor 5)

P(A'NY") P (AUY)' [De'Morgan's law]
1 - P(XUY) [Property 1]
1-[P(A) + P(Y) =P (ANY)]

BT
36 36

= P(ANY) =

Ex. 2) The probability that a student will solve
problem A is 2/3, and the probability that
he will not solve problem B is 5/9. If the
probability that student solves at least one
problem is 4/5, what is the probability that
he will solve both the problems?

Solution : Let event A: student solves problem A

« P(A) = %

30r 4) event B: student solves problem B.
P(AUB) = P(A) + P(B) — P(ANB) . ~ event B': student will not solve problem
_12,.9 1 205 IV
36 36 36 36 9 " P(B)‘§
2




1)

2)

3)

4)

_ o122
+ PB)=1-P(B)=1-7=

Probability that student solves at least one

4
problem = P(AUB) = 5

~ P(AuB) = P(A) + P(B) - P(ANB)
=~ required probability = P(he will solve both
the problems)
P(ANB) = P(A) + P(B) — P(AUB)
2 4 4 14

39 5 45

EXERCISE 9.2

First 6 faced die which is numbered 1 through 6
is thrown then a 5 faced die which is numbered
1 through 5 is thrown. What is the probability
that sum of the numbers on the upper faces
of the dice is divisible by 2 or 3?

A card is drawn from a pack of 52 cards.
What is the probability that,

i) card is either red or black?
i) card is either black or a face card?

A qirl is preparing for National Level
Entrance exam and State Level Entrance
exam for professional courses. The chances
of her cracking National Level exam is 0.42
and that of State Level exam is 0.54. The
probability that she clears both the exams is
0.11. Find the probability that (i) She cracks
at least one of the two exams (ii) She cracks
only one of the two (iii) She cracks none

A bag contains 75 tickets numbered from 1
to 75. One ticket is drawn at random. Find
the probability that,

a) number on the ticket is a perfect square
or divisible by 4

b) number on the ticket is a prime number
or greater than 40

5)

6)

7)

9)

10)

11)

The probability that a student will pass in
French is 0.64, will pass in Sociology is
0.45 and will pass in both is 0.40. What is
the probability that the student will pass in
at least one of the two subjects?

Two fair dice are thrown. Find the probability
that number on the upper face of the first die
is 3 or sum of the numbers on their upper
faces is 6.

For two events A and B of a sample space
. 3 1 5
S,if P(A) = Y P(B) = > and P(AUB) = Y

Find the value of the following.
a) P(ANB)
b) P(A'nB)
c) P(A'UB)

For two events A and B of a sample space
5 1

S, if P(AUB) = ry P(ANB) = 3 and P(B") =

1

3 then find P(A).

A bag contains 5 red, 4 blue and an unknown

number m of green balls. If the probability
of getting both the balls green, when two

1
balls are selected at random is - find m.

Form a group of 4 men, 4 women and
3 children, 4 persons are selected at random.
Find the probability that, i) no child is
selected ii) exactly 2 men are selected.

A number is drawn at random from the
numbers 1 to 50. Find the probability that it is
divisible by 2 or 3 or 10.

9.3.1 Conditional Probability:

Let S be a sample space associated with the

given random experiment. Let A and B be any
two events defined on the sample space S. Then
the probability of occurrence of event A under
the condition that event B has already occurred




and P(B) #0 is called conditional probability of
event A given B and is denoted by P(A/B).

SOLVED EXAMPLES

Ex.1) A card is drawn from a pack of
52 cards, given that it is a red card, what is the
probability that it is a face card.

Solution : Let event A: Red card is drawn
and event B: face card is drawn

A card is drawn from a pack of 52 cards,
therefore n(S) = 52. But we are given that red
card is drawn, therefore our sample space reduces
to event A only, which contains n(A) = 26 sample
points. Event A is called reduced or truncated
sample space. Out of 26 red cards, 6 cards are
favourable for face cards.

=~ P[card drawn is face card given that it is a
red card] = P[B/A] = 6 /26 = 3/13

Ex. 2) A pair of dice is thrown. If sum of the
numbers is an odd number, what is the probability
that sum is divisible by 3?

Solution : Let Event A: sum is an odd

number.
Event B: Sum is divisible by 3.

A pair of dice is thrown, therefore n(S) = 36.
But we are given that sum is odd, therefore our
sample space reduces to event A only as follows:

A ={(12), (1.4), (1.6), (2.1), (2.3), (2,5),
(3.2), (3,4), (3,6), (4.1), (4.3), (45), (5.2), (5,4),
(5.6), (6.1), (6,3), (6,5)}

~n(A) =18

Out of 18 sample points following 6 sample
points are favourable for occurrence of event B

B={(1.2),(2,1),(3,6),(4,5),(54),(6,3)}

~ P[sum is divisible by 3 given that sum is
an odd number] = P(B/A) = 6/18 = 1/3

9.3.2 Let S be a finite sample space, associated
with the given random experiment, containing
equally likely outcomes. Then we have the
following result.

Statement: Conditional probability of event
A given that event B has already occurred is
given by

P(A N B)
P(B)

(Read A/B as A given B)

Let S be a sample space associated with the
given random experiment and n(S) be the number
of sample points in the sample space S. Since
we are given that event B has already occurred,
therefore our sample space reduces to event B
only, which contains n(B) sample points. Event B
is also called reduced or truncated sample space.
Now out of n(B) sample points, only n(ANB)
sample points are favourable for occurrence of
event A. Therefore, by definition of probability

P (A/B) = ,P(B) # 0

_ n(AnB)

P(A/B) = YO n(B) #0
n(ANB)
__n®S)
- nB)
n(S)

. _ P(AnB)
~ P(A/B) = TPB) P(B) #0
Similarl _ MANB)

y P(B/A) = PA) P(A)#0

SOLVED EXAMPLES

Ex. 1: Find the probability that a single toss
of a die will result in a number less than 4 if it is
given that the toss resulted in an odd number.

Solution : Let event A: toss resulted in an
odd number and

Event B: number is less than 4

1
#A={1,3,5}~P(A)=3/6 = 5




B={1,2 3} ~AnB={L, 3}

2 1
~ P(ANB) = 73
~ P(number is less than4 given that it is odd)
= P(B/A) = P(ANB)/ P(A) = (lj/(lj 2
3 2 3

Ex. 2) If P(A) = 0.7, P(B) = 0.7, P(B/A) =
0.5, find P(A/B) and P(AUB).

Solution : Since 1 - P(A") =0.7
P(A)=1-P(A)=1-0.7=0.3
Now P(B/A) = P(ANB)/P(A)
~05=P(AnB)/ 0.3

~ P(ANB) =0.15

Again P(A/B) = P(ANB)/P(B)
=0.15/0.7

~ P(A/B) = 3/14

Further, by addition theorem
P(AUB) = P(A) + P(B) - P(ANB)
=0.3+0.7-0.15=0.85

9.3.3 Multiplication theorem:

Statement: Let S be sample space associated
with the given random experiment. Let A and B
be any two events defined on the sample space
S. Then the probability of occurrence of both the
events is denoted by P(ANB) and is given by

P(ANB) = P(A).P(B/A)
P(ANB)

P(A)
« P(ANB) = P(A).P(B/A)
Similarly P(ANB) = P(B).P(A/B)

Since P(B/A) =

SOLVED EXAMPLES

Ex. 1) Two cards are drawn from a pack of
52 cards one after other without replacement.
What is the probability that both cards are ace
cards?

Soln.: Let event A first card drawn is an Ace
card.

Let event B: second card drawn is an Ace
card.

~ required probability = P(both are Ace
cards)

= P(AnB) = P(A)P(B/A)
4 1
Now P(A) = 5 13

Since first ace card is not replaced in the
pack, therefore now we have 51 cards containing
3 ace cards

= Probability of getting second are card under
the condition that first ace card is not replaced in

3 1
the pack = P(B/A) = 31 = 7

= P(both are ace cards) = P(ANB)
_ LIV R

Ex. 2) An urn contains 4 black and 6 white
balls. Two balls are drawn one after the other
without replacement, what is the probability that
both balls are black?

Solution : Let event A: first ball drawn in
black.

Event B: second ball drawn is black.

~ Required probability = P(both are black
balls)

P(ANB) = P(A)P(B/A)

4
Now P(A) = 0




Since first black ball is not replaced in the
urn, therefore now we have 9 balls containing 3
black balls.

=~ Probability of getting second black ball
under the condition that first black is not replaced

3
in the pack = P(B/A) = 9

=~ P(both are black balls) = P(ANB)

_ o d 32
= P(A)P(B/A) = 0% 9 - 15
9.3.4 Independent Events:

Let S be sample space associated with the
given random experiment. Let A and B be any
two events defined on the sample space S. If
the occurrence of either event, does not affect
the probability of the occurence of the other
event, then the two events A and B are said to be
independent.

Thus, if A and B are independent events
then, P(A/B) = P(A/B") = P(A) and

P(B/A) = P(B/A") = P(B)

Remark: If Aand B are independent events
then P(ANB) = P(A).P(B)

note that P(AnB) = P(A).(B/A)
=P(A).P(B)
. P(ANB) = P(A).P(B)

Ingeneral, if A, A, A,, ... A arenmutually
independent events, then

P(ANAN....NA) = P(A)P(A)..P(A)
Theorem: )

If A and B are independent events then

a) A and B' are also independent event

Kb) A" and B’ are also independent event

Proof: Since A and B are independent,
therefore P(ANB) = P(A).P(B) ... (1)

a) P(ANB') =P(A) - P(ANB)
= P(A) - P(A).P(B) [From (1)]

=P(A{1-P(B)}
=P(A).P(B")
~ Aand B' are also independent.
b) P(A'nB")=P(AUB)'
(By De Morgan’s Law)
=1-P(AUB)
=1-[P(A) + P(B) - P(ANB)]

=1-P(A)-P(B) + P(A).P(B)
from (1)

= [1=-P(A)] - P(B)[1 - P(A)]
=[1-P(A)] [1-P(B)]
=P(A").P(B")

~A"and B' are also independent.

SOLVED EXAMPLES

Ex. 1: Two cards are drawn at random one
after the other. Given that first card drawn in non-
face red card, what is the probability that second
card is face card, if the cards are drawn

i) withoutreplacement? ii) with replacement?

Solution : Let event A: first card drawn is
a non-face red card and event B: second card
drawn is face card.
B E _ 5 123
~ P(A) = 2 13 and P(B) = w3
. required probability = P(second card
drawn is face card given that it is a red card)

1) Without replacement: Since first non-face
red card is not replaced, therefore now we have
51 cards containing 12 face cards.

12
~ P(B/IA) = T * P(B). In this case Aand B

are not independent.

i1) With replacement: Since first non-face
red card is replaced, therefore now again we have
52 cards containing 12 face cards.




12 3
~ P(BIA) =5, =73 =P(B).
In this case A and B are independent.

Ex.2: If Aand B are two independent events

3 2
and P(A) = =, P(B) =&, find

i) P(ANB) i) P(ANB) iii) P(A'NB)

iv) P(A'NB") v) P(AUB)

Ex.

2

3
Solution : P(A) = 5 ~P(A)=1-P(A)= 5

P(B)=—% ~P(B)=1- P(B)— .

i) P(ANB) = P(A)P(B) = i
i) P(ANB") =P(A)P(B') =

L
5

4

iii) P(A'nB) =P(A")P(B) = 15
2

iv) P(ANB) =P(A)P(B) = 7

V) P(AUB) = P(A) + P(B) - P(ANB) = T

3) Three professors A, B and C appear in
an interview for the post of Principal. Their

chances of getting selected as a principal

2 4 1
9 9 3 The probabilities they

. . 3
introduce new course in the college are 10"

%, % respectively. Find the probability that
the new course is introduced.

are

Solution : Let A, B, C be the events that prof. A,

B and C are selected as principal.
2 4 1 3
GivenP(A)=—,P(B)=—4,P(C) = 39

Let N be the event that New Course in
introduced P(N/A) = [ P(N/B) = [],

P(N/C) =
N=(AnN)u (Bn_)u(__InN)

. P(N) = P(ANN) + PBN_) +
P(_InN)

1)

2)

3)

4)

5)

=P(A).P(N/A) + P |x[ ]

+[__ |xP(N/C)

=3 I N O I 2 I |

=L+ I+ =]
EXERCISE 9.3

A bag contains 3 red marbles and 4 blue
marbles. Two marbles are drawn at random
without replacement. If the first marble
drawn is red, what is the probability the
second marble is blue?

A box contains 5 green pencils and 7 yellow
pencils. Two pencils are chosen at random
from the box without replacement. What is
the probability that both are yellow?

In a sample of 40 vehicles, 18 are red, 6 are
trucks, of which 2 are red. Suppose that a
randomly selected vehicle is red. What is the
probability it is a truck?

From a pack of well-shuffled cards, two cards
are drawn at random. Find the probability
that both the cards are diamonds when

1) first card drawn is kept aside

i) the first card drawn is replaced in the
pack.

A, B, and C try to hit a target simultaneously
but independently.  Their  respective

probabilities of hitting the target are % %
and % Find the probability that the target

a) is hit exactly by one of them
b) is not hit by any one of them
c) ishit

d) is exactly hit by two of them




6)

7)

8)

9)

10)

The probability that a student X solves

5
probability that student Y solves the same

a problem in dynamics is and the

problem is % What is the probability that

i) the problem is not solved
ii) the problem is solved

iii) the problem is solved exactly by one of
them

A speaks truth in 80% of the cases and B
speaks truth in 60% of the cases. Find the
probability that they contradict each other in
narrating an incident.

Two hundred patients who had either Eye
surgery or Throat surgery were asked
whether they were satisfied or unsatisfied
regarding the result of their surgery.

The follwoing table summarizes their
response.

Surgery | Satisfied | Unsatisfied | Total

Throat 70 25 95
Eye 90 15 105
Total 160 40 200

If one person from the 200 patients is selected

at random, determine the probability

a) that the person was satisfied given that
the person had Throat surgery

b) that person was unsatisfied given that the
person had eye surgery

c) the person had Throat surgery given that
the person was unsatisfied

Two dice are thrown together. Let A be the
event 'getting 6 on the first die' and B be the
event 'getting 2 on the second die'. Are the
events A and B independent?

The probability that a man who is 45 years

old will be alive till he becomes 70 is 1—52

11)

12)

13)

14)

15)

16)

17)

The probability that his wife who is 40 years

old will be alive till she becomes 65 is %

What is the probability that, 25 years hence,
a) the couple will be alive

b) exactly one of them will be alive

c) none of them will be alive

d) at least one of them will be alive

A box contains 10 red balls and 15 green
balls. Two balls are drawn in succession
without replacement. What is the probability
that,

a) the first is red and the second is green?
b) one is red and the other is green?

A bag contains 3 yellow and 5 brown balls.
Another bag contains 4 yellow and 6 brown
balls. If one ball is drawn from each bag,
what is the probability that,

a) both the balls are of the same color?
b) the balls are of different color?

An urn contains 4 black, 5 white and 6 red
balls. Two balls are drawn one after the other
without replacement. What is the probability
that at least one of them is black?

Three fair coins are tossed. What is the
probability of getting three heads given that
at least two coins show heads?

Two cards are drawn one after the other from
a pack of 52 cards without replacement.
What is the probability that both the cards
drawn are face cards?

Bag A contains 3 red and 2 white balls and
bag B contains 2 red and 5 white balls. A bag
is selected at random, a ball is drawn and put
into the other bag, and then a ball is drawn
from that bag. Find the probability that both
the balls drawn are of same color.

(Activity) : A bag contains 3 red and 5 white
balls. Two balls are drawn at random one
after the other without replacement. Find the
probability that both the balls are white.




Solution : Let,

A : First ball drawn is white

B : second ball drawn in white.

o=

After drawing the first ball, without replacing
it into the bag a second ball is drawn from
the remaining [ ] balls.

- P(BIA) = %

.. P(Both balls are white) = P(ANB)
=PC_DPC)
=1 [ ]
=[]

18) A family has two children. Find the
probability that both the children are girls,
given that atleast one of them is a girl.

9.4 Bayes' Theorem:

(This is also known as Bayes' Law and
sometimes Bayes' Rule). This is a direct
application of conditional probabilities. Bayes'
theorem is wuseful, to determine posterior
probabilities.

Theorem: IfE,E,E,...E are mutually\
exclusive and exhaustive events with P(E) #
0, wherei=1, 2, 3...nthen for any arbitrary
event A which is a subset of the union of
events E, such that P(A) > 0, we have

P(ANE) _ P(E).P(A/E)

P(E/A) =
&A= 50 S P(ANE)

N\
Proof :We have A= (AN E) U (ANnE)uU
(AnE)..0U(ANE)

ANnE, AnE,ANnE,.. AnE are
mutually exclusive events

So, P(A) =P[AnNnE)UVU(ANE) v
(ANE)..0(ANnE)]

PA)=Y PANE)

i=1

Also, P(A N E) = P(A).P(E/A)

P(ANE) _ P(E).P(4/E)
P(A) S P(ANE)

i=1

i.e. P(E /A) =

Three types of probabilities occur in the above
formula P(E,), P(A/E), P(E/A)

1)  The probabilities occur in the above formula
P(E), i =1, 2, 3, .. nare such that P(E,)
+P(E,) + ... + P(E) = 1 are called prior
probabilities, since they are known before
conducting experiment.

if) The probabilities P(A/E)) tell us, how likely
the event A under consideration occurs,
given each and every prior probability. They
may refer to as likelihood probabilities of
the event A, given that event Ei has already
occurred.

ili) The conditional probabilities P(E/A)
are called posterior probabilities, as they
obtained after conducting experiment.

Bayes' theorem for n = 3 is explained in the
following figure.

El
P AIE P(AIE,) )
e/ \ /
S Elp(Ex) AlE,  PAIE, P(A) (i)
E, AlE, \
P(E) P(AIE,) (iii)
. P(E) P(A|E)
(i) PE,|A)= A
.. P(E,) P(A|E))
(i) P(E,|A)= )
P(E,) P(A|E)
(iii) P(E,| A) = ’PT

Fig. 9.2 (a) & (b)




SOLVED EXAMPLES

Ex. 1: A bag contains 6 red, 5blue balls and
another bag contains 5 red and 8 blue balls. A
ball is drawn from first bag and without noticing
colour is put in the second bag. A ball is drawn
from the second bag. Find the probability that
ball drawn is blue in colour.

Solution: Let event E,: Red ball is drawn
from the first bag and event E,: Blue ball is drawn
from the first bag.

~ P(E) =6/11and P(E,) = % (Note that E,

and E, are mutually exclusive and exhaustive
events)

Let event A: Blue ball is drawn from the
second bag

~P(A/E) = P (Blue ball is drawn from

the second under the condition that red ball is

transferred from first bag to second bag) = %

Similarly, P(A/E,) = P (Blue ball is drawn
from the second under the condition that blue ball
is transferred from first bag to second bag) = 1%1

=~ required probability = P(Blue ball is drawn
from the second bag)

~P(A) =P(ANE,)) + P(ANE,)

=P(E,)P(A/E) + P(E,)P(A/E))

6 j( 8 ( 5Y 9 ]
=| — — |+ | — —_
(11 14 11)\ 14
(4845 _ 93
154 \154) 154
Ex. 2: The chances of X, Y, Z becoming
managers of a certain company are 4:2:3. The

probabilities that the bonus scheme will be
introduced if X, Y, Z become managers are 0.3,

0.5 and 0.8 respectively. If the bonus scheme has
been introduced, what is the probability that X is
appointed as the manger?

Solution: Let E1: Person X becomes

manager
E2: Person Y becomes manager

Let E3: Person Z becomes manager
4 2 3
.P(El) = @7 P(Ez) = ?’ P(E3) = 3

(Note that E,, E, and E, are mutually
exclusive and exhaustive events)

Let event A: Bonus is introduced.

= P(A/E,) = P(Bonus is introduced under the
condition that person X becomes manager) = 0.3

P(A/E,) = P(Bonus is introduced under the
condition that person Y becomes manager) = 0.5

and P(A/E,) = P(Bonus is introduced under
the condition that person Z becomes manager) =
0.8

~ P(A) = P(AnE )+ P(ANE,) + P(ANE,)

= P(E)P(A/E) + P(E)P(A/E,)) + P(E)
P(A/E,)

_(4 2 3
(2)one(Zjose(2)os

_23
~ 45

=~ required probability = P(Person X becomes
manager under the condition that bonus scheme
is introduced)

=P(E,/A) =P(ANE,) / P(A)

_(2/15)

T (23/45)

_ 6

-~ 23

Ex. 3: The members of the consulting firm
hire cars from three rental agencies, 60% from
agency X, 30% from agency Y and 10% from
agency Z. 9% of the cars from agency X need




repairs, 20% of the cars from agency Y need
repairs and 6% of the cars from agency Z need
repairs. If a rental car delivered to the consulting
firms needs repairs, what is the probability that it
came from rental agency Y?

Solution : If Ais the event that the car needs

repairs and B, C, D are the events that the car
comes from rental agencies X, Y or Z. We have
P(B)=0.6,P(C)=0.3,P(D) =0.1, P(A/B) =0.09,
P(A/C) =0.2 and P(A/D) = 0.06

1)

2)

P(A) = P(ANB) + P(ANC) + P(AND)
= P(B).P(A/B) + P(C).P(A/C) +
P(D).P(A/D)

= 0.6 x 0.09+0.3x 0.2+ 0.1 x 0.06

=0.054 + 0.06 + 0.006
- P(A) =0.12
_ P(AnC) _ P(C).P(AIC)

PO TPR) =T PR

03x0.2 0.06
- 012 T 012
=05

EXERCISE 9.4

There are three bags, each containing 100
marbles. Bag 1 has 75 red and 25 blue
marbles. Bag 2 has 60 red and 40 blue marbles
and Bag 3 has 45 red and 55 blue marbles.
One of the bags is chosen at random and a
marble is picked from the chosen bag. What
is the probability that the chosen marble is
red?

A box contains 2 blue and 3 pink balls and
another box contains 4 blue and 5 pink balls.
One ball is drawn at random from one of the
two boxes and it is found to be pink. Find the
probability that it was drawn from (i) first
box (ii) second box.

3)

4)

5)

6)

7)

There is a working women's hostel in a
town, where 75% are from neighbouring
town. The rest all are from the same town.
48% of women who hail from the same
town are graduates and 83% of the women
who have come from the neighboring town
are also graduates. Find the probability that
a woman selected at random is a graduate
from the same town.

If E, and E, are equally likely, mutually
exclusive and exhaustive events and
P(A/E)) = 0.2, P(A/E,) = 0.3. Find P(E /A).

Jar | contains 5 white and 7 black balls. Jar
Il contains 3 white and 12 black balls. A fair
coin is flipped; if it is Head, a ball is drawn
from Jar I, and if it is Tail, a ball is drawn
from Jar 1l. Suppose that this experiment is
done and a white ball was drawn. What is
the probability that this ball was in fact taken
from Jar 11?

A diagnostic test has a probability 0.95 of
giving a positive result when applied to a
person suffering from a certain disease, and
a probability 0.10 of giving a (false) positive
result when applied to a non-sufferer. It
is estimated that 0.5% of the population
are sufferers. Suppose that the test is now
administered to a person about whom we
have no relevant information relating to
the disease (apart from the fact that he/she
comes from this population). Calculate the
probability that:

a) given a positive result, the person is a
sufferer.

b) given a negative result, the person is a
non-sufferer.

A doctor is called to see a sick child. The
doctor has prior information that 80% of
the sick children in that area have the flu,
while the other 20% are sick with measles.
Assume that there is no other disease in that
area. A well-known symptom of measles
is rash. From the past records, it is known




that, chances of having rashes given that
sick child is suffering from measles is 0.95.
However occasionally children with flu also
develop rash, whose chance are 0.08. Upon
examining the child, the doctor finds a rash.
What is the probability that child is suffering
from measles?

8) 2% of the population have a certain blood
disease of a serious form: 10% have it in a
mild form; and 88% don't have it at all. A
new blood test is developed; the probability

of testing positive is 1% if the subject has the

serious form, 1—60 if the subject has the mild

form, and 1—10 if the subject doesn't have the

disease. A subject is tested positive. What is
the probability that the subject has serious
form of the disease?

9) A box contains three coins: two fair coins
and one fake two-headed coin is picked
randomly from the box and tossed.

a) What is the probability that it lands head
up?

b) If happens to be head, what is the
probability that it is the two-headed coin?

10) There are three social media groups on a
mobile: Group I, Group Il and Group III.
The probabilities that Group I, Group Il and
Group I11 sending the messages on sports are
%, % and % respectively. The probability
of opening the messages by Group I,

Group Il and Group Il are % % and %

respectively. Randomly one of the messages
is opened and found a message on sports.
What is the probability that the message was
from Group I11.

11) (Activity):Mr. X goestoofficebyAuto,Carand
train. The probabilitieshimtravelling by these

modes are respectively. The

2 3 2
AR AN

chances of him being late to the office are

1 1 .
a0 A respectively by Auto, Car and

train. On one particular day he was late to the
office. Find the probability that he travelled
by car.

Solution : Let A, C and T be the events that Mr.
X goes to office by Auto, Car and Train
respectively. Let L be event that he is late.

Given that P(A) = [, P(B) = ],
PC)=[_]

P(L/IA) = 5, P(L/B) = [, P(LIC) =
P(L) = P(ANL) + P(CNL) + P(TNL)

= P(A).P(L/A) + P(C).P(L/C) + P(T).P(L/T)

o I N 8 I O o O |
=L+ I+ ]
i P(ANC) P(C).P(L/C)
_O
[ ]
=[]

9.5 ODDS (Ratio of two complementary
probabilities):

Let n be number of distinct sample points
in the sample space S. Out of n sample points, m
sample points are favourable for the occurrence
of event A. Therefore remaining (n-m) sample
points are favourable for the occurrence of its
complementary event A'.

#P(A) =" and P(A) = 21

Ratio of number of favourable cases to
number of unfavourable cases is called as odds
in favour of event A which is given by %i.e.
P(A):P(A)

Ratio of number of unfavourable cases to

number of favourable cases is called as odds

against event A which is given by M e,

“m
P(A'):P(A)




SOLVED EXAMPLES

Ex. 1: Afair die is thrown. What are the odds
in favour of getting a number which is a perfect
square in uppermost face of die?

Soln.: Random experiment: A fair die is
thrown.

~ Sample space S ={1, 2, 3, 4, 5, 6}

~n(S)=6

Let event A: die shows number which is a
perfect square.

~A={1,4} -m=n(A)=2

~A'={2,3,5 6}~ (n-m)=4.

;HM:%:%:%

n_nN-m_4 _2
P(A):TZFZ?

~ Odds in favour of event

A=P(A): P(A") = % = %

Ex. 2: The probability of one event A
happening is the square of the probability of
second event B, but the odds against the event A
are the cube of the odds against the event B. Find
the probability of each event.

Solution : Let P(A) = p, and P(B) = p..

~. probability on non-occurrence of the
events Aand B are (1-p,) and (1-p,) respectively.
We are given that p, = (p,)? .... (I)

Odds against the event A = %

1
1-p,
2
Since odds against the event A are the cube
of the odds against the event B.

3
1_p1 — 1- P,
P, P,

l_p22 — (1_p2)3

p,? P,

Odds against the event B =

[By ()]

1)

2)

3)

4)

(1_p2) (1+p2) _ (1—p2)3
1 o,

pz (1+p2) = 1_2p7_ + p22
pz'i-pz2 = 1_2p2 +p22

3p,=1
o1
Sop, = 3
_ _(1)y2_ 1
pl - (p2)2 - (gj - ?
_1 1
- P(A) =9 and P(B) = 3
EXERCISE 9.5

If odds in favour of X solving a problem
are 4:3 and odds against Y solving the same
problem are 2:3. Find probability of:

i) X solving the problem
i) Y solving the problem

The odds against John solving a problem are
4 to 3 and the odds in favor of Rafi solving
the same problem are 7 to 5. What is the
chance that the problem is solved when both
them try it?

The odds against student X solving a
statistics problem are 8:6 and odds in favour
of student y solving the same problem are
14:16. Find is the chance that

i) the problem will be solved if they try it
independently

il) neither of them solves the problem

The odds against a husband who is 60 years
old, living till he is 85 are 7:5. The odds
against his wife who is now 56, living till
she is 81 are 5:3. Find the probability that

a) at least one of them will be alive 25 years
hence

b) exactly one of them will be alive 25 years
hence.




5) There are three events A, B and C, one of
which must, and only one can happen. The
odds against the event A are 7:4 and odds
against event B are 5:3. Find the odds against
event C.

6) In a single toss of a fair die, what are the
odds against the event that number 3 or 4
turns up?

7) The odds in favour of A winning a game of
chess against B are 3:2. If three games are to
be played, what are the odds in favour of A's
winning at least two games out of the three?

W Let's Remember

A.N. Kolmogorov, a Russian mathematician
outlined an axiomatic definition of probability
that formed the basis of the modern theory. For
every event A of sample space S, we assign a
non-negative real number denoted by P(A) and is
called probability of A, which satisfied following
three axioms

1)0< P(A)< 1
2)P(S) =1

If A and B are mutually exclusive events,
then P(AUB) = P(A) + P(B)

Addition theorem:

If A and B are any two events defined on
the same sample space S, then probability of
occurrence of at least one event is denoted by
P(AuB)and is given by P(AUB) = P(A) + P(B)
— P(ANB)

Conditional probability:

If A and B are any two events defined on the
same sample space S, then conditional probability
of event A given that event B has already occurred
is denoted by P(A/B)

~ P(A/B) =P(ANnB) /P(B),P(B) # 0

Similarly, P(B/A) = P(ANB) / P(A), P(A) £0

212

Multiplication theorem:

If A and B are any two events defined
on the same sample space S, then probability
of simultaneous occurrence of both events is
denoted by P(ANB) and is given by P(ANB) =
P(A)P(B/A)

Independent events:

If the occurrence of any one event does not
depend on occurrence of other event, then two
events A and B are said to be independent.

i.e. if P(A/B) = P(A/B") = P(A)

or P(B/A) = P(B/A") = P(B)

then A and B are independent events.

=~ P(ANB) = P(A)P(B)

If A and B are independent events then
a) Aand B' are also independent events
b) A"and B' are also independent events.

Bayes' Theorem :

IfE, E, E, ... E are mutually exclusive and
exhaustive events with P(E,) # 0, where i = 1,2,3
... n. then for any arbitrary event A which is a
subset of the union of events E such that P(A) >
0, we have

P(ANE) _ P(E).P(4/E)
P(4) S P(ANE)

i=1

P(E/A) =

MISCELLANEOUS EXERCISE - 9

I) Select the correct answer from the given
four alternatives.

1) There are 5 girls and 2 boys, then the
probability that no two boys are sitting
together for a photograph is

2 5
C) =

D) -
2) Inajarthere are 5 black marbles and 3 green
marbles. Two marbles are picked randomly

one after the other without replacement.

1 4
Ao BT




3)

4)

5)

6)

7)

8)

What is the possibility that both the marbles
are black?
5 5 5 5

A) U B) ) C) ) D) 16
Two dice are thrown simultaneously. Then
the probability of getting two numbers
whose product is even is
3 1 5 1
A4y B ©O= D5
In a set of 30 shirts, 17 are white and rest are
black. 4 white and 5 black shirts are tagged
as ‘PARTY WEAR’. If a shirt is chosen
at random from this set, the possibility of
choosing a black shirt or a ‘PARTY WEAR’
shirt is
11 13 9 17
A) 15 B) 0 C) 13 D) 30
There are 2 shelves. One shelf has 5 Physics
and 3 Biology books and the other has 4
Physicsand 2 Biology books. The probability

of drawing a Physics book is

31 9
B) 8 C) 38
Two friends A and B apply for a job in the
same company. The chances of A getting

selected is 2/5 and that of B is 4/7. The
probability that both of them get selected is

1 8
B) 35 ©) 35
The probability that a student knows
the correct answer to a multiple choice

question is % If the student does not

know the answer, then the student guesses
the answer. The probability of the guessed

answer being correct is E Given that the

student has answered the question correctly,
the probability that the student knows the
correct answer is

S 6
A)E 8)7

9 1
A)ﬂ D)7

34 27
A) 35 D) 35

7 8
C) 3 D) 9
Bag | contains 3 red and 4 black balls while

another Bag Il contains 5 red and 6 black

9)

10)

)
1)

2)

3)

4)

5)

balls. One ball is drawn at random from one
of the bags and it is found to be red. The
probability that it was drawn from Bag 1.

33 35 34 35
A) 68 B) 69 C) 57 D) 68

A fair is tossed twice. What are the odds in
favour of getting 4, 5 or 6 on the first toss
and 1, 2, 3 or 4 on the second die?

A)1:3 B)3:1 C) 1:2 D)2:1

The odds against an event are 5:3 and the
odds in favour of another independent event
are 7:5. The probability that at least one of
the two events will occur is

52 71 69 13
A) % B) % C) % D) %
Solve the following.

The letters of the word 'EQUATION' are
arranged in a row. Find the probability
that a) All the vowels are together b)
Arrangement starts wiht a vowel and ends
wiith a consonant.

There are 6 positive and 8 negative numbers.
Four numbers are chosen at random, without
replacement, and multiplied. Find the
probability that the product is a positive
numbers.

Ten cards numbered 1 to 10 are placed in
a box, mixed up thoroughly and then one
card is drawn randomly. If it is known that
the number on the drawn card is more than
3, what is the probability that it is and even
number?

If P(A~B) = =, P (BAC) = % P(CHA)

1

2
1

= - then find P(A), P(B) and P(C), If A.B.C

are independent events.

If the letters of the word 'REGULATIONS' be
arranged at random, what is the probability
that there will be exactly 4 letters between R
and E?




6)

7)

8)

9)

10)

11)

12)

In how many ways can the letters of the
word ARRANGEMENTS be arranged?

a) Find the chance that an arrangement
chosen at random begins with the letters
EE.

b) Find the probability that the consonants
are together.

A letter is taken at random from the letters
of the word '"ASSISTANT' and another letter
is taken at random from the letters of the
word 'STATISTICS'. Find probability that
the selected letters are the same.

A die is loaded in such a way that the
probability of the face with j dots turning up
is proportional to j for j=1, 2, ....... 6. What
is the probability, in one roll of the die, that
an odd number of dots will turn up?

An urn contains 5 red balls and 2 green
balls. A ball is drawn. If it's green a red ball
is added to the urn and if it's red a green ball
is added to the urn. (The original ball is not
returned to the urn). Then a second ball is
drawn. What is the probability the second
ball is red?

The odds against A solving a certain problem
are 4 to 3 and the odds in favor of solving the
same problem are 7 to 5 find the probability
that the problem will be solved.

|f|:’A_|:’(éj_l P B _l hen find
()_ B_Sa - then fin

A 3
L (4),.. (B
mP [E} (i) P (A]
Let A and B be independent events with

P(A) = % ,and P (AUB) = 2P (B) — P(A).

Find a) P(B): b) P(A/B); and c) P(B'/A).

13)

14)

15)

16)

17)

18)

19)

Find the probability that a year selected will
have 53 Wednesdays.

The chances of P, Q and R, getting selected

as principal of a college are 221
P P J 5'5" 5

respectively. Their chances of introducing

1 .
231 respectively.

Find the probability that

IT in the college are

a) IT is introduced in the college after one
of them is selected as a principal .

b) IT is introduced by Q.

Suppose that five good fuses and two
defective ones have been mixed up. To find
the defective fuses, we test them one-by-
one, at random and without replacement.
What is the probability that we are lucky and
fine both of the defective fuses in the first
two tests?

Fot three events A, B and C, we know
that A and C are independent, B and C are
independent, A and B are disjoint, P(AUC)
= 2/3, P(BUC) = 3/4, P(AUBUC) = 11/12.
Find P(A), P(B) and P(C).

The ratio of Boys to Girls in a college is 3:2
and 3 girls out of 500 and 2 boys out of 50 of
that college are good singers. A good singer
is chosen what is the probability that the
chosen singer is a girl?

A and B throw a die alternatively till one
of them gets a 3 and wins the game. Find
the respective probabilities of winning.
(Assuming A begins the game).

Consider independent trails consisting of
rolling a pair of fair dice, over and over What
is the probability that a sum of 5 appears
before sum of 7?




20)

21)

A machine produces parts that are either
good (90%), slightly defective (2%), or
obviously defective (8%). Produced parts
get passed through an automatic inspection
machine, which is able to detect any part that
is obviously defective and discard it. What is
the quality of the parts that make it throught
the inspection machine and get shipped?

Given three identical boxes, I, 1l and IlI,
each containing two coins. In box 1, both
coins are gold coins, in box 11, both are silver
coins and in the box 111, there is one gold and
one silver soin. A person chooses a box at
random and takes out a coin. If the coin is
of gold, what is the probability that the other
coin in the box is also of gold?

22)

23)

In a factory which manufactures bulbs,
machines A, B and C manufacture
respectively 25%, 35% and 40% of the
bulbs. Of their outputs, 5, 4 and 2 percent
are respectively defective bulbs. A bulbs is
drawn at random from the product and is
found to be defective. What is the probability
that it is manufactured by the machine B?

A family has two children. One of them is
chosen at random and found that the child is
a girl. Find the probability that

a) both the children are girls.

b) both the children are girls given that at
least one of them is a girl.




ANSWERS

1. ANGLE AND IT'S MEASUREMENT

Exercise : 1.1

1) (A) (i), (iii), (iv), (vi) are co-terminal.
(i), (v) are non co-terminal.
(B) (i) 1L (i) 100 (iii) 1 (iv) 1 (v) 1
(vi) I (vii) IV (viii) 1 (ix) H1(x) 11

2) (.)L (i) — 2om (iii) _n iv) 2T
360

151n ~ 5ln

™ 360 M s

. ) _(900Y"
3) (i) 105° (ii) —300° (iii) (7)

. —45Y’
(iv) 110° (v) | — | or 14°19'approx"
T

4) (i) 183°42' (ii) 245°19'48"  (iii) 11°27'33
5n
5) 25°, 36
T
6) 30°, 5
; X 2n  S5m ’ T
7) 40°,50° and 90° thatis — , —— and
) 9 ' 18 M2
8) 420° and 480°
n In 47
9) 30°, 70°and 80° thatis —, — and —
6 18 9
T T 5w
10) 20°, 60° and 100° thatis — , — and —
9 3 9

11) 40°, 60°, 140° and 120°

16n 8m 32n

12) 64°,96°, and 128° thatis —, —— and —, =
45 15 45

216

2n 3n
13) (i) 72° or ? and 108° or ?

N i 21

(ii) 60° or — and 120° or —
3 3

271

(iii) (51.43)° or 7

Sn
and (128.57)° or 7

3n
(iv) 45° or — and 135° or —
4 4

14) (i) 85° (ii) 100° (iiii) 162°30"

(iv) 97°30'  (v) 50° (vi) 115°

Exercise : 1.2

()9tcm (2)3nem (3) (lggj or (34.40°)

approx (4) 4.4cm

(5)4:5 (6)4ncm and 10w sqcm
(7) 18(7‘[ 2\/—)sqcm (8) ﬁ(g—ljsClcm

(9) 25 sq cm (10) 160 sq cm

MISCELLANEOUS EXERCISE - 1

() @()B (i)B (ii)A (iv)D (WD (vi)C

(vii) B (viii) B (iX) A (x) C.

(an @8 (2 49(%—1jsqcm (3)3rcm

(4) 35.7cm (5)'(%) (6) 13:22




135n

n 4t St 2w

(7) 157 cm and ,  sqem (9) 17°11'20" (11) 60°, 80°, 100°, 120° that is 399" 3
207
(10) 3
2. TRIGONOMETRY - |
Exercise : 2.1
(1)
0 0° 30° | 45° | 60° 150° 180° 210° 300° 330°
1
sind 0 1 = ﬁ 1 0 L —ﬁ L
2 2 5 2 ) 5 2
1
cos0 1 ﬁ — l _ﬁ -1 _ﬁ l ﬁ
2 V2 2 2 2 2 2
tano 0 ! 1 J3 ! 0 ! J3 !
an —- ——= —- — ——=
NG NG NG) NG
cosech N.D 2 J2 2 2 N.D 2 2 2
S . . — . . J— — — —
215 NE
seco 1 2 J2 2 2z 1 2 2 2
NG B NE NE
1 1
coto N.D. 1 —_ — N.D. -—— —
V3 NG J3 J3 NG J3
0 -30° -45° | -60° -90° -120° | -225° -240° -270° -315°
1 1
sind ! _ L _ﬁ -1 _ﬁ — ﬁ 1 —
2 NG 2 2 V2 2 2
J3 1 1 1 1 1 1
cosO — = - 0 -= = -= 0 =
2 NG 2 2 J2 2 2
1
tano -— -1 -3 N.D. J3 —1 -3 N.D. 1
NG
cosec 2 V2 - 1 - J2 2 1 J2
S f— _ —_—— — —— P
2 NG NG 2 NG 2
2
sec — J2 2 N.D. -2 -2 -2 N.D. J2
3
cot J3 -1 _L 0 L -1 _L 0 1
- NG 3 3
(217)




(2)
3)
(4)

(5)
(6)

(7)

(8)
(9)

(i) Positive (i) Positive  (iii) Negative

c0s 4°>cos4° , cos4°>0, cos4°<0

() 1l (i) 11
(i) ”f (i) 1+ V2

(iii)) 0

. 4 4
sinf= —— ,c050=§,tan9:—— :
5 5 3

cosec@-—é sec«9—é cot@-—g
- 4: _3: - 4)
119 144
120 ' 25
Ms G2
2
" 4 5 5
ng=—— = —— ==
(i) sin@ 5,003900 4,sece 3
t e—ﬂ te—é
ané=, cotd=
i A= l 'nA—ﬁ tnA——ﬁ
(if) cosA= 25,3| =55 o AnA= 7
cosec —24,cot ="
(i) sinx = 4 COS X = 3 COSecC x = 2
-5 -5 -4
_ S _ 4
Sec X = 3,tanx- 3
- 12
(iv) sinx = 13,cosx—13,

12 13
cotx=-—-— ,Cc0seCX= —— ,
5 5

13

SCGX:E

Exercise : 2.2

2(1+453)
V3(v3+2)

8
1) @ O

(4) (i) 16x> — 9y? = 144 (i) 16x2 — 9y? = 576

(iii) X2 + y2 = 41

. x=5 : y-3 2_

('V)( 6 j_( 3 )_1

V) [3)}—5)2_(2)6—3)2:1
3 4

(5) cosf=+1

7 13
(9) 1 or - (10) ;; ()-8
(12)()(©0.3) (i) (-1,0)
(13) () (5V2.45") i) (2, 609

(iii) (v/2,225")
3
2

(iv) (2, 150°)

1
(14) (1) (i) % (i) ﬁ

(6) % (7)30°  (8)60°

MISCELLANEOUS EXERCISE - 2

(1)
1{2|3|4|5]|6|7]|8|9]10
B B|A C B




(1)

90° 120° 225° 240° 270° 315° -120° -150° -180°

. NE) 1 NE) 1 NE) 1
sin 1 — -—= | -= -1 -—— X2 —= 0
2 J2 2 V2 2 2
1 1 1 1 NE)
cos 0 —— —— - 0 — S N 1
2 V2 2 2 2 2
1

tan N.D. -3 1 J3 N.D. -1 J3 el 0

2 2 2
1 —_ — —-—— -1 — —-—— -2 N.D.
cosec N J2 75 J2 NE

2
sec N.D. -2 -2 -2 N.D. J2 -2 i -1

cot 0 -—— 1 L 0 1 L J3 N.D
B NG NG o

—-210° | —300° | —330° 2xy x* —y?
(8) cosO= 72—, tanO=
1 NE) 1 X4y 2xy
2 2 2 (9) -1
_g % ? 3. TRIGONOMETRY - I
1 1 Exercise : 3.1
Gl BB
_ \/§+1
2 1) V3L i B g B
5 = 2 Q()zﬁ()zﬁ()l—ﬁ()
2 2 033 mle o33
i 2 N Q.3 (i) 65 (ii) 65 (iii) 56
1 Exercise : 3.2
3 NG J3

(2) (i) Positive  (ii) Negative (iii) Negative Q.1 (i) -3 (i) N (i) NG
(3) (@) IV (i) Il (i) 1 | .
(4) sin1856 > sin 2006 (iv) -3 w1 (vi) N

(5) sin (-310°)




(vii) —2 (viii) —/2  (ix) %

(x) —/3

Exercise : 3.3

Q.1 (i) /‘Z/; OR “2;*5

(ii) /‘/25\/%1 OR “2;‘5

~120 -119 120
169 ° 169 '119

Q.2

Exercise : 3.4

Q.1 (i) sin6x + sin 2x (i) sin%ﬂin%

(i11) cos 60 + cos 20 (iv) cos110° + cos40°

MISCELLANEOUS EXERCISE - 3

Q1 ()B ()C
©B (7)C

3D @#HC 5C
(8)B (9A (10)A

4. DETERMINANTS AND MARTICES

Exercise : 4.1

Q.1 ()2
(iv) abc + 2fgh — af? — bg?— ch?

(i) —10 (i) 46

Q2 ()x=0,x=-1,x=2 (i) x=-2

Q.3 x=11, y=352.

M, =-3,C,=-3

13 13

M, =-23, C, = 23, M,, = —11, C,, = 11,
M,, =19, C,,= —19

M, =5, C, =-5 M, =-5 C, =35,
M,,=5,C,=5
Q.5 28
Q.6 2
Exercise : 4.2
Q1()O0 (ino (o
7
Q.5 (i)x:—g (i) x=121or2or3.
Q.6 x=00r12
Exercise : 4.3
Q1 (@()1,2,3 (i)—5,3,4 (i) 2,2,-1
. 1 1
) ——, —, 1.
(V) 4 2
Q2 3,57

Q.3 (1) Consistent (ii) Not Consistent
(iii) Consistent

Q4 ()16  (ii)2

Q.5 (i) 16 sq. unit (i) 2° sq. unit
(ii1) 10 sq. unit i

Q.6 21 sq. unit

Q.7 lor—5

Q.8 (i) Collinear (i1) Non - Collinear

(i11) Collinear




MISCELLANEOUS EXERCISE - 4 (A)
(1

1(2((3|4|5]|6|7|8]|9]10
B|B|C|C|D|D|C
(I Q.1 (1) —113 (i1) =76
Q2 2
Q3 @O (i) 0
Q4 ()M, =14,C =14 M,=-4,C, =4
M,=8,C,=8
M, =16,C, =-16,M,,=-2,C,,= -2,
My, =4, Cp=—4
M, =4,C,=-4M,=5C,=-5,

1 2

Q5 (i) —— or2 (ii) 5
3

Q9 ()1,2,1 (i)1,2,3 (i) 1,2, -1

1
"2

N | W

9
(v) 5.~

Q.10 (i) % ()5 (i) 5

11 (i) 4 iy 2 iy 2
Q.11 (i) (i) 5 (i) >
Q.12 (i))0Oor8

Q.13  32sq. unit
Q.14 %1750, 1500, %1750

(i)lor34

Exercise : 4.4

o

95 1 8 27
(i) | -1-4 (i) 5 27 64
0 -3 64 125

Q.1 (i)

N wlek

NP o ANk

Q.2 (i) Upper triangular matrix
(ii) Skew - symmetric matrix
(iit) Column matrix
(iv) row matrix
(v) scalar matrix
(vi) Lower triangular matrix
(vii) diagonal matrix
(viii) symmetric matrix
(ix) Identity matrix

(X) symmetric matrix

Q.3 (i) Singular
(iii) Non-Singular

(i1) Singular

(iv) Non-Singular

) .. ... 49
Q.4 (|)7 (i) 6 (i) 2
: 51 -1
Q 320
7 3 1
Q6|2 —4 1
5 9 1
Q7a=-4, b=7, c¢=-7
3 ] \/—
Q8x=-7 y=5i, 2= 2




Q.9 (i) Symmetric
(1) Neither Symmetric nor Skew Symmetric

(iii) Skew Symmetric Q.11(i) 1760, 2090,
(i1) Profit of suresh book shop on P, C, M

2
QlO a:l, b:0, ng,

o
1
[$2 R (o)

. 0 -1 -2 _ _ is T 665, T 705.50, T890.50 respectively. That
Q10 A=|1 0 -1|Skew Symmetric matrix of Ganesh %700, T750, 1020 respectively.
2 1 0

Exercise : 4.6

Exercise : 4.5

s 4 6 —12 9
Q2 {3 23} Q1()|4 -8 6| (i8]
B 2 -4 3
-10 =11 Q.3 AB#BA
Q3 Cc=|7 -9 3 )
5 —15
4 6 2
) Q8 33 35}
-1 2 [10 10 4
5
25 39 2
Q4 x=[2 2 20 3B 7 2
' 5 5 i
19 26
- = 11 _1
5 5 | Q o
Q.13 k=-7
3 1 11
- 4 _| 8 4 Q17 a=2b=-1
Q5 X=l 3 a | YE
§ 2 8 2 S
13
14 8 o 167 2 %77
3 -+ _° o 10 16 7
3 3 3 3
Q6 A= , B=
-2 1 3 0 0 5 Q19 K=1
Q.20 x=-5/3
1 0
Q.7 Q21 x=19, y=12
0 1
Q.8 A —Bissingular Q22 x=-3, y=1, z=-1
9 Q.24  Jay %104 and Ram Z150.

1
Qg X—_Z, y—E




Q.7 CT:{

both are skew symmetric.

-16 14
-6 -10
8 35
8 | (i) | 25

Q.8 (i)

Q.12 (i)

(ii) % 1

Exercise : 4.7

N | —

(i) | 6

2 -4

2 0 2| A
4 2 0

1 -5

4 —a |41 s
2
-5 -4 4

-3 -6 0

MISCELLANEOUS EXERCISE - 4 (B)

(1

1

2

4 5|6

10

C

D|A|C

C

(1) Q.1 (i) diag[-1 1 3](ii)diag[23 32 —18]

Q.2

cosaa sina O

(i) | —sina cosa 0O

0 1

2cosa
(i) 0 2cosa 0
0

_ 1
Q3 () A'? 0 4

o NNk
Nl N

1 5106 1[1r -2 2
(i) 4=— B=
16| 4 025 164 0 -5
T

S5 a=60° or —
Q5 a 3

Q.16 x=2,y=2
2 -1
Q.18 3 o
Q.19 ()x=7, y=-44 (i)x=5 y=-1

Q.20 ()x=-9, y=-3, z=0.
(i) x=31, y=53, z=19.

2 0 4

Q.21 ABT:B2 ;2} AB=|7 -2 6

15 -6 30
Q.25 (i) Shantaram  Kantaram
Rice % 33000 ¥ 39000
Wheat % 28000 ¥ 31500

Groundnut T 24000 T 24000

(i) Shantaram  Kantaram
Rice ¥ 3000 ¥ 3000
Wheat X 2000 X 1500
Groundnut X0 % 8000




5. STRAIGHT LINE

|
©

o ~ w0 DD P

© 0o N o g bk~ w DN PE

Exercise : 5.1

2x—-4y+5=0
X-y+6=0
X2+ 3y?+4x—-24y +32=0
X2+y?-11x-11ly+53=0

3Xx+4y-41=0
X2+y?—4x-11y+33=0
(a) (-1, 0) (b) (0, 2)
(a) (6.7) (b) (4,6)
(-3,11)

@3X-Y+6=0

() X2+Y2+X+4Y-5=0
(c) XY =0

(dY?2-4X=0

Exercise : 5.2

4
a)2 b En ¢) not defined. d) 0.

-3 1

— 3. = 4,1 5. 135°
2 NG

-1 8. k=1 9. 45°

Exercise : 5.3

a)y=5 b)x=-5 c)y=-lory=7
a)y=3 b)x=4

ayx=2 b)y=-3

a)dx-y-8=0 b)x=2
a)y:\/§x b) y =—-3x
C)x—-2y-7=0 d)2x-3y+9=0
e)\/§x+y—4\/§—3=0
f)3x-y=0

224

6. m=1,¢c=-1
7. X+y-7=0
8. a)2x+y-4=0 b)2x-5y+14=0
C)2x+4y-13=0
2 3
9. a)32 b) —, =— ¢)-64
) ) ) )
10. x-y+2=0,3x-y=0
11, x+y=7,4x-3y=0
12. A:5x+y-15=0 , B :3x+4y-14=0,
C:2x-3y-1=0
13. 9x+y+7 =0, 8x +22y-31=0, 2x-4y+9=0
14, (ﬁ,fj
77
15. 3x-4y =25
Exercise : 5.4
2 .
1. a) Slope Y X-intercept 3, Y-Intercept 2
b) Slope 3, X-intercept 3, Y-Intercept -9
c) Slope — % intercepts O
2. a) 2x-y-4=0 b)Ox+1ly-4=0
C)2x+y-4=0 d) 2x-3y+0=0
4. (1,-3) 524  6.(1,2)
52
7. (1,-1 8 1=, 9.55
w-n 832 969
10. x+3y=3 11.2 12. 4
2 25
13. — 14, — 15.(3,1)and (-7,11
: NE (3,1) and (-7, 11)
16. y+2 =0 17.8x+13y-24=0
18. x-3y+5=0
19. 2x+y+13=0, x-9y+73=0,
11x-4y-52=0, (;1,_—1())
19 19
20. (2,2)




MISCELLANEOUS EXERCISE - 5

20. 3x+y=9andx-3y+7=0

21. =20
22. Xx—-2y+14=0,x+2y=32
Q)
1]2]3|4]5]6]7[8]9]w]| 22y=3@3
B D D 24. 3x-4y+8=0
c 25. 3x+9y =13
1. a)22 b)§ c)1 (68 _49j
26. | —, =
8 25 25
2. y=-2x—-—, slope=-2
3 27. (=2, 0)and (8, 0)
52 . , , 28. 2x -9y +85=0
4. No, point does not satisfy the equation.
30. 32
5. (d)
6. ay+3=0 b) x=-2
c)y=5 d)x=3 6. CIRCLE
7. a)y=3 b)y:4
8. a)bx-y+7=0 b)x =7 ¢)3x-2y=0 Exercise : 6.1
9. x=2
10. 6 (1) (i) x*+y*=16
12 (i) X2+ y? +6x + 4y —23=0
11. —
5 (i) X2+ y? — 4x + 6y — 12 = 0
12. x+y=80r5x-3y=0
iv) %2 + 2 -
13. a)BC:3x+y=9,CA:x=1.AB:x+y=5 (V) X2+ y" + Bx + 6y +9=0
b) Median AD : x -y + 3 =0, ) (i) (0,0); 5 (i) (5, 3); 2\/5
Median BE : 2x +y =7, (i) (l _l).l
Median CF : 5x +y—11 =0 2" 3)°6
B\ 2 2 _ 2 —
C)X—3y+12:0, y:5,x_y+2:0 (3) (I)X t+y 2ax 2by+b 0
d)x-3y+11=0, y=3,x-y+5=0 (i) x*+y>+4x-6y+4=0
14. 3y-7=0 (iii) X2+ y2 + 8x = 0
15. 17x+27y-17=0 (iV) X2 +y?—6x-2y+6=0
16. x+3y=7 (4) x2+y?2—16x+20y+83=0
17. =4 (5) X*+y*—2x-4y=0
3 (6) X2+y2+8x +8y+16=0
18. 5
29 (7) x*+y?—4x+5y=0
9. 3 (8) X2+ Y2+ 6x— 6y —47=0
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Exercise : 6.2

(1) (1) (2,-2);3 (ii)(3,4); 7 (iii)(3,1),4
(3) x*+y?—4x-6y—-12=0

Exercise : 6.3

(1) (i)x=3cosH, y=3sin0
(i)x=-1+3cosH, y=2+3sin06
(i) x=3+5c0s0, y=—4+5sin6,

(2 x=§+§cos9, y=—1+§sin0

3) 3x-2y=0
5) 4x-y-18=0

MISCELLANEOUS EXERCISE - 6

0

(13) (1) (2, =4,

. (8 6 4=
(i) [ggJ 3x—4y=0

y+4=0

(14) 7 (15 k=8
(16) 3x + 2y — 26 = 0 (17)x -2y =5
(18) x + /3 ¥ =10 (19) (-3, 0)

(20) —61  (21)2x+y+4/5 =0
(22)3x+2y+ 24/13 =0
(23)x— 5y + 6426 =0
(24)3x—y—27=0 and 3x—y+13=0
(25)x2 + y? = 18
(26) () xy =0

(i) X2 — a2 = c(x2 — @?)

(i) 5y2 — 2xy = 5a2

1123|4567 ]|8]9]10

7. CONIC SECTIONSs

C|A|C|D|C|[B|A

(1) (@) G_lj@

(3) *+y*+4x-2y=0

(4) X2 +y?—4x-6y=0

(6) 5x2+5y2+34x + 8y -3=0
(8) x -3 y+16=0

(9) x*+)?=50

(2)(3,2),4

(10)x2+y*—4x+ 6y —3=0
(11) (i) x-intercept = 12, r - intercept =9

Exercise : 7.1

24
n i [80] sx+6=0, =, é,igj
5 5 575

ii. (-5,0), x=5=0, 20, (-5, + 10)

(D _o 8 (i%)
0.2], 3y+2=0, =, | =,
. (O’J y 3'7373

iv. (0,-2), y-2=0,8, (+4,-2)

4 16 4 8)
. _—— _4= — __7i_
V(3,oj,3x 0,3,(3 3

2) x2=-20y

2 =
(i) x-intercept =9, r - intercept = 15 3) 3y*=16x
4) y*=-28x o
(12) (i) (1—_13) ,3X—4y—11=0 5) i) y?=36x i) y2 = X
. 6) i) 3 ii)—g
(ii) (1, 2), X+3y—-7=0 2 2
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7) 4 or 8 )

7 7 (vii) 3x2 + 5y2 =32 (viii) =+ 2 =1
8) i) [sz 10 (—, ——j, » g VI 357
3 2 2 8 , )
. v
9) (16,8), (16,-8) (ix) 5 5 =1
10) 18 units
242
11) 18 sq. units (3) e= T\F
12) (5,0)
0 @) e= -
13) (1, 2), (I,Zj, \/5
y-1=0, (6) 4sq.unit  (7) (3‘—9} (8) (1,2)
x=1 5°5
14) i) x-y+3=0,3x-2y+4=0 (9) The line is a tangent and point of contact
i) 3x-y+3=0,3x-2y+12=0
: ! e 42
17) x+2y+4=0
18) y =-3x (10) k = + 1242
19) %:7.25cm (1) (Hy+2=0,8x-y—-18=0
(i)y+2=0,6x+y=16
Exercise : 7.2 (iii))5x—y=9,x+y=3
(iv) 4x + 6y =+ 15
25 18 25
(1) (@106, (4,0),x=%7": 7, 8 —. (V) x+y =+ 29
(b) 4, 24/3, (10), x = +4, 3, 2, 8. (Vi)2x—y==%9
3 ) (vii) 3x — 4y = 265
c) 23,2, (¢ 0, x=¢2 = , —,
© 243,22 .0 V2 NG (12) x*+y*>=8 (13) X2 —xy—-5=0
22 32 (15) bx —ay =0 (17) x +y=+5
18) 4 sq. units
(d)i,l,[iL,ojx:ii,ﬁ, .
NE) 23 N
1 4
NG Exercise : 7.4
Lok P Xy
@ () Z+L =1 (i) =+=—=1
25 9 2 32
64 55 - (1) (i)10,8,@,(J_r\/H,O),x=i4—i,E
2 2
R . y
LA LY
(i 9% W) 7264 N Ja1 16 25
(i) 8,10, —, (0, = \/41) Y—if , —
¥ yz 2 yz 4 41 2
(V) —+—=1 (Vi) —+=—=
25 16 16 12




5 9 32
(ii)) 6,8, 3 . (£5,0). x=%2 , = MISCELLANEOUS EXERCISE - 7
(iv) 4, 2421 , =, (£5,0). x= +§ 21. M
12345678910
4 4
V) ==, 4,2, |£—=,0| ,x=t=, 43 A ClA C B
AN ( N ) B
111213141516 2718 1920
(vi) 8,8, V2, (#442.0), x=2242, 8 clcle|B|B|C|[B[A|lC[A
25 18
(vii) 10,6, f (O, Y=E = 17 17 (17 17
(a1 i E’O ,8X+17=0,?, Ry
13 25 288
(viii) 10, 24, — , (0, #13), ¥ = 3 5 ) (Ogj 6y +6=0 24 (_E gj
'2010*@+IOX=J—FE5 5 S
(ix) 20,10, ==, (+5.0) J5° 2) i)(12,12) i) 27.-18) 3) (8,8) and (8,-8)
(X) 4, 443 , 2, (x4, 0), x = 1, 12. 4) 3x+4y+12=0
2 2
Xy B 5) -y+2=0
@ % 25 Be= 2
. 2y 6) 9x—dy+4=0, x—4y+36=0
6 0Lt )Tt
4 2 69 8) X+y+2=0,(2.4)
2y2 . oy i o 2 18
(|||)__?_1 (iv) — v 13) a)i) 10,6 ii)(+4,0) iii) x= 4 iv) 5 V) 8
25
WXL (l)—z——z w7 % 3
9 27 49 9 b) 108 i) (#3,0) ii)y= T iv) =
9x*> 9y° Xy .50
X 7Y 4 A A 6 -
(vii) &30 () 1765 V)6 Vi) 3 » N
) i) 24,10 ii)(*13,0) i) x= +— iv) =
6) (i)3x— 2 y=2 ) D X ) 1) 3 M
288
() x—y=1 V) 26 V|)—3
(iii) 5X — 643y =30 d) )88 i) (442 ,0) i) x= 422 iv)8
(iv) 32 x—4y =12 V) 82 Vi) /2
V) 5x — 4y = 16 2 2 T2
(V) o=y 14) i) T =1 i) 3 =1
(7) (-6,-2) (8) £5 (9)x+y==4
iii) 3x? + 5y2 = 32
(10) 3x+2y=+4
(228)




1
- t— = —Vv—18=
15) e= 5 17) y+2=0 or 8x-y—18=0
18) 2x + 3y =25 19) (1,2)
20) x2—xy—5=0
x4y ox
22) 1) ————=1 i) ——=— =
36 25 16 20
2 2
iy =2y
4 9
23) i) 7x—2y+17=0 ii)10x— 33y =15
iii)8x — 5y = 204/3
24) (3,2) 25)y = 2x + 4
26) k(x*—a?) = 2xy

8. MEASURES OF DISPERSION

Exercise : 8.1

1) 38 2) 717 3)114)5 5)10

Exercise : 8.2

1)
2)
3)
4)
5)
6)
7)
8)

c6°=8;06=2.82

02=380; 6=19.49

02=232.39; 6=5.69

62 =4.026; o= 2.006
62=3.0275;06=1.74

X =58.2; 6 = 653.76; o = 25.56
o2X = 41.25; ox=6.42

S5and 7

Exercise : 8.3

1)
2)
3)
4)

, =515
,=3.14
C.V.=6.32
C.V.=20

5) S.D.=3.76
6) (C.V), =27.27, (C.\/.)Q =33.33;
1) Worker P is more consistent.
1) Worker Q seems to be faster in completing
the job.
7) (C.V), =107 (CV.),=25
1) First department has larger bill
1) Second department has larger variability
in wages.
8) (C.V),=186;(C.V),=18.7
Series B is more variable
9) (C.V),=80;(C.V), =745
Team B is more consistent.
10) (C.V),,=10; (C.V) =12
The subject Statistic shows higher vairablility
in marks.
MISCELLANEOUS EXERCISE - 8
(N
112 |3|4|5|6|7|8]9]10
C D| A C | B
(1)
1) Range =48
2) Range =89
3) Range =Rs. 30
4) Range =60
5) Variance=7.44,0c=2.72
6) Variance =2000, S. D.=44.72
7) S.D.=135
8) S.D.=13.42
9) S.D.=16.85
10) A.M.=72; S.D.=122
11) Mean=19.15; S.D.=4.66
12) Mean=41; S.D.=7.1
13) Number of boys = 75

combined S. D. =10.07
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14) combined S. D. = 2.65
15) C.V. =26.65

16) (C.V),=6.67 (C.V.), =6.38

(4,1), (4,2), (4,3), (4, 4), (4, 5), (4, 6),
(5,1).(5,2), (5, 3), (5, 4), (5. 5), (5, 6),
(6, 1), (6,2), (6,3), (6,4), (6,5), (6, 6)}

Series of boys is more variable a) A:{(12),(2 1), (1 3),(22),(3 1), (15),
17) (C.V), =_22.22 (Q-V')u =20.83 (2,4),@3,3),(4,2),(5,1),(2,6),(3,5),
Brand-1 is more variable (4, 4), (5, 3), (6, 2), (3, 6), (4, 5), (5, 4),
18) C.V. = 29.76 (6,3), (6. 6)
19) C.V.=31.35 b) B:{(1,6),(2,5), (3 4),(4,3),(52),(61)
20) (C.V),=9.21; (C.V.), =591 ¢ C:{(1,1).,(12),(@13)(14,(15),(1,6),
The variation is greater in the area of the (3,1).(3,2),(3,3),(3,4),(3,5), (3,6),
field. (5.1),(5,2),(5,3),(5,4),(5,5), (5 6)}
21) (CV), =37.67; (CV), =585 d) D:{21).(22)(23) (24 @25)26),
i) Company U gives higher average life (4, 1), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6),
i) Company U shows greater consistency in (6, 1), (6,2), (6,3), (6,4), (6,5), (6 6)}
performance. '
22) (CV),=1550 (C.\), = 19.96 e) A and .B are mutually exclusive but not
Height shows more variability exhaustive.
f) C and Dare mutually exclusive and
exhaustive.
9. PROBABILITY 5) a) S ={(5,5), (5 6), (5 7), (5 8), (6, 5),
(6,6),(6,7),(6,8),(7,5), (7,6), (7, 7),
Exercise : 9.1 (7,8),(8,5),(8,6),(87), (8 8)}
b) $={(5.6),(5.7). (5.8), (6,5), (6, ), (6. 8),
1) S ={RR, GR, BR, PR, RG, GG, BG, PG, (7, 5), (7, 6), (7, 8), (8, 5), (8 6),
RB, GB, BB, PB, RP, GP, BP, PP} 8,7).}
a) A={RR, GR, RB, RP, GR, BR, PR} 6) a) 1 b)5/12 ¢ 1/6 d) 1/9
b) B = {RG, RB, RP, GR, GB, GP, BR, BG, ?
BP, PR, PG, PB} N a) 8 b) 13 0 12 Q) 25 0 13
2) S ={(H, 1), (H 2), (H, 3), (H 4), (H, 5), 221 102 51 102 34
H, 0, (1 D (1.2 (1.3 (T4 gy 5y 6 1) 97 22 g 16
(T, 5), (T, 6) 5525 1700 425 5525
A=A 1. (1.3). (T. 5} 9) ayl2 bl2 o710
b) B=(H, 2), (H,3).(H,5),(T. 2), (T,3),(T,5),
¢) C=(H, 1), (H, 4), 10) a)4/25 b)8/75 ¢)7/25 d)1/15
3) )56 ii)120 iii) 720  iv) 1140 ) 927 12)0) 25581 i) 5/18
4) $={1,1),(1,2),(,3),(1,4)(1,5), (1,6),
(21).(22),(2.3),(24.(25. 26, 13 )16 i)~
(3,1), (3,2), (3.3), (3,4), (3,5), (3, 6), 6
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14) i) 13 i)2/3 i) 1/30  iv) 4/15
15) 4—4!:1 16) 1/105 17)1) 7/33 ii) 14/55
4" 32
Exercise : 9.2
1) 23 2)i)1 i) 8/13
3) 1)0.85 ii)0.74  iii)0.15
4) a)22/75 b)47/75
5) 069  6)5/18
7) a)l/4  b)3/8 ¢) 3/4
8) 1/2 9 m=6
10) i) 7/33 i) 2 11) 3
55 50
Exercise : 9.3
1) 2/7 2)7/22 3)1/9
4) i) 1/17 i) 1/16
5) a)l17/64 b)3/64 c)61/64 d)29/64
6) 1)9/20 i) 11/20 iii)9/20 7)11/25

8) a)14/19 (0.733) b) 1/7 (0.143) ¢) 5/8(0.625)
9) Independent

61
10) 2)5/32  b)23/48 ¢)35/96 d) 5o
11) a) 1/4 b) 1/2
12) a)21/40  b)19/40 13) 10/21 14) 1/4
1
15) 11/221 16) 901/1680 18) 3
Exercise : 9.4
1) 0.60 2)1)27/52 ii) 25/52
3) 16/99  4)4/5 5) 12/37

6) T = Test positive, S = Sufferer, P(T) = Total
probability = 0.10425

0.00475
0.10425

p(T/S)P(S) _0.8955
1-P(T)  0.8958

b) P(SUT") =

7 2—0748 8—0'018—0108
) 127 )0.166_ '

.. 2 1
9) (a) Total Probability = 3 b) 5
20

10) 5

Exercise : 9.5

73 32
105 b) 105

3

MEREIPL
)')§ ll)g )5 393

61

23
4) a)% b) 75 56523 6)21

7) 81:44

MISCELLANEOUS EXERCISE - 9

(1
1123 ]al5]6 78910
D| A D C B
N Da) = b= 92 g
) Da) 17 0) g )Too1 7
n 21l 55 gnee 2
) 213 N5 9=
1 1 19 3
a) — b) — 7) — 8) =
) 6 ) % ) %0 ) 2
32 16 42
9) — 10) — 1D — i) —
) ) 3 N3 3
a2 npl o9l 132
5 4 28




23 8 | 1 6 5
14) a) =— b) — 15) — — iny= — iny= —
) )60 )23 )21 17) 1 18) P(Awin) = -, P(B win) = -7
1 ! 1 90 2 28
16) P(A)= =, P(B)=5 , P(C)= > 19) 2 20) — 21y = 22) =
3 2 2 ) 5 ) 9 ) 3 ) 69
1
23) —
) 3
[ ] [ ]
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