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WE, THE PEOPLE OF INDIA, having
solemnly resolved to constitute India into a
SOVEREIGN SOCIALIST SECULAR
DEMOCRATIC REPUBLIC and to secure to
all its citizens:

JUSTICE, social, economic and political;

LIBERTY of thought, expression, belief, faith
and worship;

EQUALITY of status and of opportunity;
and to promote among them all

FRATERNITY assuring the dignity of
the individual and the unity and integrity of the
Nation;

IN OUR CONSTITUENT ASSEMBLY this
twenty-sixth day of November, 1949, do HEREBY
ADOPT, ENACT AND GIVE TO OURSELVES
THIS CONSTITUTION.
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NATIONAL ANTHEM

Jana-gana-mana-adhinayaka jaya hé
Bharata-bhagya-vidhata,

Panjaba-Sindhu-Gujarata-Maratha
Dravida-Utkala-Banga

Vindhya-Himachala-Yamuna-Ganga
uchchala-jaladhi-taranga

Tava subha namé jage, tava subha asisa mage,
gahé tava jaya-gatha,

Jana-gana-mangala-dayaka jaya hé
Bharata-bhagya-vidhata,

Jaya hé, Jaya hé, Jaya heé,
Jaya jaya jaya, jaya hé.

PLEDGE

India is my country. All Indians
are my brothers and sisters.

Ilove my country, and I am proud
of its rich and varied heritage. I shall
always strive to be worthy of it.

I shall give my parents, teachers
and all elders respect, and treat
everyone with courtesy.

To my country and my people,
I pledge my devotion. In their
well-being and prosperity alone lies
my happiness.
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Dear Students,

Welcome to Standard XII, an important milestone in your student life.

Standard XII or Higher Secondary Certificate opens the doors of higher education.
After successfully completing the higher secondary education, you can pursue higher
education for acquiring knowledge and qualification. Alternatively, you can pursue other
career paths like joining the workforce. Either way, you will find that mathematics
education helps you every day. Learning mathematics enables you to think logically,
constistently, and rationally. The curriculum for Standard XII Commerce Mathematics and
Statistics has been designed and developed keeping both of these possibilities in mind.

The curriculum of Mathematics and Statistics for Standard XII Commerce is divided in
two parts. Part I deals with more theoretical topics like Mathematical Logic, Differentiation
and Integration. Part II deals with application oriented topics in finance and management.
Random Variables and Probability Distributions are introduced so that you will understand
how uncertainty can be handled with the help of probability distributions.

The new text books have three types of exercises for focused and comprehensive
practice. First, there are exercises on every important topic. Second, there are comprehensive
exercises at end of all chapters. Third, every chapter includes activities that students must
attempt after discussion with classmates and teachers. Textbooks cannot provide all the
information that the student can find useful. Additional information has been provided on
the E-balbharati website (www.ebalbharati.in).

We are living in the age of the Internet. You can make use of the modern technology
with help of the Q.R. code given on the title page. The Q.R. code will take you to
websites that provide additional useful information. Your learning will be fruitful if you
balance between reading the text books and solving exercises. Solving more problems will
make you more confident and efficient.

The text books are prepared by a subject committee and a study group. The Bureau
is grateful to the members of the subject committee, study group and review committee
for sparing their valuable time while preparing these text books. The books are reviewed
by experienced teachers and eminent scholars. The Bureau would like to thank all of them
for their valuable contribution in the form of creative writing, constructive cristicism and
useful suggestions for making the text books valuable.

The Bureau wishes and hopes that students find the text book useful in their studies.

Students, all the best wishes for happy learning and well deserved success.

)
%
I
(Vivek Gosavi)
Director

Date : 21 February 2020 Maharashtra State Bureau of Textbook
h Bharatiya Saur: 2 Phalguna 1941 Production and Curriculum Research, Pune. &

Pune




Competency statement

Sr. No.

Area/Topic

Competency statements

Mathematical
Logic

The student will be able to

identify statement in logic and its truth value
use connectives to combine two or more logical
statements

identify tautology, contradiction and

contingency by constructing a truth table
examine logical equivalence of statement
patterns

find the dual of a statement pattern
form the negation of a statement pattern

Matrices

identify the order of a matrix

identify types of matrices

perform fundamental matrix operations after
verifying conformity

perform elementary transformation on rows and
columns of a matrix

find the inverse of a matrix using elementary

transformations and adjoint method

verify the conditions for a matrix to be Invertible
use matrix algebra to solve a system of linear
equations

Differentiation

state standard formulae of differenciation
state and use the chain rule of differenciation
find derivatives using logarithms

find derivatives of implicit functions

find derivatives of parametric functions
understand the notion of higher order derivatives
and find second order derivatives

Applications of
Derivatives

determine whether a function is increasing or
decreasing

apply differenciation in Economics

find maximum and minimum values of a

function
solve optimization problems in Commerce and
Economics




Integration

understand the relationship between
differenciation and integration

use standard formulae of integration

use fundamental rules of integration

use the method of substitution for integration
identify integrals of special types

find integrals using integration by parts

use important formulae of integration
use partial fraction in integration

Definite Integration

understand the relationship between indefinite
and definite integrals

remember fundamental theorems of integral
calculus

remember properties of definite integrals and use
them in solving problems

Application of
Definite Integration

find area bounded by specified lines and curves.

Differential
Equation and
Applications

identify order and degree of a differential
equation

form a differential equation

solve a differential equation

use variables separable and substitution methods
to solve first order and first degree differential
equations

solve homogeneous and linear differential
equations

use differential equations to solve problems on
growth and decay of populations and assets
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2 Matrices 35
3 Differentiation 89
4 Applications of Derivatives 103
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Definite Integration 141
7 Application of Definite Integration 152
8 Differential Equation and Applications 160
Answers 174




Mathematical logic

7 Let's Study

Statement
Logical connectives
Quantifiers and quantified statements

Statement and

equivalence

patterns logical

Y

Algebra of statements

Y

Venn diagrams

Introduction:

Mathematics is an exact science. Every
statement must be precise. There has to be
proper reasoning in every mathematical proof.
Proper reasoning involves Logic. Logic related
to mathematics has been developed over last 100
years or so. The axiomatic approach to logic
was first propounded by the English philosopher
and mathematician George Boole. Hence it is
known as Boolean logic or mathematical logic
or symbolic logic.

The word ‘logic’ is derived from the Greek
word ‘Logos’ which means reason. Thus Logic
deals with the method of reasoning. Aristotle
(382-322 B.C.), the great philosopher and
thinker laid down the foundations of study of
logic in a systematic form. The study of logic
helps in increasing one’s ability of systematic
and logical reasoning and develop the skill of
understanding validity of statements.

1.1 Statement:

A statement is a declarative sentence which
is either true or false but not both simultaneously.
Statements are denoted by letters like p,q,r, ....

For example:

1) 2 is a prime number.

i1) Every rectangle is a square.
ii1) The Sun rises in the West.

1iv) Mumbai is the capital of Maharashtra.

Truth value of a statement:

A statement is either true or false. The
truth value of a ‘true’ statement is denoted by T
(TRUE) and that of a false statement is denoted
by F (FALSE).

Example 1: Observe the following sentences.

1)  The Sun rises in the East.

i1) The square of a real number is negative.

1i1) Sum of two odd numbers is odd.

iv) Sum of opposite angles in a cyclic rectangle
is 180°.

Here, the truth value of statements (i) and
(iv) is T, and that of (ii) and (iii) is F.

Note: The sentences like exclamatory,
interrogative, imperative are not considered as
statements.

Example 2: Observe the following sentences.
i)  May God bless you!

i)  Why are you so unhappy?

ii1) Remember me when we are parted.

iv) Don’t ever touch my phone.

v) I hate you!

vi) Where do you want to go today?

The above sentences cannot be assigned
truth values, so none of them is a statement.
The sentences (i) and (v) are exclamatory.
The sentences (ii) and (vi) are interrogative.
The sentences (iii) and (iv) are imperative.




Open sentences:

An open sentence is a sentence whose truth
can vary according to some conditions which are
not stated in the sentence.

Example 3: Observe the following.
i) x+4=8
ii) Chinese food is very tasty

Each of the above sentences is an open
sentence, because truth of (i) depends on the
value of x; if x = 4, it is true and if x # 4, it is
false and that of (ii) varies as degree of tasty
food varies from individual to individual.

Note:

1)  An open sentence is not considered a
statement in logic.

i1) Mathematical identities are true statements.

For example:

a+0=0+a=a, for any real number a.

[ Activity: ]

Determine whether the following sentences are statements in logic and write down the truth

values of the statements.

Sr. Sentence Whether it If ‘No’ then | Truth value
No. is a statement reason of
or not (yes/No) statement
1. -9 is a rational number Yes — False ‘F’.
2. Can you speak in French? No Interrogative —
3. Tokyo is in Gujrat Yes - False ‘F’.
4. Fantastic, let’s go! No Exclamatory —
5. Please open the door quickly. No Imperative —
6. Square of an even number is even. |:| | || | True ‘T’
7. x+5<14 |:| | I |
8. 5 is a perfect square |:| | In |
9. West Bengal is capital of Kolkata. |:| | | | |
10, |p=—1 L1 | | | |
(Note: Complete the above table)
i1)  The sum of interior angles of a triangle is
q EXERCISE 1.1 j 180°

State which of the following sentences
are statements. Justify your answer if it is a
statement. Write down its truth value.

1) A triangle has ‘n’ sides

ii1)  You are amazing!
iv)  Please grant me a loan.
V) J—4 is an irrational number.

vi) x*—6x+8=0implies x =—4 or x =-2.




vii) He is an actor.

viii) Did you eat lunch yet?

ix)  Have a cup of cappuccino.

X) (xtyyP=x2+2xy+y* forallx,yeR.
xi)  Every real number is a complex number.
xil) 1 is a prime number.

xiil) With the sunset the day ends.

xiv) 1!=0

xv) 3+5>11

xvi) The number IT is an irrational number.
xvii) x*—)*=(x+y)(x—y)forallx,y € R.

xviil) The number 2 is the only even prime
number.

xix) Two co-planar lines are either parallel or
intersecting.

xX)  The number of arrangements of 7 girls in
a row for a photograph is 7!.

xxi) Give me a compass box.
xxii) Bring the motor car here.
xxiii) It may rain today.

xxiv) If a + b <7, where a > 0 and b > 0 then
a<Tandb<7.

xxv) Can you speak in English?

1.2 Logical connectives:

A logical connective is also called a logical
operator, sentential connective or sentential
operator. It is a symbol or word used to connect
two or more sentences in a grammatically valid
way.

Observe the following sentences.

1)  Monsoon is very good this year and the
rivers are rising.

i1) Sneha is fat or unhappy.

ii1) If it rains heavily, then the school will be
closed.

iv) A triangle is equilateral if and only if it is
equiangular.

The words or group of words such as
“and”, “or”, “if ... then”, “If and only if”, can
be used to join or connect two or more simple
sentences. These connecting words are called

logical connectives.

Note: ‘not’is a logical operator for a single
statement. It changes the truth value from T to F
and Fto T.

Compound Statement:

A compound statement is a statement which
is formed by combining two or more simple
statements with help of logical connectives.

The above four sentences are compound
sentences.

Note:

i) Each of the statements that comprise
a compound statement is called a sub-
statement or a component statement.

i) Truth value of a compound statement
depends on the truth values of the sub-
statements i.e. constituent simple statements
and connectives used. Every simple
statement has its truth value either ‘T’ or ‘F’.
Thus, while determining the truth value of
a compound statement, we have to consider
all possible combinations of truth values of
the simple statements and connectives. This
can be easily expressed with the help of a
truth table.

Table 1.1: Logical connectives

Sr. | Connective | Symbol Name of
No. corresponding
compound
statement
1. and A conjunction
2. or v disjunction
3. not ~ Negation
4. If ... then - conditional or
(or =) implication
5. | Ifand only & Biconditional
if (or <) or double
or implication
iff




A) Conjuction (1):

If p and ¢ are any two statements connected
by the word “and”, then the resulting compound
statement “p and ¢” is called the conjunction of
p and g, which is written in the symbolic form

as ‘pAq’.
For example:
Let p:<2 is arational number
q : 4+ 3i is a complex number

The conjunction of the above two
statements is pAg i.e. NJ2 a rational number and
4 + 3i is a complex number.

Consider the following simple statements:
1) 5> 3 ; Nagpur is in Vidarbha.

p:5>3

g : Nagpur is in Vidarbha

The conjunction is

pAq 25 >3 and Nagpur is in Vidarbha.

i1) p:atbiis irrational number for all a,b € R;
q:0!=1

The conjuction is
PAq : a+ biis irrational number,

foralla, be Rand 0! =1

Truth table of conjunction (pAg)

Table 1.2
p q pAq
T T T
T i K
K T K
K I E

From the last column, the truth values of
above four combinations can be decided.

Remark:

1)  Conjunction is true if both sub-statements
are true. Otherwise it is false.

i1) Other English words such as “but”, “yet”,
“though”, “still”, “moreover” are also used
to join two simple statements instead of
“and”_

ii1) Conjunction of two statements corresponds
to the “intersection of two sets” in set
theory.

( SOLVED EXAMPLES )

Ex. 1: Write the following statements in
symbolic form.

1)  An angle is a right angle and its measure is
90°.
i1) Jupiter is a planet and Mars is a star.
1i1) Every square is a rectangle and 3 + 5 < 2.
Solution:
1) Letp : An angle is right angle.
q : Its measure is 90°.
Then, p A g is the symbolic form.
i1) Let p : Jupiter is plannet
q : Mars is a star.
Then, p A g is the symbolic form.
i) Letp ...

Ex. 2: Write the truth value of each of the
following statements.

1) Patna is capital of Bihar and 5i is an
imaginary number.

i1) Patna is capital of Bihar and 5i is not an
imaginary number.

1i1) Patna is not capital of Bihar and 5i is an
imaginary number.

iv) Patna is not capital of Bihar and 5i is not an
imaginary number.

Solution: Let p : Patna is capital of Bihar
q : 5i is an imaginary number

p 1s true; g is true.




i)  True (T), since both the sub-statements are
true i.e. both Patna is capital of Bihar and 5i
is an imaginary number are true.

(AsTAT=T)

ii) False (F), since first sub-statement “Patna
is capital of Bihar” is true and second sub-
statement 57 is not an imaginary number is
False. (AsT A F =F)

ii1) False (F), since first sub-statement “Patna
is not capital of Bihar” is False and second
sub-statement 57 is an imaginary number is
True. (AsF AT=F)

iv) False (F), since both sub-statement “Patna
is not capital of Bihar” and “5i is not an
imaginary number” are False.

(AsFAF=F)

B) Disjunction (V):

If p and ¢ are two simple statements
connected by the word ‘or’ then the resulting
compound statement ‘p or ¢’ is called the
disjunction of p and g, which is written in the

symbolic form as ‘p v q’.

Note: The word ‘or’ is used in English language
in two distinct senses, one is exclusive and the
other is inclusive.

For example: Consider the following statements.
1)  Throwing a coin will get a head or a tail.

i1) The amount should be paid by cheque or by
demand draft.

In the above statements ‘or’ is used in
the sense that only one of the two possibilities
exists, but not both. Hence it is called exclusive
sense of ‘or’.

Also consider the statements:

1)  Graduate or employee persons are eligible
to apply for this post.

i1) The child should be accompanied by father
or mother.

In the above statements ‘or’ is used in the

sense that first or second or both possibilities
exist. Hence it is called inclusive sense of ‘or’. In
mathematics ‘or’ is used in the inclusive sense.
Thus p or g (p v g) means p or g or both p and ¢.

Example: Consider the followinig simple
statements.
1) 3>2;2+3=5 p:3>2

q:2+3=5

The disjunctionispvg:3>2o0r2+3=5
i1) New York is in U.S.; 6 > 8

p : New York is in U.S.

q:6>8

The disjunction is p v ¢ : New York is in
U.S.or6>8.

Truth table of disjunction (p v ¢q)
Table 1.3

q p

M ™ 4 4o

m o4 3 <

o 4 o

Note:

i) The disjunction is false if both sub-
statements are false. Otherwise it is true.

1) Disjunction of two statements is equivalent
to “‘union of two sets’ in set theory.

( SOLVED EXAMPLES )

Ex. 1: Express the following statements in the
symbolic form.

1)  Rohit is smart or he is healthy.

i1) Four or five students did not attend the
lectures.

Solution:
1)  Letp : Rohit is smart
g : Rohit is healthy
Then, p v g is symbolic form.




ii) In this sentence ‘or’ is used for indicating
approximate number of students and not
as a connective. Therefore, it is a simple
statement and it is expressed as

p : Four or five students did not attend the
lectures.

Ex. 2: Write the truth values of the following
statements.

i) India is a democratic country or China is a
communist country.

i1) India is a democratic country or China is
not a communist country.

ii1) India is not a democratic country or China
1S a communist country.

iv) India is not a democratic country or China
is not a communist country.

Solution: p : India is a democratic country.
¢ : China is a communist country.
p is true; g is true.

1) True (T), since both the sub-statements are
true i.e. both “India is a democratic country”
and “China is a communist country” are
true. (AsTvT=T)

i1) True (T), since first sub-statements “India
is a democratic country” is true and second
sub-statement “China is not a communist
country” is false. (As T v F=T)

ii1) True (T), since first sub-statements “India
is not a democratic country” is false
and second sub-statement “China is a
communist country” is true. (As F v T=T)

iv) False (F), since both the sub-statements
“India is not a democratic country” and
“China is not a communist country” are
false. (As F v F=F)

L EXERCISE 1.2 3

Ex. 1: Express the following statements in

symbolic form.

i) eisavowelor2+3=5

11) Mango is a fruit but potato is a vegetable.
ii1) Milk is white or grass is green.

iv) Ilike playing but not singing.

v) Even though it is cloudyj, it is still raining.

Ex. 2: Write the truth values of following
statements.

1)  Earth is a planet and Moon is a star.

11) 16 is an even number and 8 is a perfect
square.

1i1) A quadratic equation has two distinct roots
or 6 has three prime factors.

iv) The Himalayas are the highest mountains
but they are part of India in the North East.
C) Negation (~):
The denial of an assertion contained in a

statement is called its negation.

The negation of a statement is generally
formed by inserting the word “not” at some
proper place in the statement or by prefixing the
statement with “it is not the case that” or “it is
false that” or “it is not true that”.

The negation of a statement p is written as
~ p (read as “negation p” or “not p”’) in symbolic
form.

For example:

Let p : 2 1s an even number
~ p : 2 is not an even number.

or ~p:ltisnotthe case that?2 is an even
number

or ~p:ltisfalsethat?2 isaneven number




The truth table of negation (~ p)
Table 1.4

p ~Pp
T I3
/g

Note: Negation of a statement is equivalent to
the complement of a set in set theory.

( SOLVED EXAMPLES )

Ex. 1: Write the negation of the following
statements.

1) p:Heis honest.

il) ¢ :mis an irrational number.

Solution:
1) ~ p : He is not honest
or ~ p : It is not the case that he is honest

or ~ p : It is false that he is honest.

i) ~ ¢ : m is not an irrational number.
or~q:| |
or~q:| |

i EXERCISE 1.3 h

1. Write the negation of each of the following
statements.

i)  All men are animals.
i1) — 3 is a natural number.

iii) It is false that Nagpur is capital of
Maharashtra

v) 2+3#5

2. Write the truth value of the negation of each
of the following statements.

i) <J5 is an irrational number
ii) London is in England

i11) Foreveryx e N, x+3 <8.

D) Conditional statement (Implication, —)

If two simple statements p and ¢ are
connected by the group of words “If ... then ...”,
then the resulting compound statement “If p then
q” 1s called a conditional statement (implication)
and is written in symbolic form as “p — ¢’ (read
as “p implies ¢”).

For example:
1)  Letp : There is rain
g : The match will be cancelled

then, p — ¢ : If there is rain then the match
will be cancelled.

i1) Letp : ris arational number.
q : ris a real number.

then, p — ¢ : If r is a rational number then
is a real number.

The truth table for conditional statement

-9
Table 1.5
p q pP—q
T T T
T F F
F T T
F F T
( SOLVED EXAMPLES )

Ex. 1: Express the following statements in the
symbolic form.

1)  Ifthe train reaches on time, then I can catch
the connecting flight.

i1) If price increases then demand falls.

Solution:

1)  Let p : The train reaches on time
q : I can catch the connecting flight.
Therefore, p — ¢ is symbolic form.




i1) Let p : price increases
q : demand falls
Therefore, p — ¢ is symbolic form.

Ex. 2: Write the truth value of each of the
following statements.

1) If Rome is in Italy then Paris is in France.

i1) If Rome is in Italy then Paris is not in
France.

ii1) If Rome is not in Italy then Paris is in
France.

iv) If Rome is not in Italy then Paris not in
France.

Solution:

p : Rome is in Italy
q : Paris is in France
p is true ; g is true.

i)  True (T), since both the sub-statements are
true. i.e. Rome is in Italy and Paris is in
France are true. (AsT —> T=T)

ii) False (F), since first sub-statement Rome
is in Italy is true and second sub-statement
Paris in not in France is false.

(AsT > F=F)

ii1) True (T), since first sub-statement Rome is
not in [taly is false and second sub-statement
Paris is in France is true. (As F - T=T)

iv) True (T), since both the sub-statements are
false. i.e. Rome is not in Italy and Paris is
not in France both are false. (As F > F=T)

E) Biconditional (Double implication) («<>)
or (<):

If two statements p and g are connected by
the group of words “If and only if” or “iff”, then
the resulting compound statement “p if and only
if ¢” is called biconditional of p and ¢, is written
in symbolic form as p <> ¢ and read as “p if and
only if g”.

For example:
1) Letp : Milk is white
q : the sky is blue
Therefore, p <> ¢ : Milk is white if and only
if the sky is blue.
i) Letp:3<5
g : 442 is an irrational number.

Therefore, p <> ¢ : 3 <5 if and only if 442
is an irrational number.

Truth table for biconditional (p <> ¢)

Table 1.6
P q peq
T T T
T F F
F T F
F F T
( SOLVED EXAMPLES )

Ex. 1: Translate the following statements (verbal
form) to symbolic form.

1)  Price increases if and only if demand falls.
i) 5+4=9ifandonlyif3+2=7

Solution:

1) Letp : Price increases
g : demand falls
Therefore, p <> ¢ is the symbolic form.
i) Letp:5+4=9
qg:3+2=7
Therefore, p <> g is the symbolic form.

Ex. 2: Write the truth value of each of the
following statements.

1)  The Sun rises in the East if and only if
4+3=7

i1) The Sun rises in the East if and only if
4+3=10




iiil) The Sun rises in the West if and only if
4+3=7

iv) The Sun rises in the West if and only if
4+3=10

Solution:

p: The Sun rises in the East;
q:4+3=7,
p 1s true, q is true.

The truth value of each statement is given

1)  True (T), since both the sub-statements (i.e.
“The Sun rises in the East” and “4 + 3 =77)
are true. (AsT<> T=T)

i1) False (F), since both the sub-statements
have opposite truth values (i.e. “The Sun
rises in the East” is true but “4 +3 =10 1s
false.). (As T <> F =F)

ii1) False (F), since both the sub-statements
have opposite truth values (i.e. “The Sun
rises in the East” is false but “4 +3 =7"1s
true.). (AsF < T=F)

iv) True (T), since both the sub-statements
have same truth values (i.e. they are false.)
(AsFF=T)

Therefore, p <> ¢ is the symbolic form.

Note:

1)  The biconditional statement p <> ¢ is the
compound statement “p — ¢” and “q — p”
of two compound statements.

1) p <> g can also be read as —
a) g¢ifandonly ifp.
b) p is necessary and sufficient for g.
c) ¢ is necessary and sufficient for p.
d) pimplies g and g implies p.
e) p implies and is implied by g.

Ex. 1: Express the following in symbolic form
using logical connectives.

1) If a quadrilateral is a square then it is not a
rhombus.

i1) It is false that Nagpur is capital of India iff
3+2=4

ii1) ABCD is a parallelogram but it is not a
quadrilateral.

iv) It is false that 32 + 4> = 52 or J2 is not a
rational number but 3> + 4> =52 and 8§ > 3.

Solution:

1)  Let p : quadrilateral is a square
g : quadrilateral is a rhombus.
Then, p — ~ g is symbolic form.
i1) Letp : Nagpur is capital of India
g:3+2=4
Then, ~ p <> ¢ is the symbolic form.
i) Letp : ABCD is a parallelogram
q : ABCD is a quadrilateral
Then, p A ~ g is the symbolic form.
iv) Letp:3?+4*=5?
g : N2 is arational number
r:8>3.

Therefore, (~p v ~ g) A (p A 1) is the
symbolic form of the required statement.

Ex. 2: Express the following statements in
symbolic form and write their truth values.

i) Itis not true that {2 is a rational number.

i1) 4 isan odd number iff 3 is not a prime factor
of 6.

1i1) It is not true that i is a real number.

Solution:

i) Letp :2 is arational number.

Then ~ p is the symbolic form.

Given statement, p is false F.

“~p=T

.. the truth value of given statement is T.
i1) Letp : 4 is an odd number.

q : 3 is a prime factor of 6.
~ ¢ : 3 is not a prime factor of 6.




Therefore, p <> (~ g) is the symbolic form.
Given statement, p is false F.
qistrue T.
.. ~q1is false F.
Lpeo(~9)=FeoF=T
.. the truth value of given statement is T.
ii1) Letp :iis areal number.
. ~p : Itis not true that i is a real number.
Therefore, ~ p : is the symbolic form.
p is false F.
~p:istrue T.

.. the truth value of the given statement is

Ex. 3: If p and ¢ are true and r and s are false,
find the truth value of each of the following.

D po~@aro~s)

i) p—>r)vig—ys)

i) ~[(pA~5)v(gA~r]

Solution:

1)  Without truth table : (p <> ~q) A (r<>~s)
=(Te~T)A (Fo~F)
=(TePA (FeT
=FAF
=F

T.
Construct truth table
Table 1.7
p q ~q ~s |(po~qg reoo~s| o~ AT~y
T T F F E T F E |7

i1)  Without truth table :
p->rvg—->s)=(T->F)v(T->F)
=FVvF
=F

Construct truth table

Table 1.8
p gl ri s porigos (por)v(g—os)
T|T|F|F F F F

i1) Without truth table : (Activity)

Construct truth table
Table 1.9

(Note: Construct truth table and complete
your solution)

L EXERCISE 1.4 3

Ex. 1: Write the following statements in
symbolic form.

1) Iftriangleis equilateral thenitis equiangular.

)
1

i1) It is not true that “i” is a real number.

~[pA~s)V(gnr~nr)] iii) Even though it is not cloudy, it is still
(] ) v CIADD] raining.

=~ A~ v A

iv) Milk is white if and only if the sky is not
=~[CJAT)v(T AT blue.
=~(v) v) Stock prices are high if and only if stocks

are rising.

=~ . S : :

vi) If Kutub-Minar is in Delhi then Taj-Mahal
=1 is in Agra.
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Ex. 2: Find truth value of each of the following
statements.

)
ii)

It is not true that 3 — 77 is a real number.

If a joint venture is a temporary partnership,
then discount on purchase is credited to the
supplier.
ii1) Every accountant is free to apply his own
accounting rules if and only if machinery is
an asset.

iv) Neither 27 is a prime number nor divisible
by 4.

v) 3 is a prime number and an odd number.
Ex. 3: If p and ¢ are true and r and s are false,

find the truth value of each of the following
compound statements.

) pnrlgAar)

i) (p—o>q)v(rnas)

i) ~[(~pvs)A(~gnr)]

V) po>geo~pPva

v) [pvs)—>rlv~[~(p—>q)vs]
vi) ~[pv(IFAs)A~[(rAa~s)Aq]

Ex. 4: Assuming that the following statements
are true,

p : Sunday is holiday,
¢ : Ram does not study on holiday,
find the truth values of the following

1.2.1 Quantifiers and Quantified statements:
i) For every x € R, x? is non negative. We
shall now see how to write this statement
using symbols. ‘Vx’ is used to denote “For

all x”.

Thus, the above statement may be written
in mathematical notation V z € R, z2 > 0.
The symbol ‘¥’ stands for “For all values
of”. This is known as universal quantifier.

Also we can get x € N such thatx +4 =7.
To write this in symbols we use the symbol
3 x to denote “there exists x”. Thus, we have
Jdx € Nsuchthatx +4=17.

The symbol 3 stands for “there exists”. This
symbol is known as existential quantifier.

Thus, there are two types of quantifiers.
a) Universal quantifier (V)

b) Existential quantifier (3)
Quantified statement:

An open sentence with a quantifier becomes
a statement and is called a quantified statement.

( SOLVED EXAMPLES )

Ex. 1: Use quantifiers to convert each of the
following open sentences defined on N, into a

statements. true statement.
i) Sunday is not holiday or Ram studies on  j) 2x+3=11
holiday. N
. . . . i) x*<64
i1) If Sunday is not holiday then Ram studies
on holiday. i) x+5<9
ii1)) Sunday is a holiday and Ram studies on
holiday. Solution:
Ex. 5: If p : He swims i) dxeN sugh that 2x + 3 = 1.1. It is a true
¢ - Water is warm itlatement, since x =4 € N satisfies 2x + 3 =
Give the verbal statements for the following ' o
symbolic statements. i) x* <64 I x € N such that it is a true
i) o~ statement, since x =1 or 2 or 3 € N satisfies
voperd X < 64,
i) ~(pv
) P ) i) 3 x € N such that x + 5 < 9. It is a true
i) ¢ —>p statement for x = 1 or 2 or 3 € N satisfies
V) gA~p x+5<09.
5




Ex. 2: If A= {1, 3, 5, 7} determine the truth
value of each of the following statements.

i) Jx €A, suchthatx’<1.

i1) Ix e A,suchthatx+5<10

i) VvxeA,x+3<9

Solution:
i)  No number in set A satisfies x> < 1, since
the square of every natural number is 1 or

greater than 1.

. the given statement is false, hence its
truth value is F.

Clearly, x = 1, 3 or 5 satisfies x + 5 < 10.
So the given statement is true, hence truth
value is T.

Since x =7 € A does not satisfy x +3 <9,
the given statement is false. Hence its truth
value is F.

Ex. 1: Use quantifiers to convert each of the
following open sentences defined on N, into a
true statement.

EXERCISE 1.5

i) x¥*+3x-10=0
i) 3x-4<9

i) n*>1

iv) 2n—1=5

v) Y+4>6

vi) 3y—-2<9

Ex. 2: If B= {2, 3, 5, 6, 7} determine the truth
value of each of the following.

For example:

D pve o

i) pA(gAar)

1) ~ (p Vv q) are statement patterns

Note: While preparing truth tables of the given
statement patterns, the following points should
be noted.

1) Ifastatement pattern involves n component
statements p, ¢, 7, and each of p, ¢, 1,
has 2 possible truth values namely T and F,
then the truth table of the statement pattern
consists of 2" rows.

If a statement pattern contains “m”
connectives and “n” component statements
then the truth table of the statement pattern

consists of (m + n) columns.

Parentheses must be introduced whenever
necessary.

iii)

For example:

~(p = g) and ~ p — q are not the same.

( )

Ex. 1: Prepare the truth table for each of the
following statement patterns.

D p—=>9vpl—=p
i) ~[pvgl->~@p@Arq)
i) (~pvqv~q

v) (pAar)v(gnar)

SOLVED EXAMPLES

1)  V x € B such that x is prime number. )
i) In e B,suchthatn +6>12 Solution:
iii) 37n e B, such that 2n + 2 < 4 ) [@—>9vp—op
iv) V y € B such that y? is negative
v) VyeBsuchthat(y-5)e N Truth table 1.10
- —>q)V - q) Vv
1.3 Statement Patterns and Logical P14 |pPq|Pa)vp E}p 9V Pl
Equivalence: P
T|T T T T
A)  Statement Patterns: ' T!|F F T T
Let p, g, 7, ... be simple statements. F|T T T F
A compound statement obtained from these
: . F | F T T F
simple statements by using one or more of the
connectives A, v, —, <>, is called a statement  jij) ~(pvg) >~ (P Aq)
pattern.
A )




Truth table 1.11

P q pvqg | ~@vq P Aq) ~Pnrg) ~pvg>~@nrg)
T T T F T F T
T F T F F T T
F T T F F T T
F F F T F T T

i) (~pvqgv~q
Truth table 1.12

Pl q ~p ~q|~pVvq| (~pvqgVv~q
T T F F T T
T|F|F|T F T
F|T|T|F T T
F|F|T|T T T

) (pAr)v(gnar)
Complete the following truth table :
Truth table 1.13

plqg | r parigar| (par)yv(gnar)
T|O|T| T ] T
T|O|O| F F L]
LI F|T| T ] L]
O |0O] F F L]
F|O|T| O ] F
LIyt |F | O ] F
ol Tt | U ] L]
F|O|F| F ] L]

B) Logical Equivalence:

Two or more statement patterns are said to
be logically equivalent if and only if the truth
values in their respective columns in the joint
truth table are identical.

If's ,s,,s,, .. are logically equivalent

statement patterns, we write s =s, =s, = ...

For example: Using a truth table, verify that
) ~prg=~pv~q
i) ~(pvg=~pr~q

i) pv(gvr=@Evgvpvr)
W) ~ro~@Parq)=~@—>r—>~p

Solution:

i)

~pArg)=~pv~q

Truth table 1.14

Plqg ~p ~q|prq ~pArg)| ~pV~q
112/3]4] 5 6 7
T|T/F|F| T F F
TIF/F T | F T T
F|IT| T|F | F T T
FIF| T|T| F T T

From the truth table 1.14, we observe that

all entires in 6™ and 7" columns are identical.

~(PpAqQ=E~pVv~q
~pvg=~pr~q

Truth table 1.15

Pl g|~p|~q|pVvqg | ~PVq|~pr~q
1{2]3 |4 5 6 7
T|IT|F|F| T F F
TIF|F | T| T F F
FT T|F T F F
F F| T T | F T T

From the truth table 1.15, we observe that

all entires in 6™ and 7™ columns are identical.

~(pVvq@=~pA~q.




iil) Activity

pvgvn=@vavpvr)

Truth table 1.16

p q r qvVvr Pv pVq pvr @vqgvpvr)
(gvr)
1 2 3 4 5 6 7 8
T T 1 T 1 T 1 ]
T T 1 T 1 L] T ]
] E T 0] T 0] 1 T
] E F 0] 1 T T T
F ] 1 T T 0] 1 ]
F ] 1 T T T F T
] ] 1 T 1 K T T
] ] F 0] 1 0] 1 F

From the truth table 1.16, we observe that all entires in 5th and 8th columns are identical.

spv@vn=@pvevpvr)

1v) Activity

~to~(pAg=~(G@>r)>~p

Prepare the truth table 1.17

~pP

pArg

~(Arq)

~r—>

~(Pnrqg)

q—>r

~(g—7)

~(q@—>r)
—>~p

C) Tautology, contradiction, contingency:

Tautology:

For example:

A statement pattern always having the truth
value ‘T’, irrespective of the truth values of its

Consider (p A q) > (p Vv q)

component statements is called a tautology.




Truth table 1.18

P 9 prqg pvg | pArg—>@VYg)
T|T| T T T
T F | F T T
F | T| F T T
F| F| F F T

In the above table, all the entries in the last
column are T. Therefore, the given statement
pattern is a tautology.

Contradiction:

A statement pattern always having the truth
value ‘F’ irrespective of the truth values of its
component statements is called a contradiction.

For example:

Considerp A ~p

Truth table 1.19

p ~pP pA~p
T g I
g T I

In the above truth table, all the entries in the
last column are F. Therefore, the given statement
pattern is a contradiction.

Contingency:

A statement pattern which is neither
a tautology nor a contradiction is called a
contingency.

For example:

In the table 1.20, the entries in the last
column are not all T and not all F. Therefore, the
given statement pattern is a contingency.

(

Ex. 1: Using the truth table, examine whether
the following statement patterns are tautology,
contradictions or contingency.

) (pArqg)—p
i) (~pv~q)o>~@p@Pnrgq
i) (~gAp)ng
) p>(~qvr)

SOLVED EXAMPLES

Solution:
i)  The truth table for (p A q) > p
Truth table 1.21
P q PAg (PAg)—>p
T T T T
T F F T
F T F T
I3 F F T

In the table 1.21, all the entries in the last
column are T. Therefore, the given statement
pattern is a tautology.

i1) Activity:

Prepare the truth table for (~p v ~ g) <> ~
20
Truth table 1.22

Consider (p — q) A (g — p) plarp~aprg~@nrgl~pv~q) (~pv~q)
>~(pAg)
Truth table 1.20
P9 p>q q>p Po>9r(G@>p)
T| T T T T
T| F F T F
F | T T F F
FlE T T T ii1) The truth table for (~g A p) A q
-\




Truth table 1.23

P 9| ~q ~qAp | (~qAp)Ag
T T | F F F
T F| T T F
F T | F F F
F|F | T F F

In the table 1.23, all the entries in the last

column are F.

Therefore, the given statement pattern is a

contradiction.

1v)

The truth table forp —> (~g v r)

Truth table 1.24

p g | r|~q ~qvr p—>(~qvr)
T|T T |F T T
T|T F |F F

T|F T|T T T

T/ F F|T T T

F T| T F T T

F T|F F F T
F|F|T|T T T
F|F|F|T T T

In the table 1.24, the entries in the last

column are neither all T nor all F.

Therefore, the given statement pattern is a

contingency.

\

EXERCISE 1.6 i

1.

Prepare truth tables for the following
statement patterns.

D po>(pvy

i) (~pvgnr(~pv~9q)

i) (pAr)—>p@v~q)

wv) bAqgv~r

Examine whether each of the following

statement patterns is a tautology, a
contradiction or a contingency

) gv~p@nrqg)]

i) (~gAp)A@PA~Pp)
i) pA~q)>(~pr~q)
) ~p>@P->~9)

Prove that each of the following statement
pattern is a tautology.

) @Prg)—>q

i) @-oq9) < (~qg—>~p)
i) (~pA~q)—>p@-—q)
v) (~pv~q)o~pPnrq)

Prove that each of the following statement
pattern is a contradiction.

) @evoal~pr~q)
i) @Ag)A~p

i) PA@A(~pVv~9q)
v) pog9Arpr~q)

Show that each of the following statement
pattern is a contingency.

) @A~q9) > (~pAr~q)
i) @-ogeCpvyg
i) pAl(p—~q)—>4q]
vy > g) AP

Using the truth table, verify

) pvigan=@Evgnpvr)
i) p>@->9=~q->pP—>9
i) ~p>~q)=pAr~(~q)=pArq
v) ~pvgev(~prq)=~p

Prove that the following pairs of statement
patterns are equivalent.

1) pvgaryand(pvg)A(pvr)
i) p<>qgand (@ —q)A(g—p)
i) p—>qgand~g—>~pand~pvyg
v) ~(parg)and~pv ~q.




D) Duality:

Two compound statements s, and s, are said
to be duals of each other, if one can be obtained
from the other by replacing A by v and v by A,
and ¢ by ¢ and ¢ by ¢, where ¢ denotes tautology
and ¢ denotes contradiction.

Note:

)

i1) The symbol ~ is not changed while finding
the dual.

Dual of a statement is unique.

iii) Dual of the dual is the original statement
itself.

iv) The connectives A and v, the special
statements ¢ and ¢ are duals of each other.

v) T is changed to F and vice-versa.

For example:
1)  Consider the distributive laws,
pA@@v=@ArgVpAar)..(1)
pv@nn=@vaapvr)..(2)

Observe that (2) can be obtained from (1)
by replacing A by v and v by A i.e. interchanging
A and v.

Hence (1) is the dual of (2).

Similarly, (1) can be obtained from (2) by
replacing v by A and A by v. Hence, (2) is the
dual of (1).

Therefore, statements (1) and (2) are called
duals of each other.

SOLVED EXAMPLES

( )

Ex. 1: Write the duals of the following statements:
D ~@rpv(~qr~p)

i) (pvg Arvs)

i) [(PAg)vAANGAr) vs]

Solution: The duals are given by

) ~@evgonr(~qv~p)

i) (pArg)v(rAas)

i) [(pva)ArdvIi@vr)Aas]

Ex. 2: Write the duals of the following statements:
1) All natural numbers are integers or rational
numbers.

11) Some roses are red and all lillies are white.

Solution: The duals are given by

1)  Allnatural numbers are integers and rational
numbers.
i1) Some roses are red or all lillies are white.

:

EXERCISE 1.7

1. Write the dual of each of the following :
) (pvgvr
i) ~pvaalpv~gr~n]

i) pv(@vry=(pvqg vr
v) ~prg)=~pv~q

2.  Write the dual statement of each of the
. ) following compound statements.
ii) Consider De-Morgan’s laws : . g .p L
1) 13 is prime number and India is a
~pArg=~pv~q..(1) democratic country.
~pvqg)=~pr~q..Q2) i1) Karina is very good or every body likes
Statements, (1) and (2) are duals of each her. )
other. iiil) Radha and Sushmita can not read
Urdu.
iv) Anumber is real number and the square
of the number is non negative.
1 17 |




E) Negation of a compound statement:

We have studied the negation of simple
statements. Negation of a simple statement is
obtained by inserting “not” at the appropriate
place in the statement e.g. the negation of “Ram
is tall” is “Ram is not tall”. But writing negations
of compound statements involving conjunction.,
disjunction, conditional, biconditional etc. is not
straight forward.

1) Negation of conjunction:

In section 1.3(B) we have seen that ~ (p
A q) =~ p Vv ~ q. It means that negation of the
conjunction of two simple statements is the
disjunction of their negation.

Consider the following conjunction.
“Parth plays cricket and chess.”
Let p : Parth plays cricket.
q : Parth plays chess.
Given statement is p A g.
You know that~(pAg)=~pVv ~q

.. negation is Parth doesn’t play cricket or
he doesn’t play chess.

2) Negation of disjunction:

In section 1.3(B) we have seen that
~(p Vv q)=~p A~ q. It means that negation of
the disjunction of two simple statements is the
conjunction of their negation.

For ex: The number 2 is an even number or the
number 2 is a prime number.

Let p : The number 2 is an even number.
g : The number 2 is a prime number.

.. given statement : p v q.

3) Negation of negation:

Let p be a simple statement.
Truth table 1.25

p ~p ~ (~p)
T F T
F T F

From the truth table 1.25, we see that
~(~p)=p

Thus, the negation of negation of a
statement is the original statement - ~ (~ p) = p.

For example:
Let p : NJ5 is an irrational number.
The negation of p is given by
~ p 5 is not an irrational number.
~ (~p) : N5 is an irrational number.

Therefore, negation of negation of p is
~ (~ p) i.e. it is not the case that {5 is not an
irrational number.

OR it is false that \J5 is not an irrational
number.

OR \J5 is an irrational number.

4) Negation of Conditional (Implication):
You know thatp > g=~p v g
L~ =~(~pVvq)
(~p)A~q ...by De-Morgan's law

=~

o9 =pa~g
We can also prove this result by truth table.

Truth table 1.26

p g P29 ~P>9| ~q pr~q
You know that~(p v qg)=~pA~q 11213 4 5 6
". negation is “The number 2 is not an TIT T F F F
b d th ber 2 i t i
even nujn er an e number 2 is not a prime T F F T T T
number”.
F | T T F F 17
F |F T F |7 F
1 18 |




All the entries in the columns 4 and 6 of
table 1.26 are identical.

L~ @=pr~g
e.g. If every planet moves around the Sun

then every Moon of the planet moves around the
Sun.

Negation of the given statement is, Every
planet moves around the Sun but (and) every
Moon of the planet does not move around the
Sun.

Method 2:

We also prove this by using truth table 1.27.
Truth Table 1.27

5) Negation of Biconditional

implication):

(Double

Consider the biconditional p <> q.
Method 1:
We have seen that
peog=p—>9nr(G—>p)
Lo g=~[p—>9 gD
=~p—->q9v~(@G—>p
... by De-Morgans law
=pAr~q)Vv(@nr~p)
... by negation of the
conditional statement

L~ qg=PAr~q) v(gr~Dp)

D q |peqg|~@e~q)| ~p ~q |pA~q|gAr~p | (@A~q)VI(gA~Dp)
1 2 3 4 5 6 7 8 9
T T T F F F F F F
T F F T F T T F T
F T F T T F F T T
F F T F T T F F F

Since all the entries in the columns 4 and 9 of truth table 1.27 are identical.

~poeog=@Par~q Vv(gAr~p).

For example: 27 is divisible by 4 if and only if
n is an even integer.

Let p : 2n is divisible by 4
g : n is an even integer.

Therefore, negation of the given statement
is “2n is divisible by 4 and » is not an even integer
or n is an even integer and 2# is not divisible
by 4”.

Note:

Negation of a statement pattern involving
one or more of the simple statements p, ¢q, 7 ...
and one or more of the three connectives A, v, ~
can be obtained by replacing A by v, v by A and

replaicng p, g, r ....by ~p, ~q, ~r. ....

For example: Consider the statement pattern
(~pAq)Vv(pvVv~q).Its negation is given by :
ie.~[(~prgVvpVv~q)]
=V~ Ar(~prg)
6) Negation of a quantified statement:

While forming negation of a quantified
statement, we replace the word ‘all’ by ‘some”’,
“for every” by “there exists” and vice versa.

(

Ex. 1: Write negation of each of the following
statements :

i)

SOLVED EXAMPLES

All girls are sincere




il) If India is playing world cup and Rohit is
the captain, then we are sure to win.

i) Some bureaucrats are efficient.

Solution:
1)  The negation is,
Some girls are not sincere
OR, There exists a girl, who is not sincere.
Let p : India is playing world cup

q : Rohit is the captain

r: We win.
The given compound statement is
prg)—>r
Therefore, the negation is,
~rgorl=@rg A~

India is playing world cup and Rohit is the
captain and we are not sure to win.

ii1) The negation is, all bureaucrats are not
efficient.

Converse, Inverse and contrapositive:

Let p and g be simple statements and
let p — ¢ be the implication of p and ¢.

Then, 1) The converse of p — g is g — p.

i1) Inverse of p > gis~p > ~q.

i1i1) Contrapositive of p —> gis ~qg —> ~p.
For example: Write the converse, inverse and

contrapositive of the following compound
statements.

Converse: ¢ — p i.e. If a man is happy
then he is rich.

Inverse: ~p — ~ g i.e. If a man is not rich
then he is not happy.

Contrapositive: ~g —> ~ p i.e. [faman is
not happy then he is not rich.

i1) Let p : The train reaches on time.
q : I can catch the connecting flight.

Therefore, the symbolic form of the given
statement is p — q.

Converse, g = p i.e. | |

Inverse | li.e.| |

Contrapositive | li.e. | |

Ex. 3: Using the rules of negation, write the
negation of the following :

1) (~paAr)yvpv~r)
1) (pv~r)A~q

i) The crop will be destroyed if there is a
flood.

Solution:

1)  The negation of (~p A7) v (p v ~ 1) is
~~pAr)vipyv~1)]
=~ (<P AP A~(pV~T)

... by De-Morgan's law

=(pv~r)A(~pAr)
... by De-Morgan's law and
~(~p)=pand~(~r)=r.

ii) Th ti f ~ ~qi
i) If a man is rich then he is happy. ) e negation of (p v ~7) A~ g is
ii) If the train reaches on time then I can catch ~lpv~r)A~q]
the connecting flight. =~(pv~rv~(~q)
. ... by De Morgan's law
Solution:
i) Letp : Aman is rich. =(~pAr)Vvyq
q : He is happy. ... by De Morgan's law and
Therefore, the symbolic form of the given ~(~9=q
statement is p — q.
I~~~




iii) Let p : The crop will be destroyed.
q : There 1s a flood.

Therefore, the given statement is ¢ — p
and its negationis ~ (g > p)=qg A ~p

1.e. the crop will not be destroyed and there
is a flood.

o EXERCISE 1.8 h

1. Write negation of each of the following
statements.

1)  All the stars are shining if it is night.
1) VneN,n+1>0
iii) 3n e N, (n*+ 2)is odd number

iv) Some continuous functions are
differentiable.

1.4 Algebra of statements:

Using the rules of negation, write the
negations of the following :

1) (p—>rArgq

i) ~(pvqg —>r

i) (~pADA(~gv~7)

Write the converse, inverse and
contrapositive of the following statements.

1)  If it snows, then they do not drive the
car.

i1) If he studies, then he will go to college.

With proper justification, state the negation
of each of the following.

) @og9vpp-r)
i) pegvi~g—>~r)
i) (p—>q) Ar

The statement patterns, under the relation of logical equivalence, satisfy various laws. We have
already proved a majority of them and the rest are obvious. Now, we list these laws for ready reference.

1. pPVDP=p Idempotent laws PAD=p
2. pv(gvr) Associative laws pA(gnr)
=(pvqvr =@Argnrr
=pvqvVvr =(pAg)Ar
3. pve=qvp Commutative laws PAGQ=qAD
4. pVv(gAr) Distributive laws pA(gvr)
=@varlpvr) =@rq)V(pAr)
5. pVC=p Identity laws PAC=cC
pViI=t PAL=D
6. pVv~p=t Complement laws PA~p=C
~f=c ~C=t
7. ~(~p)=p Involution law (law of
double negation)
8. ~(vq DeMorgan’s laws ~(PArq)
=~pA~(qg =E~pv~q
9. p—>q Contrapositive law
=~q—o~p
|




Note: In case of three simple statements p,q.r,
we note the following :

1)  p A g Aristrueifand only if p, ¢, r are all
true and p A g A 7 is false even if any one of
p, q, s false.

i1) pvgqvrisfalseifand only if p, g,  are all
false, otherwise it is true.

( SOLVED EXAMPLES )

Ex. 1: Without using truth table, show that
) pvign~q=p

i) ~@evgVv~prq=~p

i) pv(~prg)=pvyq

Solution:

) pvign~q)
=pvc .. bycomplement law
=p ... by Identity law

i) ~@pvgv~pArg)

=(~pA~q@QV(~pnrq)

... by De Morgans law
=~pnr(~qvq)

... by Distributive law
=~pAt

... by Complement law
=~p ... by Identity law
i) pv(~pnrq)

=pv~p AV

... by Distributive law
=tAn(pvVvq) ... by Complement law
=pvyq ... by Identity law

Ex. 2: Without using truth table, prove that
[(p Vv q) A ~p] — q is a tautology.

Solution:

[PV @) A~pl—>q

=[pr~p)Vvgr~pl—g
... by Distributive law
=[lcv@gr~pl—q
... by Complement law
=(~pAg)—>q ..by Commutative law
=~(~prgVy
by ~~(p>g)=~pPr~q)=~pvq

=[(pv~q)Vvqg ... by De Morgan's law
=pVv(~qVvq)] ... by Associative law
=pvi
=t

L EXERCISE 1.9 3

1. Without using truth table, show that
) pog=p@Prgv(i~pr~q)
i) pall~pvgv~ql=p
i) ~[(pArq)—>~ql=pArg
V) ~ro>~@Pnrg=l~@g->n]->~p
v) (pvqg)or=p-or)a(@-or)

2. Using the algebra of statement, prove that
) [pAa(@vnlvi~ra~qgAap]l=p
i) @rgvAr~gVv(~pr~q =
PV ~q)

i) pvgoar(~pv~q=@pPv~q A
(~pVvq)

1.5 Venn Diagrams:

We have already studied Venn Diagrams
while studying set theory. Now we try to
investigate the similarly between rules of logical
connectives and those of various operations on
sets.

The rules of logic and rules of set theory go
hand in hand.

1 22 |
il



D)

ii)

iii)

1v)

v)

Disjunction in logic is equivalent to the
union of sets in set theory.

Conjunction in logic is equivalent to the
intersection of sets in set theory.

Negation of a statement in logic is equivalent
to the complement of a set in set theory.

Implication of two statements in logic is
equivalent to ‘subset’ in set theory.

Biconditional of two statements in logic is
equivalent to “equality of two sets” in set
theory.

Main object of this discussion is actually to

give analogy between algebra of statements in
logic and operations on sets in set theory.

iii)

Let A and B be two nonempty sets

The union of A and B is defined as

AUB = {x/xeAorxeB}

The intersection of A and B is defined as
ANB = {x/xeAand xeB}

The difference of A and B (relative
complement of B in set A) is defined as

A-B={x/xeA, x¢B}

Note: One of the possible relationships between

two sets A and B holds .

i) AcB

i) BcA

iii) A=B

iv) AzB,BzAandANB=¢

v) AzB,BzAandANB=¢

Figure:

1) B 1) A
AcB BcA

iii)

v) A] [B
A=B ANB=#6
A
Oc
ANB=¢
Fig. 1.1

Observe the following four statements

i)

ii)
iii)

v)

a) All professors are educated.

b) Equiangular triangles are precisely
equilateral triangles.

No policeman is a thief.
Some doctors are rich.

Some students are not scholars.

These statements can be generalized respectively

as

a)
b)

a)

All x’s are y’s c) Some x’s are )’s

No x’s are y’s d) Some x’s are not y’s

Diagram for “All x’s are ’s”
There are two possibilities
1) Allx’sarey’s Le.xcy

i1) x’s are precisely y’s 1.e.x=y

For example:

)

Consider the statement
“All professors are educated”
Let p : The set of all professors.

E : The set of all educated people.
Let us choose the universal set as
u : The set of all human beings.

O,
PcE
Fig. 1.2

8]
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The Venn diagram (fig. 1.2) represents the
truth of the statement i.e. P — E.
i1) Consider the statement

India will be prosperous if and only if its
citizens are hard working.

Let P : The set of all prosperous Indians.
H : The set of all hard working Indians.
U : The set of all human beings.

U

Fig. 1.3

The Venn diagram (fig. 1.3) represents the
truth of the statement i.e. P = H.
b) Diagram for “No X’s are Y’s”
1)  Consider the statement
No naval person is an airforce person.
Let N : The set of all naval persons.
A : The set of all airforce persons.
Let us choose the universal set as
U : The set all human beings.

oy

NNA=¢
Fig. 1.4

The Venn diagram (fig. 1.4) represents the
truth of the statement i.e. N N A= ¢.

i1) Consider the statement
No even number is an odd numbers.
Let E : The set of all even numbers.
O : The set of all odd numbers.
Let us choose the universal set as
U : The set of all numbers.

OFN
ENnO=¢
Fig. 1.5

The Venn diagram (fig. 1.5) represents the
truth of the statement i.e. EN O = ¢.

Diagram for “Some X’s are Y’s”

1)  Consider the statement
Some even numbers are multiple of seven.
Let E : The set of all even numbers.

M : The set of all numbers which are
multiple of seven.

Let us choose the universal set as

U : The set of all natural numbers.

@
EnM=¢
Fig. 1.6

U

The Venn diagram represents the truth of
the statement i.e. ENM # ¢

i1) Consider the statement

Some real numbers are integers.

Let R : The set of all real numbers.
I : The set of all integers.

Let us choose the universal set as

U : The set of all complex numbers.

] U

(D

IcR
Fig. 1.7




The Venn diagram (fig. 1.7) represents the
truth of the statement i.e. ICR.

Diagram for “Some X’s are not Y’s”

1)  Consider the statement

Some squares of integers are not odd
numbers.

Let S : The set of all squares of integers.
O : The set of all odd numbers.

Let us choose the universal set as
U : The set of all integers.

s oY

D,

S—0#¢
Fig. 1.8

The Venn diagram (fig. 1.8) represents the
truth of the statement i.e. S—O # ¢.

i1) Consider the statement
Some rectangles are not squares.
Let R : The set of all rectangles.
S : The set of all squares.
Let us choose the universal set as
U : The set of all quadrilaterals.

R U

R-S#¢
Fig. 1.9

The Venn diagram (fig. 1.9) represents the
truth of the statement i.e. R—S # ¢.

( SOLVED EXAMPLES )

Ex. 1: Express the truth of each of the following
statement by Venn diagram.

1)  Equilateral triangles are isosceles.
1) Some rectangles are squares.

1i1) No co-operative industry is a proprietary
firm.

1v) All rational numbers are real numbers.

v) Many servants are not graduates.

vi) Some rational numbers are not integers.

vii) Some quadratic equations have equal roots.

viii) All natural numbers are real numbers and x
is not a natural number.

Solution:

1)  Let us choose the universal set.
U : The set of all triangles.
Let I : The set of all isosceles triangles.
E : The set of all equilateral triangles.

U

Ecl
Fig. 1.10

The Venn diagram (fig. 1.10) represents the
truth of the given statement i.e. E — I.
i1) Let us choose the universal set.
U : The set of all quadrilaterals.
Let R : The set of all rectangles.
S : The set of all squares.

3

RnS=#¢
Fig. 1.11

The Venn diagram (fig. 1.11) represents the
truth of the given statement i.e. R N S # ¢.
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iii) Let us choose the universal set.
U : The set of all industries.
Let C: The set of all co-operative industries.

P : The set of all proprietary firms.

CnP=¢
Fig. 1.12

The Venn diagram (fig. 1.12) represents the
truth of the given statement i.e. C N P = ¢.

iv) Let us choose the universal set.
U : The set of all complex numbers.
Let A : The set of all rational numbers.

B : The set of all real numbers.

B U

@

AcB
Fig. 1.13

The Venn diagram (fig. 1.13) represents
truth of the given statement i.e. A — B.

v) Let us choose the universal set.
U : The set of all human beings.
Let G : The set of all servants.
C : The set of all graduate people.

G c U

D,

G-C=#¢
Fig. 1.14

The Venn diagram (fig. 1.14) represents
truth of the given statement i.e. G — C # ¢.

vi) Let us choose the universal set.
U : The set of all real numbers.
Let Q : The set of all rational numbers.

I : The set of all integers.

Q U

Q-I=¢
Fig. 1.15
The Venn diagram (fig. 1.15) represents

truth of the given statement i.e. Q — I # ¢ shaded
portion.

vii) Let us choose the universal set.
U : The set of all equations.
Let A : The set of all quadratic equations.

B : The set of all quadratic equations
having equal roots.

BcA
Fig. 1.16

U

The Venn diagram (fig. 1.16) represents the
truth of the given statement i.e. B C A.

viii) Let us choose the universal set.

U : The set of all complex numbers.

Let N : The set of all natural numbers.
R : The set of all real numbers.




The Venn diagram (fig. 1.17) represents the
truth of the given statement.

Ex. 2: Draw the Venn diagram for the truth of
the following statements.

1)  There are students who are not scholars.
i1) There are scholars who are students.
iii) There are persons who are students and
scholars.
Solution:
Let us choose the universal set.
U : The set of all human beings.
Let S : The set of all scholars.
T : The set of all students.
i) s U ii) s U iii) s U

2 >

We observe that (by Venn diagram) truth
set of statements (ii) and (iii) are equal. Hence,
statements (i1) and (iii) are logically equivalent.

<y

Fig. 1.18

Ex. 3: Using the Venn diagram, examine the
logical equivalence of the following statements.

i)

i1) There are politicians who are actors.

Some politicians are actors.

ii1) There are politicians who are not actors.

Solution:

Let us choose the universal set.

U : The set of all human beings.
Let P : The set of all politicians.

A : The set of all actors.

ii)

iii)

By Venn diagrams (fig. 1.19), we observe
that truth set of statements (i) and (ii) are equal.

Hence, statements (i) and (ii) are logically
equivalent.

\ :

1. Represent the truth of each of the following
statements by Venn diagrams.

EXERCISE 1.10

1) Some hardworking students are
obedient.

i1) No circles are polygons.

ii1) All teachers are scholars and scholars
are teachers.

iv) If a quadrilateral is a rhombus, then it

is a parallelogram.

2. Draw a Venn diagram for the truth of each
of the following statements.
)

Some sharebrokers chartered

accountants.

are

i1) No wicket keeper is bowler, in a cricket
team.

3. Represent the following statements by Venn
diagrams.

1)  Some non resident Indians are not rich.
i1) No circle is rectangle.

iii) If n is a prime number and n # 2, then
it is odd.

IﬁLet's Remember

1. Statement: Declarative sentence which
1s either true or false, but not both
symultaneously.

*  Imperative, exclamatory, interrogative
and open sentences are not statements.

*  The symbol ‘V’ stands for “all values
of”. It is universal quantifier.

A Y A U A U * The symbol ‘3> stands for “there
P P @ exists”. It is known as existential
@ @ quantifier.
* An open sentence with a quantifier
Fig. 1.19 becomes a quantified statement.
{27)




2. Logical connectives:

Sr. Name of the
No. Compound Connective Symbolic form Negation
statement
1. Conjunction and PAq ~pVvV~q
2. Disjunction or pVvq ~pPA~q
3. Negation not ~p ~(~p)
=p
4. Conditional or If ... then pP—q pVv~q
implication or
r=4
5. Biconditional or If and only p<q PAr~q) Vv
double implication if ... iff ... (orp & q) (~p~q)

(Some standard equivalent statements)

3. Tautology: A statement pattern which is always true (T) is called a tautology (t).
Contradiction: A statement pattern which is always false (F) is called a contradiction (c).
Contingency \: A statement pattern which is neither a tautology nor contradiction is called a
contingency.

4. Algebra of statements:

I. PVP=Ep Idempotent laws pAP=p
2. pv(gvr) Associative laws pA(gAar)
=(pvqVvr =@Argnr
=pvqvr =DAGAF
pvq=qvp Commutative laws PAGQ=qAD
4. pVv(gAr) Distributive laws pA(gvr)
=@vaorpvr) =@rq@ VAT
5. pPVC=Ep Identity laws PAC=cC
pVi=t PAL=PD
6. pvV~p=t Complement laws PA~Dp=C
~ 2 e ~ @20
7. ~(~p)=p Involution law (law of
double negation)
8. ~(vq DeMorgan’s laws ~(Pnrq)
=E~pA~gq =~pv~¢q
0. p—q Contrapositive law
=E~q—o~p

| 28 |
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iii)

P—>q4=~q>~p=~pVvVq
Poq=@2>9nr@>p)=(pV @A
(~qVv p)

Venn-diagrams :

All x’s are y’s

U

XNY=X=#

“No x’s are y’s”

O -

XNY=¢
“Some x’s are y’s”
U U
XNY#o XNY=Y=#0
“Some x’s are not y’s”
U X v

X-Y=#0¢ X-Y#¢

MISCELLANEOUS EXERCISE - 1 :l

D

Choose the correct alternative.

Which of the following is not a statement?
a) Smoking is injurious to health.

b) 2+2=4.

c) 2 is the only even prime number.

d) Come here.

Which ofthe following is an open statement?
a) x is a natural number.

b) Give me a glass of water.

c) Wish you best of luck.

d) Good morning to all.
LetpAa(gvr)=(@Aq) Vv (pAr). Then, this
law is known as.

a) commutative law

b) associative law

c) De-Morgan’s law

d) distributive law.

The false statement in the following is

a) p A (~p) is contradiction

b) (p—¢q)<>(~g—~p)isacontradiction.
c) ~(~p) <> pisatautology

d) pv(~p) < pisatautology

For the following three statements
p : 2 is an even number.
q : 2 is a prime number.

r : Sum of two prime numbers is always
even.

Then, the symbolic statement (p A g) —
~ r means.

a) 2 is an even and prime number and the
sum of two prime numbers is always
even.

b) 2 is an even and prime number and
the sum of two prime numbers is not
always even.

c) If2isan even and prime number, then
the sum of two prime numbers is not
always even.

d) If2isan even and prime number, then
the sum of two prime numbers is also
even.




6. If p:Heis intelligent. b) truth value of p is F
¢ : He is strong c) pisboth true and false
Then, symbolic form of statement “It is d) p is neither true nor false.
wrong that, he is intelligent or strong” is
a) ~pv~p b) ~(p A Q) 13. Conditional p — ¢ is equivalent to
©) ~(pVvg) d)ypv ~q a) p—>~¢q
: L . b) ~pvyg
7. The negation of the proposition “If 2 is
prime, then 3 is odd”, is ©) ~p>~¢q
a) If2 is not prime, then 3 is not odd. ) pv~q
b) 2is prime and 3 is not odd. 14. Negation of the statement “This is false or
¢) 2 isnot prime and 3 is odd. That is true” is
d) If2 is not prime, then 3 is odd. a) That is true or This is false
b) That is true and This is false
8. The statement (~p A g) v~ q 1s
~pra)v=q c) Thatis true and That is false
a v b) p A
) PV ) pra d) That is false and That is true
c) ~(vyg) d) ~@~rqg)
15. If p is any statement then (p v ~ p) is a
9.  Which of the following is always true? )
a) contingency
a > qg)=~q—>~
) =9 1 P b) contradiction
b) ~pvg=~pv~q
c) tautology
c) ~po>q9=par~
) w=>a)=p 1 d) None of them.
d ~@ve=~pr~q
IT) Fill in the blanks:
10. ~(p v q) Vv (~p A q)islogically equivalent
to(p DV (=P g sieatlyed i) The statement ¢ — p is called as the
of the statement p — g.
a) ~ b
) P )P i1) Conjunction of two statement p and ¢
c) g d) ~q is symbolically written as
11. If p and g are two statements then (p — q) i) If p v g s true then truth value of
> (~q—>~p)is ~pVv~qis
a) contradiction iv) Negation of “some men are animal” is
b) tautolo
) tautology v) Truth value of if x =2, then x> = -4 is
c) Neither (1) not (i1)
d) None of the these vi) Inverse of statement pattern p <> ¢ is
given by
12. If p is the sentence ‘This statement is false’ . )
then vil) p <> g is false when p and ¢ have
truth values.
a) truth value of pis T
I An )




viii) Let p : the problem is easy. » : It is
not challenging then verbal form of
~p—oris

ix) Truth value of 2 + 3 =5 if and only if
-3>-9is

III) State whether each is True or False:

V)

i)  Truth valueof 2+3 <6isF.

ii) There are 24 months in year is a
statement.

i) p Vv g has truth value F is both p and ¢
has truth value F.

iv) The negation of 10 + 20 = 30 is, it is
false that 10 + 20 = 30.

v) Dualof(pAa~qg)vitis(pv~q)vC.

vi) Dual of “John and Ayub went to the
forest” is “John and Ayub went to the
forest”.

vii) “His birthday is on 29" February” is
not a statement.

viii) x* =25 is true statement.

ix) Truth value of \J5 is not an irrational
number is T.

X) pAt=p.
Solve the following:

State which of the following sentences are
statements in logic.

1)  Ice cream Sundaes are my favourite.
i1) x+3=8;xisvariable.

iii) Read a lot to improve your writing
skill.

1v) zis a positive number.

v) (a+b)y=a*+2ab+b*foralla, b eR.
vi) 2+1)2=9.

vii) Why are you sad?

viii) How beautiful the flower is!

ix) The square of any odd number is even.

x) All integers are natural numbers.

xi) If x is real number then x* > 0.
xii) Do not come inside the room.

xii1) What a horrible sight it was!

Which of the following sentences are
statements? In case of a statement, write
down the truth value.

1)  What is happy ending?

i1) The square of every real number is
positive.

iii)) Every parallelogram is a rhombus.
iv) a’>—b*=(a+b)(a—b)foralla,b e R.
v) Please carry out my instruction.

vi) The Himalayas is the highest mountain
range.

vii) (x —2) (x—3)=x>—5x+6 forall xeR.

viii)) What are the causes of rural
unemployment?
ix) 0l=1

Xx) The quadratic equation ax*>+ bx +c¢=0
(a # 0) always has two real roots.

Assuming the first statement p and second
as q. Write the following statements in
symbolic form.

1)  The Sun has set and Moon has risen.
i1) Mona likes Mathematics and Physics.

ii1) 3 is prime number iff 3 is perfect square
number.

iv) Kavita is brilliant and brave.

v) If Kiran drives the car, then Sameer
will walk.

vi) The necessary condition for existence
of a tangent to the curve of the function
is continuity.

vii) To be brave is necessary and sufficient
condition to climb the Mount Everest.

viil) X¥* +y = (x+y)’iff xy = 0.
ix) The drug is effective though it has side
effects.




x) If a real number is not rational, then it 7. Assuming the following statements.

must be irrational. p : Stock prices are high.
xi) It is not true that Ram is tall and q : Stocks are rising.

handsome. to be true, find the truth value of the
xii) Even though it is not cloudy, it is still following.

raining. 1)  Stock prices are not high or stocks are
xiii) It is not true that intelligent persons are rising.

neither polite nor helpful. ii) Stock prices are high and stocks are
xiv) If the question paper is not easy then riging if and only if stock prices are

we shall not pass. high.

ii1) If stock prices are high then stocks are

pr : Proof'is lengthy not rising.

q - It1s interesting. iv) It is false that stocks are rising and
Express the following statements in stock prices are high.
symbolic form. v) Stock prices are high or stocks are not
i)  Proofislengthy and it is not interesting. rising iff stocks are rising.

ii) Ifproofis lengthy then it is interesting. ) ) )

8. Rewrite the following statements without
iii) It is not true that the proof is lengthy using conditional —
| bu't 1? is 1nte‘rest1.ng. | (Hint:p—g=~pvq)
iv) It is interesting iff the proof is lengthy. i) Ifprice increases, then demand falls.
Let p : Sachin wins the match. i1) If demand falls, then price does not

q : Sachin is a member of Rajya Sabha. tnerease.

r: Sachin is happy. 9. [If p, q, r are statements with truth values
Write the verbal statement for each of the T, T, F respectively determine the truth
followings. values of the following.

i) (pAg)vr i) por 1) (prq)—>~p
ii) ~pvygq v) p=> @A) i) pe(@—>~p)
V) P9 vi) pAg) A~ i) (pA~q)v(~pArg)
vii) ~(pvg) AT v) ~(pnrg)—>~(gAp)
V) ~[p—9q «© ~

Determine the truth value of the following ) (P =)@~
.statements. 10. Write the negation of the following.
) 4+5=7 or 9-2=3 i) If AABC is not equilateral, then it is
i) If9>1then ¥*-2x+1=0forx=1 not equiangular.
iii) x * y =0is thg equatlop ofa Stralght i1) Ramesh is intelligent and he is hard

line if and only if y* = 4x is the equation .

working.

of the parabola. ‘ ‘ . .
iv) It is not true that 2 + 3 = 6 or 12 + 3 1i1) An angle is a right angle if and only if

_5 it is of measure 90°.

I AAa )




iv) Kanchanganga is in India and Everest =~ 16. State the dual of each of the following
is in Nepal. statements by applying the principle of
v) IfxeAnNB, then xe A and xeB. duality.
) @A~V Errg=@Vvgr~(prg)
I1. Constr}lct the truth table for each of the i) pv@vA=~[PArg) v (v
following statement pattern.
. 1i1) 2 is even number or 9 is a perfect
) @A~ (@—p) square.
i) (~pv@nr(~pr~q)
i) pAr—@v~q) 17. Re.write the follqwing statements without
using the connective ‘If ... then’.
v) (pvr)y>~(@nr) ) . . .
1) If a quadrilateral is rhombus then it is
v) (pv~q)—>(rAp) not a square.
12. What is tautology? What is contradiction? i) I£10-3=7 then 10 x 3 = 30.
Show that the negation of a tautology i11) If it rains then the principal declares a
is a contradiction and the negation of a holiday.
contradiction is a tautology.
18. Write the dual of each of the following.
13. Determir}e whether following .sta}tement ) (cpADVPA~GN (~pA~q)
pattern is a tautology, contradiction, or N
contingency. i) @Ag@Ar=pna(gnar)
) [rgv(~plVvIpA(~9] i) pv(gar=@p@vg nlgvr)
1) [(~pArg)r(@Arr)]v(~q) V) ~pvg=~pnr~q
ii) [~(pvag)>plol~p)r~q] 19. Consider the following statements.
) [~prg) 2] l~p) A (~q)] i) IfDis dog, then D is very good.
V) P> Ggvnleo~lp—o(gor)] ii) IfD is very good, then D is dog.
14. Using the truth table, prove the following ii) If D is not very good, then D is not a
logical equivalences. dog.
) pArlgvi=(Aq) v (pAr iv) If D is not a dog, then D is not very
. good.
i) [~@evaevpvelrr=sr , , :
B Identify the pairs of statements having the
i) pa(~pva)=png same meaning. Justify.
W) pog=~Pr~gr~(@gnr~p)
V) ~pAg=(@vQ]A~p 20. Express the truth of .each of the following
statements by Venn diagrams.
15. Write the converse, inverse, contrapositive 1)  All men are mortal.
of the following statements. i1) Some persons are not politician.
i) If2+5=10, then4+10=20. 1) Some members of the present Indian
il) If a man is bachelor, then he is happy. cricket are not committed.
iii) If I do not work hard, then I do not iv) No child is an adult.
prosper.
I Aa )




21. IfA=1{2,3,4,5,6,7,8}, determine the truth ~ 22.

value of each of the following statements.
1) dxeA,suchthat3x+2>09.

i) VxeA,x*<18.

i) Jxe€A, such thatx +3 < 11.

iv) VxeA,x*+22>5.

[ Activities |

Write the negation of the following
statements.

1) 7 is prime number and Tajmahal is in
Agra.

i1) 10>5and 3 <8.

ii1) I will have tea or coffee.
iv) VneN,n+3>09.

v) dxeA, suchthatx+5<1I.

1 : Complete truth table for ~[pVv (~ q¢)] =~ p A g; Justify it.

p q 7] ~q pV~q ~[pVv(~q)] ~PAg

2 3 4
T I:l F
F F []
L] ] F
F T

T
[]
F
F []

7
F
[]
] F
] []

S L]
[]

Justification :

2: If p <> g and p — ¢ both are true then
find truth values of following with the help of
activity.

i1) Some students are hard working.
ii1) Sunday implies holiday.

i) pvg 4: You have given following statements.

i) pAg
p <> qand p — q are true if p and ¢ has truth
values[ |,[ Jor[ ][ ]
) pvg
a) If both p and g are true, then
pva=[]v[]=[]
b) If both p and ¢ are false, then

prg=[n[ =[]

p:9x5=45
q : Pune is in Maharashtra.
7 : 3 is smallest prime number.

Then write truth values by activity.

) pagar=((JADAL]
=L~
=[]
i) ~[pAr] =~(|:|/\|:|)
~[]

1) pAg B |:|
a) ----m-eo--o---- _
) p—gq = |:| - |:|
b) -----ieiio----- =[]
3: Represent following statement by Venn ) po>r = l:l g |:|
diagram. - |:|
1)  Many students are not hard working.
o o o
| 34 |




Matrices

7 Let's Study

. Types of Matrices

e Algebra of Matrices

*  Properties of Matrices

. Elementary Transformation
*  Inverse of Matrix

*  Application of Matrices

. Determinant of a Matrix

a
7 o

\ Let's Recall

o Determinant of a Matrix
2.1 Introduction:

The theory of matrices was developed by the mathematician Arthur Cayley. Matrices are useful in
expressing numerical information in a compact form. They are effectively used in expressing different
operations. Hence they are essential in economics, finance, business and statistics.

Definition: A rectangular arrangement of mn numbers in m rows and n columns, enclosed in [ ] or ()
is called a matrix of order m by n. A matrix by itself does not have a value or any special meaning.

The order of a matrix is denoted by m x n, read as m by n.
Each member of a matrix is called an element of the matrix.

Matrices are generally denoted by capital letters like A, B, C, .... and their elements are denoted by

small letters like a,, bij, Cps ... elC. where a, is the element in i row and j™ column of the matrix A.
2 -3 9
For example:i) A=|1 0 7| herea,=-2
4 -2 1
A is a matrix having 3 rows and 3 columns. The order of A is 3%3. There are 9 elements in the
matrix A.
-1 -5
i)y B=[2 6
0 9

B is a matrix having 3 rows and 2 columns. The order of B is 3%2. There are 6 elements in the
matrix B.

In general, a matrix of order m X n is represented by




a, 4y a; a,,
a) Ay ay; a,
a3 Ay a, as

Aclad = L

Ay oo i e Gy

Here a, = The element in i row and j* column.

2 -3 9 a,, a, a;

Ex. Inmatrix A=|1 0 -7|=|a, a, ay,
4 -2 1 a,, Gy, a,
a, = 2, a,= -3, a,= 9, a, = 1, a, = 0, a,= =7, a, = 4, a,, =2, a,, = 1

2.2 Types of Matrices:

1) Row Matrix : A matrix that has only one row is called a row matrix. It is of order 1 x n, where
n>1.

For example: i) [-1 2] , ii) [9 0 -3],

2) Column Matrix: A matrix that has only one column is called a column matrix. It is of order
m X 1, where m > 1. s
1
For example: i) { } i) [ -9
O 2x1
8 -3

3x1
Note: A real number can be treated as a matrix of order 1x1. It is called a singleton matrix.

3) Zero or Null Matrix : A matrix in which every element is zero is called a zero or null matrix. It

is denoted by O.
00
For example: O=|0 0
00

3x2

4)  Square Matrix : A matrix with the number of rows equal to the number of columns is called a
square matrix. If a square matrix is of order nxn then n is called the order of the square matrix.

5 -3 i
For example: A=|(1 0 -7
2i -8 9

3%3

Let's Note: Let A= [aij]nxn be a square matrix of order n, Then

(i) theelementsa ,a,, a.,....,a, ..., a_arecalled the diagonal elements of the matrix A. Note

that the diagonal elements are defined only for a square matrix;

(i1)) elements a, where 1 # j are called non diagonal elements of the matrix A;

| 36 |
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(ii1) elements a, where i < j, are called elements above the diagonal;
(iv) elements a,, where i > j, are called elements below the diagonal.
Statements iii) and iv) are to be verified by looking at matrices of different orders.

5) Diagonal Matrix: A square matrix in which every non-diagonal element is zero, is called a
diagonal matrix.

500 Lo
For example: i) A=10 0 0 i) B= { . 5}
0 0 0], 22

Note : Ifa, , a,, a,, are diagonal elements of a diagonal matrix A of order 3, then we write the matrix

Aas A=Diagla ,a,,a,]

6) Scalar Matrix: A diagonal matrix in which all the diagonal elements are same is called a scalar
matrix.

For example: A =

S O W
S e O
wh O O

3x3

7)  Unit or Identity Matrix : A scalar matrix in which all the diagonal elements are 1(unity), is
called a Unit Matrix or an Identity Matrix. Identity Matrix of order n is denoted by I,.

1 00
For example: I, =0 1 0
0 0 1

Note :

1. Every Identity Matrix is a scalar matrix but every scalar matrix need not be Identity Matrix.
However a scalar matrix is a scalar multiple of the identity matrix.

2. Every scalar matrix is diagonal matrix but every diagonal matrix need not be scalar matrix.

8) Upper Triangular Matrix: A square matrix in which every element below the diagonal is zero
is called an upper triangular matrix.

Matrix A = [aij]nxn is upper triangular if a,=0 foralli>].

4 -1 2
For example: i) A=|0 0 3
0 0 9],

9) Lower Triangular Matrix: A square matrix in which every element above the diagonal is zero,
is called a lower triangular matrix.

Matrix A = [aij]nxn is lower triangular if a, = 0 for all 1 <j.

2 00
For example: A= (-1 0 0
-5 1 9

3x3

g



10) Triangular Martix: A square matrix is called a triangular matrix if it is an upper triangular or a

lower triangular matrix.

Note: The diagonal, scalar, unit and square null matrices are also triangular matrices.

(11) Determinant of a Matrix: Determinant of a matrix is defined only for a square matrix.

If A is a square matrix, then the same arrangement of the elements of A also gives us a determinant.

It is denoted by |A| or det(A).
IfA= [a,],., then |A| is of order n.

1 3
For example: i) If A = then [A| =
=5 4 2x2
2 -1 3
mltB=|-4 1 5 then |B| =
7 -5 0 o

13
-5 4

2 -1 3
4 1 5
7 =50

12) Singular Matrix : A square matrix A is said to be a singular matrix if

|A| = det(A) = 0. Otherwise, it is said to be a non-singular matrix.

2 3 4 2
For example: i) If B=|3 4 5 then [B| = |3
4 5 3x3 4
Bl =2(24 — 25) — 3(18 — 20) + 4(15 — 16)
=-2+6-4
=0
B[=0
Therefore B is a singular matrix.
2 -1 3 2 -1
iy A=|-7 4 5 Then |A|=|-7 4
-2 1 -2 1

3
IA| =224 = 5) — (=1)(=42 + 10) + 3(=7 + 8)
=38-32+3
=9
IA|=9

As |A| # 0, A is a non-singular matrix.

3 4
4 5
5 6

AN L W




( SOLVED EXAMPLES )

xX+y y+z z+x

Ex. 1) Show that the matrix 1 1 1 is a singular matrix.

z X y

xX+y y+z z+x
Solution : Let A = 1 1 1

z X y

X+y y+z z+x
A= 1 1 1
z X y
Now [A|=(x+y) (v —x)—(+2)(p—2) +(z+x) (x—2)
=y =xX2 =y + 22+ xt -2
=0

. Ais a singular matrix.

L EXERCISE 2.1 -

(1) Construct a matrix A = [a] whose element a, is given by

3%2

(i) a; = (l_—j) (i)a =i—3j (iii)a = (i)
1) 5—l ij ij 5

(2) Classify each of the following matrices as a row, a column, a square, a diagonal, a scalar, a unit,
an upper traingular, a lower triangular matrix.

3 -2 4 5

6 0
@0 0 -5 i) | 4 (iiiy [9 V2 3] (iv){ }
0 6
0 0 O -3
2 0 0 0 1 00
V|3 -1 0 (vi)[0 5 0] (vi)|0O 1 0
- 0 0 1
7 3 1 0 0 1
L 3]
(3) Which of the following matrices are singular or non singular?
a b c 5 0 5
@ 2 q 4 (i) |1 99 100
2a—p 2b—q 2c-r 6 99 105

1 39 |
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3 57

ol o1 4 |73
(i) | — (iv) 47
3 25
(4) Find K if the following matrices are singular.
4 3 1 K-1 2 3
S i) | 7 K 1 3 1 2
O (i) (i)
10 9 1 1 -2 4

2.3 Algebra of Matrices:

(1) Transpose of a Matrix (2) Determinant of a Matrix (3) Equality of Matrices (4) Addition of
Matrices (5) Scalar Multiplication of a Matrix and (6) Multiplication of two martices.

(1) Transpose of a Matrix: A is a matrix of order m x n. The matrix obtained by interchanging
rows and columns of matrix A is called the transpose of the matrix A. It is denoted by A' or AT.
The order of AT is n x m.

-1 5

-1 3 4
For example: i) IfA=| 3 -2 then AT =
5 2 7,
4 7 x
3x2

1 0 =2 1 8 4

ii)IfB={8 -1 2 thenB™=| 0 -1 3
4 3 5 o -2 2 5,5

i)  Symmetric Matrix: A square matrix A = [aij]
symmetric matrix.

in which a, = a, for all i and j, is called a

nxn

a h g
For example: A=|h b f
g f ¢

3x3
Let's Note: The diagonal matrices are symmetric. Null square matrix is symmetric.

ii) Skew-Symmetric Matrix: A square matrix A = [a_]

il in which a, =-a, for all i and j, is called
a skew symmetric matrix.

Here fori=j, a,=—a, .. 2a,=0 soa,=0foralli=1,2,3, ... n.
In a skew symmetric matrix, each diagonal element is zero.
0 4 -7
For example: B=|—4 0 5
7 -5 0




Let's Note:

1) (AH'=A

2) If Ais a symmetric matrix then A = A"

3) IfBis a skew symmetric matrix then B = —B”

4) A null square matrix is also skew symmetric.
Let's note: |A| = |A"|

(3) Equality of Two matrices: Two matrices A and B are said to be equal if (i) order of A = order of
B and (ii) corresponding elements of A and B are same. That is a, = bij for all 1, j. Symbolically,
this is written as A=B.

2 -1
2 4 1

For example: i) IfA = 10 0 andB=|4 0

- 2x3 1 0
3x2

2 4 1
Here B'= 10 0 In matrices A and B, A # B, but A=B".
2x3

F einte [ 277 YD henfindaand b
: = t .

or example: ii) 7 5 7 ae3b | en find a an

Using definition of equality of matrices, we have
2a—b=1 ... (1) and

5 3
Solving equation (1) and (2), we get a = 7 and b= 7

Let's note: IfA=B, thenB=A

(4) Addition of Two Matrices: A and B are two matrices of same order. Their addition, denoted by
A + B, is a matrix obtained by adding the corresponding elements of A and B. Note that orders
of A, B and A + B are same.

ThusifA=[a;] ~andB=[b.] thenA+B= [a+b,]

mxn ijdmxn

‘ 2 3 1 -4 3 1
For example: 1) If A = 12 0], and B = s 7 -8 find A + B.

Solution: Since A and B have same order, A + B is defined and

2+(—4) 3+3 1+1} _{—2 6 2}
2x3

—+ —
A+B {—1+5 247 0+(-8) 4 5 -8

2x3

Let's Note: If A and B are two matrices of same order then subtraction of two matrices is defined as,
A — B =A + (—B), where —B is the negative of matrix B.

-1 4 -1 5
For example: ) IfA =3 -2| andB=|2 -6| ,FindA-B.
0 51, 4 9,
—




Solution: Since A and B have same order, A — B is defined and

(€)

-1 4 -1 5 “141  4+(=5] [0 -1
A-B=A+(-B)= |3 2| — |2 —6| =[3+(-2) -2+6|=|1 4
5 4 9 0+(—4) 5+(=9)| |4 —4

3x2 3x2

Scalar Multiplication of a Matrix: If A is any matrix and k is a scalar, then the matrix obtained
by multiplying each element of A by the scalar k is called the scalar multiple of the matrix A and
is denoted by kA.

Thus if A= [aij]mxn and k is any scalar then kA = [kaij]

mxn”

Here the orders of matrices A and kA are same.

-1 5
3
For example: ) If A =| 3 -2 and k = 5 then kA.
4 7 3x2
__§ 1_5_
1 5 2 2
2 A= 2 3 2 i 3
27 2 I )
4 7
3x2 6 2
L 2 13x2

(@)

(i)
(iii)
(iv)

)
(vi)

Properties of addition and scalar multiplication: If A, B, C are three matrices conformable
for addition and o, P are scalars, then

A+ B =B + A, that is, the matrix addition is commutative.
(A+B)+C=A+ (B + (), that is, the matrix addition is associative.

For martix A, we have A+ O = O + A=A, that is, zero matrix is conformable for addition and
it is the identity for matrix addition.

For a matrix A, we have A+ (—A) = (—A) + A= 0O, where O is zero matrix conformable with the
matrix A for addition.

a(A+£B)=0aA+aB
(a = B)A=0aA £ B

(vii) a(B-A)=(a-B)-A
(vii)OA =0

g




( SOLVED EXAMPLES )
5 3 2 7
Ex. DIfA=|1 0| andB=|-3 1 |, find2A—3B.
—4 -2 2 2
5 3 2 7
Solution: Let 2A-3B=2|1 0| -3 |-3 1
4 =2 2 2
10 -6 -6 21
=12 0|+]9 3
-8 —4 -6 6
[10-6 -6-21
8-6 —4+6
(4 27
=11 -3
-4 2

Ex. 2)IfA=diag(2, —5,9), B=diag(-3, 7, —14) and C = diag(1, 0, 3), find B-—A—C.
Solution: B—A-C=B—-(A+C)
Now, A + C = diag(2, =5, 9) + diag(1, 0, 3) = diag(3, —5, 12)
B—-A—-C=B-(A+C)=diag(-3, 7, —14) — diag(3, -5, 12)
= diag(—6, 12, —26)

-6 0

=10 12

(0 0

2 3 -1 1 3 2
Ex. 3)IfA= 17 s ,B—_4 6 1

3A—-2B +4X=5C.
Solution: Since 3A — 2B +4X =5C
4X=5C—-3A+2B

I -1
0 2

6
-5

2 3

4X=5[ 4 7

0
0
=26

| e

I -1
0 2

6

B 5} , find the matrix X such that

-1
5

1 3 2
4 6 -1

J2 sl

| 43 |
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5 -5 30 . -6 -9 3 2 6 4
= +
0 10 -25 -12 21 -15 8 12 =2
[5-6+2 -5-9+46 30+3+4
S 10-12+8 10-21+12 —25-15-2

(1 -8 37
4 1 -42

1 [1 -8 37
X — —
4 |—4 1 -4
oy
X = 1 21
-1 -~ =
4 2

ex. o1 | 2 o702t 2 fndxand
x. 4) 3 4y 3 ol |g 1o findxandy.
Solution: Gi 2x+1 —1'+—16_4 5
olution: ulven 3 4y 3 0 = 6 12

2x 5] [4 5]
6 4y| |6 12

Using definition of equality of matrices, we have 2x =4, 4y = 12

x=2, y=3

2 a 3

Ex. 5)Finda, b, cifthe matrix A=|—7 4 5| isasymmetric matrix.
c b 6

2 a 3

Solution: Giventhat A= | =7 4 5| is a symmetric matrix.
c b 6

a, =a, for alliandj

a=-7,b=5,¢c=3




-1 -5

Ex. 6)IfA=[2 0 Find (AT)".
3 4,
-1 -5
Solution: LetA=| 2 0
3 4,
-1 2 3
AL =5 o —4L
-1 -5
Now (AT =[2 0
L 3 _4 3x2
=A
S
Ex. HNIfX+Y=|1 3 |andX-2Y=
__3 _2_
2 1] -2
Solution: LetA= | 1 3 |andB= | 3
-3 2] 4
X+Y=A... (1), X-2Y=B...

Consider (1) — (2),3Y=A—B,

1
Y=3(A-B)
2 -1 -2 1
Y:% I 3|-]3 -1
3 2| |4 =2
4 -2
3
-7 0
_ﬂ _z_
3 3
_|_2 4
3 3
T
L3 i

..... ),

-2 1

3 —1| then find X, Y.
4 2

Solving (1) and (2) for X and Y

4




From (1) X+ Y =A,

X=A-Y, 4 2
) 1 33
x= |1 3|-|-2 2
3
3 2
-~ 0
L 3 i
TR
303
|3 3
13 3
2,
L3 ]
L EXERCISE 2.2 ﬁ
2 3 -1 2 4 3
(1) IfA=|5 -4/ ,B=|2 2|andC=|-1 4
-6 1 0 3 -2 1

Show that i) A+ B=B+A
(il) (A+B)+C=A+(B+C)

(2) IfA= ; _32} ,B= th :ﬂ , then find the matrix A — 2B + 61, where I is the unit matrix of
order 2j
12 -3 9 -1 2
(3) IfA=|-3 7 -8|,B=|-4 2 5 |then find the matrix C such that A + B + C is a zero
0 -6 1 4 0 -3
matrix.
1 2 -1 =2 2 4
4) IfA=|{3 -5|,B=|4 2 |andC=|-1 —4|  find the matrix X such that
-6 0 1 5 -3 6

3A—-4B +5X=C.

(5 1 -4 .
(5) IfA—_3 5 0 , find (AT
7 3 1
(6) IfA=|-2 —4 1| find (AD)"
5 9 1
| 46 |




1 3 a
5
(7) Finda,b,cif| b =5 =7/ isasymmetric matrix.
-4 ¢ 0
0 -5 «x
(8) Findx,y,zif |y 0  z|isaskew symmetric matrix.
%- —~2 0

(9) For each of the following matrices, find its transpose and state whether it is symmetric, skew-
symmetric or neither.

1 2 -5 2 5 1 0 142 i-2
|2 -3 4 i)|-5 4 6 (i) | -1-2i 0 -7
5 4 9 -1 -6 3 2—i 7 0

(10) Construct the matrix A= [aij]y3 where a,= 1—j. State whether A is symmetric or skew symmetric.

1 -1 0 -1
(11) Solve the following equations for X and Y, if 3X - Y = {_1 1 } and X —3Y = {0 _J

) ) ) 6 -6 0 3 2 8
(12) Find matrices A and B, if 2A—B = and A—2B =

-4 2 1 -2 1 -7
2x+y -1 1] [-1 6 4] [3 5 5
(13) Findxandy,if | 4 4y 4] [3 0 3| |6 18 7

2a+b 3a-b
(14) If c+2d 2c—-d

(15) There are two book shops own by Suresh and Ganesh. Their sales ( in Rupees) for books in three
subject - Physics, Chemistry and Mathematics for two months, July and August 2017 are given
by two matrices A and B.

2 3
= 4 _1 , find a, b, c and d.

July sales (in Rupees), Physics Chemistry Mathematics

5600 6750 8500
16650 7055 8905

} First Row Suresh / Second Row Ganesh

August sales (in Rupees),  Physics  Chemistry Mathematics

[6650 7055 8905

7000 7500 10200} First Row Suresh / Second Row Ganesh

then, (i) Find the increase in sales in Rupees from July to August 2017.

(i1) If both book shops get 10% profit in the month of August 2017, find the profit for each
book seller in each subject in that month.




(6) Multiplication of Two Matrices:
Two Matrices A and B are said to be conformable for multiplication if the number of columns in
A is equal to the number of rows in B. For example, A is of order m % n and B is of order n X p.
In this case the elements of the product AB form a matrix defined as follows:
Amxn X anp = Cm><p 2 Where Cij - kzz;aikbkj
| a,  dp Ay a, |
a4y Ay a5y a,,
a, a a a
IfA=[@] =|" " * 15 it row
jkdmxn
_aml amZ amk amn |
_bn blz blj blp ]
b21 bzz sz bz )
b31 b32 b3 j b3 )
B = [bkj]nXp = then
bnl bn2 bnj bnp
l
j™ column
then ¢, = ailb]j + aizsz + ai3b3j + o, +ab,
( SOLVED EXAMPLES
bll
Ex.l: LetA = [a, @, a;], andB = |b, Find AB.
31 13x1

Solution: Since number of columns of A = number of rows of B =3

3
Ex.2: LetA=[1 3 2], andB = 2| ., find AB. Does BA exist? If yes, find it.
1

Therefore product AB is defined and its order is 1.

AB - [all x bll + a12 x b21 + a13 x b31]

3x1

Solution: Product AB is defined and order of AB is 1.
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3
AB=[1 3 2] 2|=[1x3+3x2+2x1]=[11]
1

Ix1

Again, number of column of B = number of rows of A = 1.

product BA is also defined and the order of BA is 3.

3
BA= |2 [l 3 2],
1

3x1

3x1 3x3 3x2 396
—|2x1 2x3 2x2| =2 6 4
Ix1 1x3 1x2] |1 3 2

3%3

Remark: Here AB and BA both are defined but they are different matrices.

Ex3: A=]-3 2 , B= 1

-1 2 [1 )
I 0

} Find AB and BA if they exist.
2x2

3x2

Solution: Here A is order of 3 x 2 and B is order of 2 X 2. By conformability of product, AB is
defined but BA is not defined.

L
12
AB= |3 2

[—1+2 -2+4
= |-3-2 -6-4
| 1+0  2+0

3 2 -1 3 -3
Ex.4: Let A= {_2 5 4 lxs , B = {_4 ) lxz Find AB and BA whichever exists.

Solution: Since number of columns of A # number of rows of B
Product of AB is not defined. But number of columns of B = number of rows of A=2,

the product BA is exists,

BA_3—332—1
|4 22 5 4




9+6  6-15 -3-12
T |-12-4 -8+10 448

-16 2 12

15 -9 —15}
4 -3 -1 3
Ex.5: Let A= 5 9 and B = 4 o Find AB and BA which ever exist.

Solution: Since A and B are two matrices of same order 2x2.
Both the products AB and BA exist and both the products are of same order 2x2.

e

{—4—12 12+6}

—5+8 15-4
[-16 18
131
-1 3 4 =3
BA=I 4 2 |5 2
[-4+15 0 3+6
S 16-10 -12-4
119
16 -16

Here again AB # BA

Remark: 1) If AB exists, BA may or may not exist.
2) If BA exists, AB may or may not exist.
3) If AB and BA both exist they may or may not be equal.

2.4 Properties of Matrix Multiplication:
1) For matrices A and B, matrix multiplication is not commutative, that is, in general AB # BA.

2)  For three matrices A, B, C, matrix multiplication is associative. That is (AB)C = A(BC) if orders
of matrices are suitable for multiplication.

-2 1

1 2 I -1 2 3 {
For example: Let A = 4 3 , B = 0 -1 3 , C = ,

1 2 1 -1 2
Then AB = 4 3 0 -1 3
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(AB)C

Il
S W
|
[—

[—2-9 1+3+16
| -8-21 4+7+34

[—11 20
= 29 45| (1)
~ -2 1
1 -1 2
0

0 -1 3

[2-3 1+1+4
-3 1+6

-5 6
|37

1 2] [-5 6
Now, A(BC) 4 3] |23 7

[ —5-6 6+14
| —20-9 24+21
[—11 20
|29 45

From (1) and (2), (AB)C = A(BC)
3) For three matrices A, B, C, matrix multiplication is distributive over addition.
1) AB+C)=AB+AC (left distributive law)
i) (B+C)A=BA+CA  (right distributive law)
These laws can be verified by examples.

4)  For a given square matrix A, there exists a unit matrix I of the same order as that of A, such that
Al =1A=A. 1is called Identity matrix for matrix multiplication.

3 -2 -1 1 00

For example: LetA =|2 0 41 1=10 1 0
1 3 2 0 0 1

=1 )




3 2 -1 1 0
2 0 4 0 1
1 3 2 0 0

Then Al

- O O

[3+0+0 0-2+0 0+0-1
=|12+0+0 0+0+0 0+0+4
}+0+0 0+3+0 0+0+2

3 2 -1
— 12 0 4
13 2
=1A

5) For any matrix A, there exists a null matrix O such that a) AO = O and b) OA = 0.
6) The products of two non zero matrices can be a zero matrix. That is AB=0 but A# O, B # O.

1 0 0 0
For example: Let A= 2 0 ,B= 1 11

1 0 0 O 0 0 .
Here A2#0,B# O but AB = ) 0 11! 1o o ,thatis AB=0

7) Positive integer powers of a square matrix A are obtained by repeated multiplication of A by
itself. That is A2=AA, A3=AAA, ..., A"=AA....n times

( SOLVED EXAMPLES )
-2 1
1 -1 2
Ex.1: IfA= 0 -1 31° B=| 3 ~1|,show that the matrix AB is non singular,
0o 2
-2 1
. I P
Solution: let AB = 0 -1 3 -
- 0o 2

[2-3+0 1+1+4
| 0-3+0 0+1+6

-5 6
-3 7]
-5 6
JAB|= | 5| =-35+18=-17#0

.. By definition, matrix AB is non singular.




1 3 3
Ex.2:1fA =|3 1 3] find A>— 5A. What is your conclusion?
3 31

Solution : Let A’=A.A

[1+9+9 3+3+9 3+9+3
={3+3+9 9+1+9 9+3+3
_3+9+3 9+3+3 9+9+1

19 15 15
=15 19 15
15 15 19

19 15 15
LAZ=5A = (15 19 15] -5
15 15 19

W W =
W = W
W W

19 15 15 5 15 15
= (15 19 15| — |15 5 15
15 15 19 15 15 5

14 0 O 1 0 0
LAP—-5A=|0 14 0|=14|10 1 0|=141
0 0 14 0 0 1

.. By definition of scalar matrix, A>— 5A is a scalar matrix.

3 2
Ex.3: IfA= L _2} , find k, so that A2— kA + 21 = O, where I is a 2x2 the identify matrix and

O i1s null matrix of order 2.

Solution: Given A>— kA +2I=0

.. Here, A2 =AA
3 2] [3 2
4 2] |4 2
(9-8 —6+4
S |12-8 -8+4
1 -2
|4 4
1 53 |



AT KA+2[=0

1 2] 3 2 1 0

4 4] K4 2P0 1] 7O
1 2] 3k —2k] [2 0] [0 o
4 -4 |4k 26| "o 2] "o o

C[1-3k+2 242k ] [0 0
| 4-4k —4+2k+2 0 0

.. Using definition of equality of matrices, we have

1-3k+2=0 23k =3
—2+42k=0 S 2k=2
4-4k =0 Ak =4 k=l
—4+2k+2=0 S 2k=2
6 3 -4 -1
Ex. 4: Find x and y, if [2 0 3] 3)-1 2|+211 O =[x y]
5 4 -3 4
6 3 -4 -1
Solution: Given [2 0 3] 3-1 2|+21 1 O =[x y]
5 4 -3 4

18 97 [-8 -2
c20 33 6|+ 2 0 =[x ]
15 12| [-6 -8

10 7

[2 0 3] -1 6 =[x y]
9 4

 [20427 14+12]=[x ]

[47 26] = [x y]
.. x =47, y=26 by definition of equality of matrices.
(A+B)(A—-B)=A?-AB+BA—B?
Let's Note :

Using the distributive laws discussed earlier, we can derive the following results. If A and B are
square matrices of the same order, then

) (A+BP=A+AB+BA+ B i) (A— B2 =A>—AB — BA + B

| 54 |
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Ex 5: A School purchased 8 dozen Mathematics books, 7 dozen physics books and 10 dozen chemistry
books of standard XI. The price of one book of Mathematics, Physics and Chemistry are Rs.50,
Rs.40 and Rs.60 respectively. Use matrix multiplication to find the total amount that the school
pays the book seller.

Solution: Let A be the column matrix of books of different subjects and let B be the row matrix of
prices of one book of each subject.

8x12 96
A=|7x12| = | 84 B=[50 40 60]
10x12 120
". The total amount received by the bookseller is obtained by the matrix BA.
96
. BA= [50 40 60] | 84
120
=[50 x 96 + 40 x 84 + 60 x 120]
= [4800 + 3360 + 7200]
=[15360]
Thus the amount received by the bookseller from the school is Rs. 15360.
: EXERCISE 2.3 'j
4
1) Evaluate i) |2][2 —4 3] i)[2 -1 3]|3
1 1
-1 1 2 1 4
2) IfA=|2 3 0| ,B=|3 0 2| State whether AB=BA? Justify your answer.
1 -3 1 1 21
-2 3 -1 1 3 -1
3) Show that AB=BA where,A=|—-1 2 -1| B=|2 2 -1
-6 9 -4 3 0 -1
1 01 2 2 3 0
4)  Verify ABBC)=(AB)C,if A=|2 3 0| ,B=|-1 1| andC= {2 0 _2}
0 45 0 3

4 -2 -1 1 4 1
5)  Verify that A(B+C)=AB + AC, if A= ,B= and C = 2 1




7)

8)

9

10)

11)

12)

13)

14)

15)

(@)
(i)

4 3 2
IfA= [ } ,B=|-1 0 | show that matrix AB is non singular.

-1 2 0
1 2
1 2 0
If A+1=|5 4 2| find the product (A + I)(A - ).
0 7 -3
1 2
IfA={2 1 2| show that A2—4A is a scalar matrix.
2 2 1
1 0
IfA= 17! find k so that A> — 8A — kI = O, where I is a 2x2 unit and O is null matrix of
order 2.
31
IfA= _| o prove that A2 — 5A + 71 = 0, where I is 2X2 unit matrix.

12 2 a
IfA = B _2},}3:{_1 b} and if (A + B)> = A2+ B?, find value of @ and b.

3 2
Find k, IfA= L _2} and A?=kA -2l
2 -1 3 3 -3 4 2
Find x and y, If {4 a — B —1l= x
1 0 2 2 1 1 : y
20 1 1 | x=3
Find x, y,zif {3|0 2|-4|-1 2 [2}: y—1
2 2 3 1 2z

Jay and Ram are two friends. Jay wants to buy 4 pens and 8 notebooks, Ram wants to buy 5 pens
and 12 notebooks. The price of One pen and one notebook was Rs. 6 and Rs.10 respectively.
Using matrix multiplication, find the amount each one of them requires for buying the pens and
notebooks.

Properties of the transpose of a matrix:
If A and B are two matrices of same order, then (A + B)" = A"+ BT

If A is a matrix and k is a constant, then (kA)" = kA"

(i) If A and B are conformable for the product AB, then (AB)" =BT A"
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23
121
For example: LetA:L, 1 3} ,B=|1 2|, . ABisdefined and
12
2+2+1 34442 B 5 9 ) 5 10
AB= 161143 9+246] |10 17 S AB=Tg g7 ] e
13 |
T 2 1 T 2 b TAT 2 11 b
Now A= BT=10 5 SR
13 |
g | 22D 64143 _{5 10} ,
CU T 34442 94246] |9 17 &)

. From (1) and (2) we have proved that, (AB)" = BTA"
In general (A AA......... An)'=An"............ ATATAT

(iv) IfAis a symmetric matrix, then AT = A.

2 -3 4
For example: LetA=|-3 5 -2 be a symmetric matrix.
4 -2 1
2 -3 4
AT=|-3 5 2| =A
4 2 1

(v) IfAisaskew symmetric matrix, then A" = —A.

0 5 4
For example: Let A= | =5 0 -2 be a skew symmetric matrix.
-4 2 0
0 -5 4 0 5 4
CAT=1(5 0 2|=—1-50 2|=-A, S AT=—A.
4 -2 0 -4 2 0

(vi) If A is a square matrix, then (a) A+ A' is symmetric.

(b) A — A" is skew symmetric.

3 5 7 3 2 3
For example: (a) LetA=[2 4 -6, AT=|5 4 8
3 8 -5 7 -6 =5
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35 7 3 2 3 6 7 10
NowA+A'=|2 4 6|+ |5 4 8 |=|7 8 2
3 8 =5 7 -6 =5 10 2 -10

. A+ A'is a symmetric matrix, by definition.

35 7 3 2 3 0 3 4
(b) LetA—AT= |2 4 —6| — |5 4 8| =|-3 0 -14
38 -5 7 -6 -5 4 14 0

A — AT is a skew symmetric matrix, by definition.

Let's Note: A square matrix A can be expressed as the sum of a symmetric and a skew symmetric
matrix as follows.

1 1
N — T — _ AT
2(A+A)+ 2(A A"

4 -5 3 4 -6 7
For example: LetA= |-6 2 1|, -~ AT™=|-5 2 8
7 8 -9 31 -9
4 -5 3 4 -6 7 8 —11 10
A+AT=|-6 2 1 |+|-5 2 8| =|-11 4 9
7 8 -9 3 1 -9 10 9 -18
4 1 5
g8 —11 10 2
LetP=l (A+A") = 1 -11 4 9 | = i 2 2
2 2 o9 B
10 9 -18 9
5 - -18
L 2 i

The matrix P is a symmetric matrix.

4 -5 3 4 -6 7 0 1 -4
AlsoA—-AT= |6 2 1 |—-|-5 2 8| =|-1 0 -7
7 8 -9 3 1 -9 4 7 0
0 % .
| | 0 1 -4 i .
= — —_ T = - —_ — = —_ 0 e
LetQ 2(A AT) 7 1 0 -7 > >
4 7 0
2 7 0
L 2 ]

The matrix Q is a skew symmetric matrix.
Since P + Q = symmetric matrix + skew symmetric matrix.

Thus A=P+ Q.




: EXERCISE 2.4 'j

T3 L2 61
(1) Find A", if (1)A—{_4 5} (i) A = 4 0 5

2) IfA= [aij]3X3 where a, = 2(i —j). Find A and A". State whether A and A" both are symmetric or
skew symmetric matrices ?

5 -3
(3) If A=| 4 3|, Prove that (AN"=A.
-2 1
i 2 -5
4) If A= 2 3 4 , Prove that AT=A.
-5 4 9
2 -3 2 1 )
(5) If A=|5 —4|,B=|4 -1|,Cc=|-1 4] then show that
-6 1 -3 3 -2 3
(1) (A+B)'=AT+ BT (i) (A—C)'=AT-CT
(5 4 -1 3
(6) If A= 5 3 and B= 4 1l then find C', such that 3A — 2B + C =, where I is the unit
matrix o_f order 2.
7 3 0 0 2 3
(7) If A= 0 4 2 ,B—_2 1 4 then find
(1) AT+ 4B" (i1) SAT- 5BT
1 0 1 21 4 0 2 3 ‘
8) IfA= 31 2 ,B= 35 o and C = 1 -1 0 , verify that
(A+2B+3C)"=A"+2B" + 3C"
2 1
-1 2 1
9) If A= and B=|-3 2|, prove that (A+B")"=AT +B.
-3 2 3
-1 3
(10) Prove that A + AT is a symmetric and A — A" is a skew symmetric matrix, where
1 2 4 5 2 4
HA=]3 2 1 ()A=|3 -7 2
-2 -3 2 4 -5 -3
(11) Express each of the following matrix as the sum of a symmetric and a skew symmetric matrix.
3 3 -1
C1 (|2 2 1
i i) |2 -
3 -5
-4 -5 2
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2 0 3 -4
(12) If A=|3 —2 andB=[2 q I}Nerifythat
4 1
(i) (AB)T = BTAT (ii) (BA)T= ATBT

2.5 Elementary Transformations:

Let us understand the meaning and application of elementary transformations. There are three
elementary transformations of a matrix. They can be used on rows and columns.

a) Interchange of any two rows or any two columns: If we interchange the i row and the j* row
of a matrix then, after this interchange, the original matrix is transformed to a new matrix.

This transformation is symbolically denoted as R, <> R orR;

The same transformation can be applied to two columns, say C. <> Cjor C,

For Example:

f A= > h 1 i 22
I “l3 5 then R <> R, gives new matrix | 5~

7 5
and C, < C, gives new matrix { ’ 3}

b) Multiplication of the elements of any row or column by a non zero scalar: If k is a non zero
scalar and the row R is to be multiplied by a Scalar k, then we multiply every element of R. by
the Scalar k. Symbolically the transformation is denoted by kR or R (k)

1 2 3 1 2 3
For example: If A=|2 5 0/ then4R, gives |8 20 0
4 1 3 4 1 3

Similarly, if any column of the matrix is multiplied by a constant then we multiply every element
of the column by the constant. It is denoted by kC. or C (k)

2 3 . 2 9
If B= 5 1 then °C, gives 5 3

¢) Adding the scalar multiples of all the elements of any row (column) to corresponding
elements of any other row (column): Ifk is a non-zero scalar and the k-multiples of the elements
of RJ.(CJ.) are to be added to the elements of R (C)) then the transformation is symbolically denoted
as RiJrkRj or Ci+ij

For example:

25 . ’ ’
) If A=[7 8} then R, + 2R, gives ={7+2(2) 8+2(5)}

[2 s
{1118
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3-2(-2) -2
2) I B=|| 4 thenC,-2C, =] L0,

157

1)  After transformation R, + kRj, R, remains same as in the original matrix. Similarly with the
transformation C; + kC,, C, remains same as in the original matrix.

Let's Note:

2)  The elements of a row or multiples of the element of a row can not be added to the elements of
a column or conversely.

3)  When any elementary row transformations are applied on both the sides of AB = C, the prefactor
A changes and B remains unchanged. The same row transformations are applied on C.

For Example:

1 2 -1 0 1 10
If A= 3 4 , B= 15 then AB = 1 20 = C say

Now if we require C to be transformed to a new matrix by R, <> R,

c {1 20}
—
1 10 -

If the same transformation used for A then A — [ 2 and B remains unchanged then product

B

- {—3+4 0+20}

AB

-1+2 0+10

120
1110

=C

( SOLVED EXAMPLES )

2 4
1) IfA= L 7} then apply the transformation R, <> R, on A.

2 4 L7
Solution: As A= 1 7 R, =R, gives R, = 2 4

[\S RN B \O]
—_—
=
a
==
oo
o
=2
<
=
=
(¢]
—
=
oo
=]
95]
g
)
=
o
=]
@]
¥
|
[\
@)

1
2) IfB=|4
3




1 2 3 1 2-2(1) 3
Solution: As B=|4 7 1 C,—-2C,= |4 7-2(4) 1
3 21 3 2-203) 1
1 2-2 3
=14 7-8 1
13 2-6 1
1 0 3
= -1 1
3 4 1
1 -2 -7
3) IfA=|-2 1 5 | thenapply the transformation R, + 2R .
32 1
1 =2 -7
Solution: As A= |2 1 5| R +2R,
32 1
! -2 -7
= | 24+2(1) 1+2(-2) 5+2(-7)
3 2 1
! -2 -7
= |-2+42 1-4 5-14
3 2 1
12 -7
=10 -3 -9
3 2 1

3
4) Convert { | 6} into identity matrix by suitable row transformations.

2 3
Solution: Given A= L 6} R, <R

16 16
T2z BYRTR oy

-1 1 6
?RZ,A— 0 1




2.6 Inverse of a matrix :

If A is a square matrix of order m and if there exists another square matrix B of the same order
such that AB = BA =1, where 1 is the unit matrix of order m then B is called the inverse of A and
is denoted by A™! (read as A inverse)

Using the notation A™! for B we write the above equations as AA'=A"T'A=1

Let's Note: For the existence of inverse of matrix A, it is necessary that |A| # 0, that is

A is a non singular matrix.
Uniqueness of the inverse of a matrix:

It can be proved that if A is a square matrix where |A| # 0, then its inverse, say A™', is unique.

Theorem: Prove that, if A is a square matrix and its inverse exists then the inverse is unique.

Proof: Let A be a square matrix of order m and let its inverse exist.

1)

Let, if possible, B and C be two inverses of A
Then, by definition of the inverse matrix,
AB=BA=land AC=CA=1
Now consider B = BI
= B(AC)
= (BA)C
= IC
B=C
Hence B = C, that is, the inverse of a matrix is unique.
Inverse of a matrix (if it exists) can be obtained by any of the two methods:
(1) Elementary Transformations (2) Adjoint Method.
Inverse of a non singular matrix by elementary transformations:
By the definition of inverse of a matrix A, if A exists, then AA'=A"TA=1.
To find A™', we first convert A into I. This can be done by using elementary transformations.

Hence the equation AA™'=1 can be transformed into an equation of the type A™'= B, by applying
the same series of row transformations on both sides of the above equation. Similarly, if we
start with the equation A™'A = I then the transformations should be applied to the columns of
A. Apply column transformations to post factor and the other side, whereas prefactor remains
unchanged.

AA™"=1 (Row transformation) A'A =1 (column transformation)
4, 4, a;
Nowif A=, 4, 4y | isanon singular matrix then reduce A into I

. Ay Ay

100
010
00 1
(63




1)
2)
3)
4)
5)
6)

1)

The suitable row transformation are as follows
Reducea,, to 1

Then reduce a,, and a, to 0

Reduce a,, to 1

Then reduce a, and a,, to 0

Reduce a ; to 1

Then reduce a, and a,, to 0

Remember that the similar working rule (but not the same) can be used if you are using column
transformations

a, — 1 a,and a, — 0
a,, — 1 a, and a, — 0
a, — 1 a, and a, — 0
( SOLVED EXAMPLES )

Find which of the following matrix is invertible

1 2 3
1 2 2 4
(i){ } (ii){ } (i) [2 4 5
5 7 3 6 24 6
Solution: i) A = b2
5 7
A 1 2
=7-10
=-3+0
A7 is exsit. .. ais invertible matrix.
LB 2 4]
i1) =13 6|
2
Bl =
3 6
=12-12=0

B is singular matrix and hence B™' does not exist.

B is not invertible matrix.
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1 23
iii) A=]2 4 5
2 46
1 2 3
A| = 2 4 5
2 4 6

1 2 3

|A|=2|2 4 5 (By property of determinant)
I 2 3

|A|=2(0) (Row R, and R, are identical)
A is singular matrix and hence A™' does not exist.

A is not invertible matrix.

25

2) Find the inverse of A = L 3} by elementary transformation.

. (25
Solution: A = 13

2 5
|A|_13

=6-5=1+#0
. A7'is exist.
I AA'=1

BHEEEN

Using R, & R,

o3 0l
_25A_1o

Using R, — R,—2R,

By Row transformation




R, - (-DR,

o]

_l _3
AT = B
,1 3
AT = -1
) A'A=I

-1

)]

-1

1 1
A |l =12
5 0

W

0
1

Using C,— C,—5C,

1 0 1 -5
-1 - —
All 1|1=]2 2

2 9 0 1

Using C, — 2C,
o s
Al 17y

2

1

Using C,— C,— (—

SERR N

_l 3
AT= -1

From I and 11

A7 is unique.

column transformations we get,

g




2 0 -1
3)  Find the inverse of A=|5 1 0 | by using elementary row transformation.
01 3
2 0 -1
Solution: Let A = |5 1
0 1
2 0 -1
Al=15 1 0
01 3
=2B3-0)-0(15-0)—1(5-0)
=6-0-5
=140
A7 is exist.
Consider AA™' =1
2 0 -1 1 0 O
51 0|A'=1(010
01 3 0 0 1
6 0 -3 300
By R, — 3R, 51 o0|A'=]0 10
01 3 0 0 1
1 -1 -3 3 -1 0
ByR—-R-R, [5 1 0| A'=[0 1 0
0 1 3 0 0 1
1 -1 -3 3 -1 0
ByR,—-»R,—5R, [0 6 15 Al=|-15 6 0
0 1 3 0 0 1
1 -1 3 3 -1 0
ByR,&>R |0 1 3| A'=]0 0 1
0 6 16 -15 6 0
1 0 O -3 -1 1
ByR,—»R +RandR,—>R,—6R, [0 1 3 [ A'=| 0 0 1
0 0 -3 -15 6 -6




2)

3 -1 1]
ByRa(ljR 1 3| A= 0 0
3 3 3
0 0 1 5 -2 2
1 00 -3 -1 1]
By R,— R,—R, 01 0| A'=|-15 6 -5
0 0 |5 2 2
3 -1 1
IA'= |-15 6 -5
5 -2 2
3 -1 1
Al= |[-15 6 -5
5 2 2

Inverse of a non singular matrix by Adjoint Method: This method can be directly used for
finding the inverse. However, for understanding this method we should know the definitions of
minor and co-factor.

Definition: Minor of an element a; of matrix is the determinant obtained by ignoring i row and j

column in which the element a; lies. Minor of an element a; is denoted by M,.

Definition: Cofactor of an element a; of matrix is given by A= (—l)i*jMij, where M, is minor of

the element a,. Cofactor of an element a,; 1s denoted Aij.

Adjoint of a Matrix:

The adjoint of a square matrix is defined as the transpose of the cofactor matrix of A.

The adjoint of a matrix A is denoted by adjA.

For Example: If A is a square matrix of order 3 then the matrix of its cofactors is

All A12 A13
A21 A22 A23
A31 A32 A33
and the required adjoint of A is the transpose of the above matrix. Hence
All A21 A31
adjA= | Ay Ay Ay
A31 A32 A33
IfA= (@], is non singular square matrix then the inverse of matrix exists and given by
I S
= | A| adj (A)




( SOLVED EXAMPLES )

2 4
1)  Find the cofactor matrix of A= {_1 7}

Solution: Herea, =2,a,=4,a,=-1,a,=7
Minor of a, ie, M, LA EEDTM = E1)PT=T
Similarly we can find M,=-l,and A =(-1)"M =-1(-1)=1
M, =4,and A =(-1)*"'"M, =-1(4)=—4
M, =2,and A = (-1)*"M,,=1(2) =2
Required cofactors are 7, 1, —4, 2

7 1
Cofactor Matrix =[A ], , = [_4 2}

2 3
2) Find the adjoint of A = L —6}

Solution: Minor of a,=M, =-6
A=CEDM, =1(-6)=-6
Minorof a,=M =4
A, =DM, =-1(4)=—4
Minorof a, =M, =-3
A =(C1)PM, =-1(-3)=3
Minorof a,=M,=2

A, =(-1)M,=1(2)=2

-6 —4
Cofactor of matrix [A,], , = { }

3 2
G-y -| 0
a =[A.]" =
! G VI
2 2
3) IfA= 4 3 then find A™' by the adjoint method.
. . 2 _2
Solution: Given A= 4 3
2 2
|A| = 4 3 =6+8=14+#0
A7!is exist.
M, =3 oA =EDTM =103)=3
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M, =4, . A =(C-D)"M_ =-1(4)=—4

12

M, =-2, . A, =(1)M, =-1(-2)=2

21

M, =2, o A =(-1)M,=1Q2)=2

22

34
Cofactor matrix [A,],,, = ) 2}

Gw-mr-| > 2
a =[A.]"=
! o4 2
A"—L dj (A
o L1302
C14|-4 2
2 -1 1
4) IfA=|-1 2 —1| then find A" by the adjoint method.
1 -1 2
2 -1 1
Solution:  Given A= |-1 2 -1
1 -1 2
2 -1 1
Al=(-1 2 1| =2-D+1(2+D)+1(1-2)
1 -1 2
=6-—1-1=4#0
A" exists.
For the given matrix A
2 -1
A =D 1 ol T 14-1)=3
1+2 _1 _1
A,=(1) Lol T -1(2+1)=1
1+3 _1 2
A= T I(1-2)=-1
2+1 _1 1
A =(1) 4 T -1(2+1)=1
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2 1
Azzz(_1)2+2 1 2‘ = 14-1)=3
2+32 -1
A =(-1) | 1 = —-1(2+1)=1
— 3+1 _1 1 — —
A, =(1) y 4 I(1-2)=-1
3+2 2
Ap=CD | = Tle2+ D=1
2 -1
A33:(_1)3+3 -1 2 = 14-1)=3
(3 1 -]
Cofactor matrix [A;]; = 1 3 1
-1 1 3]
(3 1 -]
adj (A)Z[Aij]T =11 3 1
-1 1 3]
71 — - .
A |A| adj A
3 1 -1
A . I 3 1
4
-1 1 3
[ EXERCISE 2.5 ]

1)  Apply the given elementary transformation on each of the following matrices.

L [3 -4
1) SCRE R, <R,
o[22 4]
i1) e C, < C,
3 -1
iii) | 1 3 1| 3R,and C,— C,— 4C,
-1 1 3
1 -1 2
2) Transform |2 1 3| into an upper triangular matrix by suitable row transformations.
3 2 4
1 71 |




3) Find the cofactor of the following matrices

o2 20
1)5_8 i) | -1 -
-2 1 1

4)  Find the adjoint of the following matrices
T2 3 ) 1 -1 2
1) 3 5 (-2 3 5
-2 0 -1

5) Find the inverse of the following matrices by the adjoint method

3 -1 2 2 b2
i) {2 _J ii) [4 _5} i) |0 2 4
- 005
6) Find the inverse of the following matrices by the transformation method.
2 0 -1
1 2
1) ) 1 ii)[5 1 0
0 1 3
1 01
7)  Find the inverse A= |0 2 3| by elementary column transformation.
1 21
1 2 3
8) Findtheinverse [1 1 5| of by the elementary row transformation.
2 4 7
I 0 1 2
9) If A=[0 2 3landB= |1 1 5/ then find matrix X such that XA =B
12 2 4
1 23 1
10) Find matrix X, fAX =B whereA=|-1 | 2| andB=|2
1 2 4 3

2.7 Applications of Matrices:
To find a solution of simultaneous linear equations.
Consider the following pair of simultaneous linear equations in two variables.

ax+by=c
a,x+b,y=c,




Now consider the 2x2 matrix formed by coefficient of x and y

S
B a, b, |’ A L

Now consider the following matrix equation AX = B

Cax+by ] {cl | W
_a2x+b2y_ .................

ax+by =c
ax+by = c,

Hence the matrix equation (ii) is equivalent to pair of simultaneous linear equations given by (i)
Matrix form of ax+by = c,

a2x+b2y = c, 1S

a, b {x } B { ¢ }
a, b2 y c,
Similarly suppose we have three simultaneous equations in three variables

ax+by+tcz =d

ax+ bzy tcz = d2
ax+ b}y tez = af3

This can be summarized by the matrix equation
a b ¢ X d,
a, b, ¢ y| =1|4d,
a, b, ¢ z d,

For example: Write the following linear equations in the form of a matrix equation.

1) 3x+5y=2
—2x+y=5
3 5 2 X
Solution : A= {_2 J ,B= L} , X = L}}
AX=B
3 5 X 2
EHINEH
2) 3x+2y—z=4
Tx—2y—2z=3
2x3y+5z=4
{73)




3 2 -1 X 4
Solution: A=|7 -2 2|, X=|y|,B=|3
z 4

2 -3 5
AX=B
3 2 -1 X 4
7 2 2 vl =13
2 -3 5 z 4

There are two methods for solving linear equations (I) Method of Inversion (II) Method of
Reduction

(I) Method of Inversion: Consider a system of linear equations. Suppose we express it in the
matrix form AX=B, where A is non singular (JA| # 0). Then A has a unique inverse A™".

Pre multiplying AX=B by A™!, we get

A'(AX)=A"'B
(ATA)X=A"B
IX=A"B

X = A7'B. Thus, there is a unique solution to the given system of linear equations.

( SOLVED EXAMPLES )

1)  Solve the following equations by inversion matrix of inversion method
2x+3y=35
6x—-2y=4

) 2 3 X 5
Solution: A= 6 _o , X = » ,B= 4l

Given equations can be written in matrix form as
AX=B
Pre-multiplying AX = B by A™" we get
AT(AX)=A"B
(ATA)X=A"B
IX=A"B
X=A"B
First we find the inverse by A by row transformation

We write AA'=1

A

&



3 (1
) 1 I — ; - 0
UsingR — | — | R, 2 Al =2
2 6 —2 0 1
: ro2 L
Using R, = R, — 6R, 2 Al = |2
0 11 31
i 3 0
UsingR,— [ 2L R | 2] A1 =
11 01 3 -
L1111
(2 3
, 3 1 0 i 27 29
Usng1—>R1—ER2 {0 J Al = 3 -
L1111
SIS
A=+ |12
-
S
L X=A"B :% '3 B
3 -1

11

1 [5+6] 1 [11 11
X‘u 15-4| 11|11 |11

110

x =1Ly=1

Hence the solution of given linear equations are x =1, y = 1.
2)  Solve the following equations by the inversion method
x—y+z=4
2x+y—-3z=0
xty+z=2

Solution: The matrix equation is

1 -1 1 X 4
2 1 =3 y| =10
1 1 1 z 2
AX=B
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Pre-multiplying AX = B by A™! we get

A(AX)=A"'B
(A"A)X =A"B
IX=A"B
X=A"B

First we find the inverse of A by adjoint method

1 -1 1
Al=12 1 =3
111

Al=1(1+3)+12+3)+12-1)

=4+5+1
=10#0
A7 is exist
1 -1 1
A =12 1 =3
1 1 1
1 -3
M, = 1 1
2
M]2 - 1
2 1
M13 = 1 1
-1 1
le - 1 1
1 1
M22 = 1 1
1 -1
M23 - 1 1
-1 1
M31 - 1 3
1 1
M32 = 2 _3

—1-1=-2

(—1)°M, = 1(4) = 4

(—1YM,, = (~1)(5) = =5

DM, =1(1)=1

(1PM,, = (-1)(-2) =2

)™M, =1(0)=0

(1M, = (-1)(2) =2

DM, =1(2)=2

(1M, = (-1)(-5) =5
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1 -1
M, = ‘2 : ‘ =14+2=3 LA = (—1)6M33=1(3)=3
-5 1
[A] = 2 0 -2
2 5 3
adj(A) = [A]
4 2 2
1 -2 3
,1 L :
4 2
0 1 -2 3
X = A'B
4 2 2][4
_ li 5 0 5|0
0 1 -2 3]|2
. [ 16+0+4 ]
- -20+0+10
| 4+0+6
20 2
1
| 10 1
] 2
= = _1
z 1

Lx=2,y=—1,z=1

(I) Method of Reduction:

Here we start by writing the given linear equations as the matrix equation AX = B. Then we
perform suitable row transformations on the matrix A. Using the row transformations, we reduce
matrix A into an upper triangular matrix or lower triangular matrix. The same row transformations
are performed simultaneously on matrix B.
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After this, we rewrite the equations in the form of a system of linear equations. Now they are
in such a form that they can be easily solved by elimination method. The required solution is
obtained in this way.

( Solved Examples )

1)  Solve the equations 2x — y = —2 and 3x + 4y = 3 by the method of reduction.
Solution: The given equations can be write as

2x—-y=-2

3x+4y=3

Hence the matrix equation is AX =B

INEN

ByR, <R,
3 4 x 3
{2 —J [y} :[—2}
By R, R R,

157 [« {5}
{2 —J L} 2
By R, R, 2R,

ol Bl

We write equations as

x+5y=5 (1)

—1ly=-12 )
12

from (2), y = T 3)

Puty= % in equation (1) to get

x+5x [Ej =5
11

60 55-60 -5

LR TR TRRRT
- )
- X= YT H
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2)

Express the following equations in matrix form and solve them by the method of reduction

x-y+z=1,2x—y=1,3x+3y—-4z=2.

Solution: The given equations can be write as

1))

x—yt+tz=1
2x—-y=1
3x+3y—4z=2
Hence the matrix equation is AX =B
I -1 1 X 1
2 -1 0 yi=11
3 3 4 z 2
(1 -1 1] [x] 1
By R, — R —2R, 1 -2 =1-1
13 3 4] |z 2
1-1 1] [x] 1
By R,— R, - 3R, 0 2| |yl = —1}
0 6 7] |z] -1
1 -1 1] [x 1
By R,— R, - 6R, 0 1 =20 |y| = —1]
100 5| |z 5
We write equations as
x—y+tz=1 (1)
y—2z=-1 (2)
5z=5 3)
From (3),z=1
Put z=1 in equation (2) y — 2(1) =—1 Ly=2-1=1
Puty=1,z=1inequation (I)x—-1+1=1, .. x=1
x=1lLy=1,z=1
i EXERCISE 2.6 'j

Solve the following equations by method of inversion.
1) x+2y=2,2x+3y=3

i) 2x+y=5,3x+5y=-3

i) 2x—y+z=1,x+2y+3z=8and3x + y—4z=1

) x+y+tz=lL,x—y+z=2andx+y—-z=3
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2)  Express the following equations in matrix form and solve them by method of reduction.
)x+3y=2,3x+5y=4
i) 3x—y=1,4x+y=6
i) x+2y+z=8,2x+3y—z=1land3x—-y—-2z=5
) x+y+z=1,2x+3y+2z=2andx +y +2z=4

3) The total cost of 3 T.V. and 2 V.C.R. is Rs. 35000. The shopkeeper wants profit of Rs. 1000 per
T.V. and Rs. 500 per V.C.R. He sell 2 T.V. and 1 V.C.R. and he gets total revenue as Rs. 21500.
Find the cost and selling price of T.V and V.C.R.

4)  The sum of the cost of one Economic book, one Co-operation book and one account book is Rs.
420. The total cost of an Economic book, 2 Co-operation books and an Account book is Rs. 480.
Also the total cost of an Economic book, 3 Co-operation book and 2 Account books is Rs. 600.
Find the cost of each book.

IﬁLet's Remember

. Scalar Multiplication of a matrix:

IfA= [aij]mxn is a matrix and £ is a scalar, then kA = [kal.j].

. Addition of two matrices:
Matrices A= [aij] and B= [bij] are said to conformable for addition if orders of A and B are same.
Then A+ B = [aij + bij]. The order of A + B is the same as the order of A and B.

. Multiplication of two matrices:

A and B are said to be conformable for multiplication if the number of columns of A is equal to
the number of rows of B.

That is, if A= [a,-k]mx;, and B = [blg‘]an’ then AB is defined and AB = [C,y]

mxn’

P
where ¢, = Za,-k b,; i=1,2,...,m
X k=1
j=1,2,...,n
. IfA= [aij]mxn is any matrix, then the transpose of A is denoted by A" = B = [bij]nxm and bii =a,

. If A is a square matrix, then
i) A+ A" is a symmetric matrix ii) A — A" is a skew-symmetric matrix.

. Every square matrix A can be expressed as the sum of a symmetric and a skew-symmetric
matrix as

A= A+AT+ S [A- AT
2 2

. Elementary Transformations:
a) Interchange of any two rows or any two columns
b) Multiplication of the elements of any row or column by a non zero scalar

¢) Adding the scalar multiples of all the elements of any row (column) to the corresponding
elements of any other row (column).
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)

2)

3)

4)

5)

If A and B are two square matrices of the same order such that AB = BA =1, then A and B are
inverses of each other. A is denoted by B™! and B is denoted by A™'.

For finding the inverse of A, if row transformation are to be used then we consider AA™' =1 and
if column transformation are to be used then we consider A"A = 1.

For finding the inverse of any nonsingular square matrix, two methods can be used
1) Elementary transformation method. i1) Adjoint Method.
A system of linear equations can be solved using matrices. The two methods are

1) Method of inversion. 11) Method of reduction (Row transformations).

ﬁ MISCELLANEOUS EXERCISE - 2 ?

Choose the correct alternate.

-1 2 1
IfAXZB,whereAz[ } ,B= then X = .......

2 -1 1]
3 7 -
5 3 1 1
b d
N s |, ) [ 2}
7 3
8 0 0
Thematrix [0 8 O iS.........
0 0 8
a) Identity Matrix b) scalar matrix c¢) null matrix d) diagonal matrix
The matrix 000 1S ceenennn.
0 00
a) Identity matrix b) diagonal matrix ¢) scalar matrix d) null matrix
a 0 0
IfA=|0 a 0], then |adj.A| = ............
0 0 a
a) a'? b) &° c) at d)a>

Adointof | > | i
joint o 4 6 IS oo

6 3 6 3
Dy o b [—4 2}




6) IfA=diag. [d.d,.d,....... ,d ], where d #0, fori=1,23,...... nthenA™'=..........

a) diag[l/d,1/d,,1/d,,...... J/d] b)D ¢)l d) O
7)) IfA2+mA+nl=0&n#0,4|#0,thenA™"= ..........
_ —1 _
a) (A4 nl) by —(A+ml) O (1tma) &+ maD
m n n

8) Ifa3x3 matirx B has its inverse equal to B, then B>=...............

0 1 1 1 11 1 0 1 1 00
a0 1 0 by|1 1 1 )0 1 0 djo 1 0
1 0 1 1 01 0 0 0 0 0 1
a 4
9) IfA= 4 & |4} =729 thena=..........
a)t3 b)+4 c)t5 d)*+6

10) If A and B square matrices of order nxn such that A> — B> = (A — B)(A + B), then which of the
following will be always true ?

a) AB=BA b) either of A or B is a zero matrix
c) either of A and B is an identity matrix d) A=B

11) IfA= [1 ;

Y L 2} K {—1 2}
50
12) If Ais a 2x2 matrix such that A(adj.A) = 0 5l then [A|=..................

a) 0 b) 5 0) 10 d) 25

13) If Ais anon singular matrix, then det (A™")=...........
a) 1 b) 0 c) det(A) d) 1/det(A)

1 2 -10
14) IfA= 3 B= 1 5 then AB =
1 -10 1 10 1 10
D11 20 1 20 911 20
15) Ifx+y+z=3,x+2y+3z=4,x+4y+9z=06,then (y,z)=..........
a) (-1,0)  b)(1,0) ¢) (1,-1) d) (=11)

-20

o,
Ny
|
—_ =
p—
S
| I




II.  Fill in the blanks.

3
1) A= { } IS torieiiieeieennn, matrix.

121 17,
2)  Order of matrix [5 }m .....................

4 x
3) IfA= [ 6 3} is a singular matrix then X is ...................
0 3 1
4) MatrixB=|-3 0 —4]| is skew symmetric then value of pis ...................
p 4 0
5) IfA= [a,],., and B = [bij]mXI and AB is defined thenm=................
3 -5
6) IfA= ) s then cofactor of'a, is .................
7)) IfA= [aij]mxm is non-singular matrix then A™' = — adj(A)
&) (AN =.............
2 1 I -1
= -1 = =
9) IfA L1 and A © 2 thenx=.................

10) Ifax+by=c andax+by=c, then matrix f"“nis{ } [ } { }

III. State whether each of the following is True or False.
1) Single element matrix is row as well as column matrix.
2)  Every scalar matrix is unit matrix.
3) A= E ﬂ is non singular matrix.
4) If Ais symmetric then A=—AT
5) If AB and BA both are exist then AB = BA
6) If A and B are square matrices of same order then (A + B)? = 4>+ 2AB + B?
7) If A and B are conformable for the product AB then (AB)" = A"B"
8)  Singleton matrix is only row matrix.
2 1
9) A= [1 0 5} is invertible matrix.
10) A(adj.A) = |4]|I, where I is the unit matrix.




Iv.

1)

2)

3)

4)

S)

6)

7)

8)

9

10)

11)

12)

Solve the following.

Find £, if E lj 1s singular matrix.

2 x 5
Findx,yzif |3 1 z| is symmetric matrix.
ly 5 8
1 5] 2 4] -2 3
If4=|7 8|,B=|1 5|C=|1 -5| thenshow that (A+B)+C =A+ (B+C)
9 5] -8 6] 7 8
2 5] 1 7]
If4= 3 7| B= 30 Find matrix A — 4B + 71 where I is the unit matrix of order 2.
2 3401
Ifd=|3 -2|,B= {_2 | 3} Verify
-1 4 o
i) (A+2B")" =A"+2B ii) BA—5B")T =3A"-5B
12 3 1 -1 1
IfA=|2 4 6| B=|-3 2 1| thenshow that AB and BA are both singular matrices.
123 -2 1 0
31 1 2 ,
If4= s ,B= Y E verify |AB| = |A| |B|
2 -1
If4= 1 2 then show that A2 —4A +31=0
-3 2] 1 a
If4= ) 4 ,B= 0 and (A+B)(A-B)=A?-B? findaandb.
S
If4= REEIE then find A?
0 1 2 1 5 x—1
Findx,y,zif (5|1 0|-|3 -2 L}: y+1
11 1 3 2z
2 4]
1 -1 2
If4=|3 -2|,B= then show that (AB)" = BTAT
0 1 -2 0
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10
13) IfA=|2 1
3 3

- o O

then reduce it to unit matrix by row transformation.

14) Two farmers Shantaram and Kantaram cultivate three crops rice, wheat and groundnut. The sale
(in Rupees.) of these crops by both the farmers for the month of April and May 2016 is given

below,
April 2016 (In Rs.)
Rice Wheat Groundnut
Shantaram 15000 13000 12000
Kantaram 18000 15000 8000
May 2016 (In Rs.)
Rice Wheat Groundnut
Shantaram 18000 15000 12000
Kantaram 21000 16500 16000

Find i) The total sale in rupees for two months of each farmer for each crop.

15)

16)

17)

18)

19)

ii)the increase in sale from April to May for every crop of each farmer.

Check whether following matrices are invertible or not.

- 3 4 3 1 23

1 0

i){o J ii)L J iii)[1 1 0 iv)|2 4 5
1 45 2 4 6

Find inverse of the following matrices (if they exist) by elementary transformation.

1 —1 2 1T 2 3 3 2 0 -1
i){2 3} ii){7 4 )2 2 3 iv)|5 1 0
- 3 -2 2 01 3
3 1 5]
Find the inverse of | 2 7 8| by adjoint method.
1 25

Solve the following equations by method of inversion.
1) 4x-3y-2=0,3x-4y+6=0

i) x+ty—-z=2,x—2y+z=3and2x—y—3z=-1
i) x—y+z=4,2x+y—-3z=0andx +y+z=2
Solve the following equation by method of reduction.

1) 2x+y=5,3x+5y=-3

1) x+2y—z=3,3x—-y+2z=1land2x—-3y+3z=2

i) x—-3y+z=2,3x+y+z=landS5x +y+3z=3




20) The sum of three numbers is 6. If we multiply third number by 3 and add it the second number
we get 11. By the adding first and third number we get a number which is double the second
number. Use this information and find a system of linear equations. Find the three number using
matrices.

[ Activities ]

. N
1)  Construct a matrix of order 2x2 where the (ij)™ element given by a; = (l;—])
' +1
. a, dp ) .
Solution: Let A= be the required matrix.
ay Ay |y,
.2 2 2
. (i+/) (o) 4 ()9
leenthataij— v a,= 1 g =T =3 T
2 2 -------
a:(2+1)_ ’a:( ....... ) _ .,
2 59 4 2 242
4
3
A =

1 -5 2 3
2) IfA= {6 7 } ,B= { } , Find AB — 21, where I is unit matrix of order 2.

4 8
1 -5 2 3
Solution: Given A= {6 7} ,B= [4 8}
1 5|12 =3 -
Consider AB — 21 = {6 7} {4 8} -2 N }

e e I A P I P

1 -1
3) IfA= { ) 3 } then find A™! by the adjoint method.
. . 1 _l
Solution: Given A = ) 3
1 -1
|A| = y 3| T = e #0
A™!is exist




e : CAEEDTIM, = =
T : LA =DM =L =

M
M
le T e P} .'. A21 = (_1)2+1M21 = =
M =......... , AL =DM, = =

4)  Solve the following equations by inversion method.
x+2y=1
2x -3y =4

sowion: = | x=[}]. n-[].

Given equations can be written as AX =B
Pre-multiplying by A™!, we get
AT(AX)=A"B

First we find the inverse of A by row transformation

We write AA™ =1

. 2] ., 1o
Using R,— R, -2R, 0 Al= 1
1 1 2] 1o

Usin —|R Al=| .. -1
¢ (J : 0 . = =

. Lol
Using R, — R 2R, 0 1 Al= _1




5) Express the following equations in matrix form and solve them by the method of reduction
x+3y+3z=12,x+4y+4z=15, x+3y+4z=13.

Solution: The given equations can be write as
x+3y+3z=12,x+4y+4z=15, x+3y+4z=13.

Hence the matrix equation is AX =B

X
yi=1.. (i.e. AX=B)
z
1 3 3 x 12
ByR,—»R,-R andR;, > R, —R |- - . Y| =
4
We write equation as
x+3y+3z=12 (1)
ytz=...... (2)
Z= .. (3)
from (3), z =1
Putz=1 in equation 2) y + ....... S V=i
Puty=......... ,z=11inequation (1) x+ ...... +o = v , X =
X= i 3V = i, 2= 1
DERCIIR




Differentiation

7 Let's Study

1.  Derivatives of composite functions.

A O i

Iﬁ Let's Recall

Concept of continuity

Derivatives of inverse functions.
Derivatives of logarithmic functions.
Derivatives of implicit function.
Derivatives of parametric functions.

Derivative of second order.

1
2. Concept of Differentiability.
3

Derivatives of some standard functions.

dy _ du dv
2. =u—vthen = = — — —
y=u—vthen o I
d d;
3. y=u.vthen%=u d_: + vd—z
u i v@—u@
4. y=—then L =" "4 v#0
v dx 2

d;
5. y=k.uthen Y k.—u, k constant.
dx dx

Introduction:

In Standard X1, we have studied the concept
of differentiation. We have used this concept in
calculating marginal demand and marginal cost

of a commodity.

& Let's Learn

d
=) A
1 K(constant) 0
2 X 1
: Jx n

24x

1 -1
x >
5 X" n.x"!
6 a* a“loga
7 e e
8 logx 1
x

4. Rules of Differentiation:

If u and v are differentiable functions of x

and if

1. =u + vthen ==
yuvendx PN

dy _du

3.1 Derivative of a Composite Function:

Sometimes complex looking functions
can be greatly simplified by expressing
them as compositions of two or more
different functions. It is then not possible
to differentiate them directly is possible
with simple functions.

Now, we discuss differentiation of such
composite functions using the chain rule.

Result 1: If y = f{u) is a differentiable function

of uand u = g(x) is a differentiable function
of x then

dy _dy  du

dx  du dx
(This is called Chain Rule)

4



Generalisation:

If y is a differentiable function of u, u, is a
fori=1,2,3,
..... (n—1) and u_1is a differentiable function

differentiable function of u.

i+1°

of x then

dy _ dy x%x%x xdu”

A du du, du, dbx

( SOLVED EXAMPLES

1) y=(4x*+3x*—2x)% Find 4
dx

Solution: Given y = (4x* + 3x? — 2x)°
Let u = (4x° + 3x* — 2x)

6

Yy =u
B~ ey
du
B~ 6(4xt + 352 - 20)°
du
and 4 =120+ 6x -2
dx
By chain Rule b _ dy o du
dx  du dx

P 6 (4x* + 3x* — 2x)° (12x* + 6x — 2)

dx

2)  y=log(dx+3x— 1. Find %

Solution: Given y =log(4x* + 3x — 1)
Letu=(4x*+3x—1)

y = log(u)
ay _ 1
du u
dy 1
du (4x2 +3x—-1)
du
and — = (8x+3)
dx
By chain Rule P _ dy oy du
dx  du dx

dy

T =m (8x +3)

dy _ _ 8x+3
A (4x7+3x-1)

3) Ify={(3x°+8x—7) | find %

Solution: Giveny= 3 (3x2 +8x— 7)5

3
3

y= (3x2 +8x—7)

Letu=3x*+8x—7)

5

y=u
w3
2
@ é(3x2 +8x-7)°
du 3
and au _ (6x +8)
dx
By chain Rule P dy y du
dx  du dx
2
@ %(3)62 +8x—7)% (6x +8)
u

dy

4) Ify= % find
dx

Solution: Given y = 8*9

Let u =logx + 6
y=e
Q =eu
du
ﬂ = plogr+6) and ﬂ =
du dx
By chain Rule L dy o du
dx  du dx
@ — e(logx+6) l
dx x

= | =

g




[ EXERCISE 3.1

Q.1 Find & i,
dx

1) y= 'fx+l
X
2) y=Rlad+x
3) y=(5x"—4x*—8x)’

0.2 Find ¥ i,
dx

1) y=log(logx)
2) y=log(10x*+ 5x*— 3x*+ 2)
3) y=log(ax’*+ bx + ¢)

Q.3 Find & if,

dx
) y= e5x2—2x+4
%) y= PROTYEY
3) y= 5(x+logx)

3.2 Derivative of an Inverse Function:

Let y = fix) be a real valued function
defined on an appropriate domain. The
inverse of this function exists if and only if
the function is one-one and onto.

For example: Let f : R — R be such that
flx) =x +10 then inverse of fis

f7:R—Rsuchthatf/'(y)=y—10
That is, if y =x +10 then x=y— 10
Result 2 : If y = f{x) is a differentiable function

of x such that inverse function x = f'(y)
exists, then x is a differentiable function of

Y

dx d

@ _ &
anddy @,dx;éo

dx

| (

SOLVED EXAMPLES )

1) Find rate of change of demand (x) of a
commodity with respect to its price (y) if

y =20+ 15x + x*
Solution: Lety =20+ 15x + x?

Differentiating both sides with respect to x,

we get
Y _ 15+ 2x
dx
By derivative of the inverse function
dx 1
== P
dy v g
dx
rate of change of demand with respect
o ooax 1
to price = d  15+2x

2) Find rate of change of demand (x) of a
commodity with respect to its price (y) if

y=5+x% " +2x
Solution: Let y =5 + x% =+ 2x
Differentiating both sides with respect to x,

we get

v - (—x?e™ + 2xe™ + 2)

dx
By derivative of the inverse function
dx 1
R R A
dy v
dx

Rate of change of demand with respect

dx 1

to price = d_y = (X +2x¢ " +2)

3) Find rate of change of demand (x) of a
commodity with respect to its price (y) if

_ 3x+7

YT 245

. 3x+7
Solution: Let y= 3245




Differentiating both sides with respect to x, we

get
dy _ (267 +5)(3)-(Bx+7)4x)
dx 2x> +5)

dy  (6x° +15)—(12x° +28x)
dx (2x* +5)

dy (6x* +15-12x* —28x)
dx a (2x* +5)°

dy (—6x> —28x+15)
P (2x* +5)°

By derivative of the inverse function

dx 1

L d

dy @ dx
dx

Rate of change of demand with respect to

. dx (2xX°+5)
PHCe ™ oy ™ (—6x% —28x+15)

: EXERCISE 3.2 j

Find the rate of change of demand (x) of
a commodity with respect to its price ()
if

1) y=12+10x + 25x2
2) y=18x+log(x —4)
3) y=25x+log(l + x?)

Q.2 Find the marginal demand of a
commodity where demand is x and price
isy
1) y=xe*+7
%) ox+2

Y x+1
5x+9
3 =
T,

3.3 Derivative of a Logarithmic Function:

Sometimes we have to differentiate a

function involving complicated expressions

. Sx) .
like f{x).g(x), 2(x) and [f{x)]#¥. In this

case, we first transform the expression
to a logarithmic form and then find its
derivative. Hence the method is called
logarithmic differentiation. That is,

dlogy) 1 ay
dx Y dx

Examples of Logarithmic Functions.

(6x+5)

D y= (3x° ~1)V/8+2x

2) =ty (e

Note : 1) The log function to the base "e" is
called Natural log and the log function to
the base 10 is called common log.

2) In ()", a is the base and &¢ is the index.
Some Basic Laws of logarithms:

1) logmn=logm+logn
m
2) loga; =log m —log n

3) log m"=nlog m
log, m

4) log m= @

5) loge=1(=loga)

6) loga‘=x

( SOLVED EXAMPLES )

1) Find b ,ify=3+x)
dx
Solution: let y = (3 + x)*
Taking logarithm of both sides, we get
- logy =log(3 + x)*
- logy =xlog(3 +x)

1 92 |
< |




Solution: Let

Differentiating both sides with respect to x,
we get
1 dy _

S )+ log(3 +x) x 1

! j+log(3+x)}
+x

3+ x‘:L+10 (3+x)}
3 +) 3+x 8

Find & ify= x°

dx

y= "

Taking logarithm of both sides, we get
logy = log x*

logy = x* log(x)

Differentiating both sides with respect to x,

we get
1 dy _ 1 ’
— x“ + log(x).
y e 8 i
dy o1 dx*
==y [ x —=+log(x).—/— | .rn. I
e y[ . g()ck} @
Letu =x*

Taking logarithm of both sides, we get
logu = x.log(x)

Differentiating both sides with respect to x,

we get 2%
1 Solution: Let y = x* + (logx)
1 du =X. —+10g(x)1 4 (logx)
u dx Let u = x*and v = (logx)*
A1+ logy] ysury
dx Differentiating both sides with respect to x,
e get
Mo tlogd) (1) wee
dx dy _ du n @
Substituting eq” (II) in eq" (1), we get a dx  dx
g jy =y [xx L} log()x*(1+log x):l Now, u = x*
* o Taking logarithm of both sides, we get
Ly F+ log(x).(1+ log x)} logu = x logx
dx X
1 93 |

3)

Solution: Lety = \/

|

Find 9 ify- J Qx+3y
dx Bx-1)'(5x-2)
(2x+3)

(Bx-1)’(5x-2)

(2x+3)

(3x-1)’ (Sx—Z)J

Taking logarithm of both sides, we get

(2x+3)

I
loay=3 {log[(3x—l)3(5x—2)J}

1
logy = 5 [Slog(2x + 3) — 3log(3x — 1) —

log(5x —2)]
Differentiating both sides with respect to x, we
get
1 d 1 2 3 5
; d_i ) |:5(2x+3)_3(3x—1)_(5x—2):|
dy _ L >
A 2 Y (2x+3) 3x 1) (5x—2)_
d_)’:l (2x+3) [10_9_ 5]
de 2 \(2x-1) (5x-2)[(2x+3) (3x-1) (5x-2)]
1 dy 5 . X
Find == , if y = x* + (logx)

4)




Differentiating both sides with respect to x,

we get,
1
1 @:x—Jrlogx.l
u dx X
du
— =u(l+logx
. ( g X)
du
— =x(1 +1ogx)eeuuuu....... II
oo gx) ety

Now, v = (logx)*
Taking logarithm of both sides, we get
logv = x log(logx)

Differentiating both sides with respect to x,

we get,
d 1
1 av_ X + log (logx).1
v dx x.log x
& =y { 1 +log(10gx)}
dx log x
d_ (logx)* +log(logx) | ... (11D
dx log x
Substituting eq" (II) and eq" (III) in eq" (I), we
get
D (1 +1ogx)+(logxy | —— +log(log x)
dx log x
[ EXERCISE 3.3 ]
Q.1 Find & if,
dx
D oy=x
2) y=x
» y=¢

Q.2 Find & if,
dx

1) y= (1+1jx
X

2)  y=(Qx+5y

(3x—1)
Vs i/(zx+3)(s-x)2

Q.3 Find Q if,
dx

D) y=(logey + x>
2) y=yrt+(a)
3y =107 4107 £ 10

3.4 Derivative of an Implicit Function:

If the variable y can be expressed as
a function of the wvariable x. that is,
y = flx) then the function f{x) is called an
explicit function of x.

For Example: flx)=x*+x7 y=1logx+e

Ifit is not possible to express y as a function
of x or x as a function of y then the function
is called an implicit function.

For Example: ax?+ 2hxy + by =0 ;
xm _|_yn — (x + y)n1+n

The general form of an implicit function of
two variables x and y is f(x,y)=0

Solved Examples:

1) Find & if y*—3yx=x>+3x%
dx
Solution: Given y*— 3yx = x*+ 3x%y

Differentiating both sides with respect
to x, we get

dy dy
32 == =3y —-3x(2y) =
d dx 4 4 dx

“3e+3e D300
dx

3y? Y — 6xy Y —3x2 Y
dx dx dx

=3x*+6xy + 3y?

(3> —6xy — 3x%) ? = (3x*+6xy + 3%
e

(47— 2xy —x) % — (@ +2xy + )
X

g




dy (x2 +2xy+y2)
dx B (y2—2xy—x2)

2) Find Y ifw=yr
dx

Solution: Given ¥ = y*
Taking logarithm of both sides, we get
vy logx = x logy

Differentiating both sides with respect to x,
we get

y.logx—x Q_(x.logy—yj
y dx X

@ :[x.logy—yj y
dx X y.logx—x

dy _ X{x.logy—y}

4 x\ylogx—x

3) Ifx™y"=(x + y)™™ then show that,
dy _y

dx  x
Solution: Given x™.y" = (x + y)*™
Taking logarithm of both sides, we get
m.logx + n.logy = (m + n) log(x +y)

Differentiating both sides with respect to x, we
1 1
m—+n—@ =(m+n)

y y

E+EQZM(HQJ
x ydx (x+y) dx

ndy (m+n)dy (m+n) m
v dx (x+y) dx (x+y) X
n_(m+n)\dy |(m+n) m
y (x+y) dx (x+y) X
_nx+ny—my—ny Q: MX + nX —mx —my
y(x—i—y) dx x(x+y)
_nx—my Q_{nx—my}
v dx X
dy _ [nx—my} y
dx X nx —my
dy _ Y
dx X
EXERCISE 3.4 j
Q.1 Find Y if,
dx
) Jrey=va
2) X¥*+y’+4xy=0
3) X¥*+xy+x?+)y’ =81
Q.2 Findﬁ if,
dx
1) ye+xe=1
2) xy:e(XU’)
3) xy=log(xy)
Q.3 Solve the following.

1) Ifx’.y"=(x + y)" then show that,

dy _ Y
e X

2) Iflog(x+y)=log(xy) + a then show

2
4
that, d— = 2
dx X

3) Ifer+e’=e“" then show that,

Q = —e
dx

g




3.5 Derivative of a Parametric Function: d _ o g N

Now we consider y as a function of x where Car dt
both x and y are functions of a variable ‘¢’ .

Here ‘¢’ is called a parameter.

Result 3: If x = f{f) and y = g(¢) are differentiable
functions of a parameter ‘#’, then y is a

differential function of x and

dy
dy _ gr dx
dx @ dt
dt
[ SOLVED EXAMPLES

1) Find 2 ifx=2at,y=2ar
dx

Solution: Given x = 2at, y = 2at
Now, y =2af’

Differentiate with respect to ¢

x = 2at

Differentiate with respect to ¢

& 2a
dt
dy
Now, b o_dt
dx @
dt
de _ dat
E 2a
ax _ oy
dt
2) Find Y Jifx=e¥ y= eV
dx
. . Jr
Solution: Given x=¢",y=¢€
Jt
Now, y = ¢

Differentiate y with respect to ¢

3)

Differentiate with respect to ¢

% =2 . (ID)
dy
Now, d_y - dr
dx @
dt
oL
dy _ 24t
a 2e2t
v
dy _ ¢
dx 4\/; ezt

Differentiate log(¢) with respect to log(1+#%)

Solution: let y = log(¢) and x = log(1+7#)

Now, y =log(?)

Differentiate with respect to ¢
d 1
@Vo=- (D
de 1

Now, x =log(1+#)

Differentiate with respect to ¢

dx 2t
E = 1+12 .......... (II)
dy
Now, Q - dr
dx @
dt
1
v _ 1
dx 2t
1+¢
dy 147
dx 2




E EXERCISE 3.5 ‘j

Q.1 Find ¥ i,
dx

1) x=at*,y=2at
2) x=2af,y=at

3) x= 63’,y = pW+5)

Q.2 Find ¥ i,
dx

1) x= (u +lj2 V= (2)[%)

2) x=Al+u’ ,

3) Differentiate 5* with respect to log x

y=log(l + u?)

Q.3 Solve the following.

1) Ifx=a (1—% ,y=a (1+1j then,
t t

show that d— =—1

dx
) e i3 Lt
) x—1+t2 , V= 1o then,
-Ox
show that Q =—
dx 4y

3) Ifx=tlogt, y=t"'then, show that

dy
dx
3.6 Second Order Derivative:

Consider a differentiable function y = f(x)

then Z—y = f'(x)is the first order derivative of
X

y with respect to x. It is also denoted by y" or y,
If /'(x) is a differentiable function of x

dx

the second order derivative of y with respect to
x. It is also denoted by " or y,

dy 2
then d(dxj denoted by % or f"(x) is called

If f"(x) is a differential function of x

d[dzyj p

2

then % denoted by K); or f"'(x)is
X

called the third order derivative of y with respect

to x. It is also denoted by )" or y..

( SOLVED EXAMPLES )

2

. dy .
1) Find ——= ,ify=x?
dx’

Solution: Given y = x?

Differentiate with respect to x
Q =2x

dx
Differentiate with respect to x, again

d’y
dx?

=2

2

. dy .
2) Find ,ify =x°
dx’ g

Solution: Given y = x°

Differentiate with respect to x

@ 6x°
dx
Differentiate with respect to x, again
d’y
— =6(5x%)
dx’
2
47— 30x
dx
dZ
3) Find <2, ify=logx
dx

Solution: Giveny =logx

Differentiate with respect to x

@ _ 1
dx X
Differentiate with respect to x, again
dy_-1
> X

1 97 |
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2

4)I%djyiwzw

5
X

Solution: Given y =¢e*

Differentiate with respect to x

P 4e*
dx
d’y
=4(4e*

3 (4e™)

2
97— j6en

dx

i EXERCISE 3.6

2

. dy .
Q.1 Find K{ if,

D y=x
) y=x
3) oy

2

o dy .
QZFmdggwﬂ

1) y=e
2) y:e(2x+1)
3) y=eon

IﬁLet's Remember

Derivative of some standard functions.

Yy =Ax) d ,
= =)
dx
1 K (constant) 0
2 X 1
3 Jx .

4 1 -1
x >
5 X" nx"!
6 a* a*. loga
7 e e*
8 logx 1
x

Rules of Differentiation:

If u and v differentiable function of x and if

dy du dv
1. =u+tvthen == — + —
g de dx dx
dy du dv

2. =u—vthen = =— - —
y=u—v o a

d dv du
3. =yvthen == =y — +vyv —
y=uyv 0 u e v "

v dx v

Derivative of a Composite Function:

If y = f(u) is a differentiable function of u
and u = g(x) is a differentiable function of x

then
d_dv i
dx du dx

Derivative of an Inverse Function :

If y = f{x) 1s a differentiable function of
x such that the inverse function x = ()
exists, then x is a differentiable function of

y and

d 1

Z-— Dao
dy A’ gy

dx

Derivative of a Parametric Function:

If x = f(¢) and y = g(¢) are differential
functions of parameter ‘¢’ then y is a
differential function of x and

dy
dy _ dt
e dx’
dt
dx
— #0
dt ?




ﬁ MISCELLANEOUS EXERCISE - 3 :j

Q.I] Choose the correct alternative.

1))

2)

3)

4)

S)

6)

Ify=(5x* —4x* — 8x)’ then —=

dx
a)  9(5x° —4x?* — 8x)*(15x*— 8x — 8)
b) 9(5x* —4x? — 8x)’ (15x*— 8x — 8)
c)  9(5x° —4x* — 8x)(5x°— 8x — 8)
d) 9(5x* —4x* — 8x)’ (5x*— 8x — 8)

Ify= fx+l then Y =7
X dx

2

) xz_l b ) 1—x

q) X 1 _

23X +1 2x°Vx? +1
x2_1 _x2

1
—— d
© 2x\/;\/x2 +1 ) 2x\/;\/x2 +1

If y = eloe then ﬂ =
dx
el 1 1
a) b)— ¢0 d) =
X X 2

Ify=20+2+a then & = 2
dx

a)x b)4x c¢)2x d)—2x

Ify=5x then == =7

dx
b) 5*.x° (5 + log5)
d)5*.x° (5 + xlog5)

a) 5*.x* (5 + log5)
¢)5%.x* (5 + xlog5)

ex dy
Ify=1 — then == =79
y=log [xzj en e
2—x x=2
a) . b) .
e—XxX xX—e
C) ex d) ex

7)  Ifax*+2hxy+by*=0  then Y
dx
(ax+hy) —(ax+hy)
a) ——= b)
(hx+by) (hx+by
(ax—hy) (2ax+hy)
©) (hx+by) ) (hx+3by)
8) Ifx*y = (x+y) ™D
and Y _y thenm =7
dx  x
a)8 b)4 ¢S5 d)20
e +e’ e'—e’ dy
9 Ifx= , V= then == =7
) 2 4 2 dx
— - X
a2 i o= d) =
X X y
10) Ifx=2af, y=4at then Y
dx
1 b 1
2) 2at’® ) 2at’
1
©) ; d) 4at’
Q.II] Fill in the blanks:
1) If3x¥y+3x0%=0
then b _
dx
V7 — m+, dy o
2)  Ifxmy"= (x+y)m then == =
dx
3) I£0=log(xy) + athen & = —
dx e
_ _ dy _
4) Ifx=tlogtandy=t"then == =......
X
2
5) Ify=uxlogx then d )2} = e
dx

g




2 2 d
6) 1fy=[log(x)] then ‘; Yoo 3) 1y = [logllogllogx)P*, find =2
X
1 J 4)  Find the rate of change of demand (x) of a
7 Ifx=y +; then d_y = rveens commodity with respect to its price ()
X

if y=25+30x — x%
8) Ify=e, thenx. == =....... 5)  Find the rate of change of demand (x) of a
commodity with respect to its price ()

9) Ifx=tlogt,y=¢ then Yo
dx ify=
10) Ify=(x+\/x2—l) p
6) Find d—y,ifyzx"

d X
then /(x* —1) d_y =
e

7y Find ¥ ify=2"

5x+7
2x—13

dx
Q.III] State whether each of the following is 3
True or False: 8) Find Doy = (3x-4)
dx (x+1)*(x+2)

1) Iff"isthe derivative of f, then the derivative

of the inverse of f'is the inverse of f~ 9) Find dy iy =x + (Tx— 1)
d b

2)  The derivative of log x, where a is constant X
" 1 10) Ify = x*+3xy*+3x%y Find Y
x.loga y dx
o ] 11) Ifx*+y*+xy =7 Find ay
3) The derivative of flx) = a*, where a is dx
constant is x.a*"! dy
3.3 — w2 2 T
4)  Thederivative of polynomial is polynomial. 12) Ifxy’=x*y* Find dx
d
5) = (10") = x.10"" 13) Ifx".y’ = (x+y)'¢ then show that
X
1 .
6) Ify=Ilogx then Y _ - Find y_2
e X dx X
7) Ify=e¢* then a _ Je 14) Ifx*y* = (x+y)@® then show that
dx
8)  The derivative of a* is a*.loga Find ¥ = 2
dc X
X
9)  The derivative of x™.y" = (x+y)™™ is —
) vative of "y = (xcry) s 15) Find %if,x=5t2,y=10t
2%
Q.1V] Solve the following: P
) Ify=(6r'-3e-90", find % 16) Find & i x—e y= ¢
dx dx
17) Differentiate log(1+x?) with respective to
2) Ify=/(3x>+8x+5)" ,find 4 ) D g1+ P
dx a
7 An )




18) Differentiate e“**> with respective to 10* Solution : Let y =30 + 25x + x?

dJ> Diff. w.r.to x, we get

19) Find L2 ify=1log(x)
de’ ROV oy P P oy
2 dx
20) Find 42 ify=2at, x=at p
dx d_y =25+ 2x
X
1 d2y 1 — 2 X
21) Find b ify=x’e By derivation of the inverse function
dx 1 dy
22) If x*+6x)y+)*= 10 then show — ==, = #0
80 w - n
d’ y _ — Rate of change of demand with respect to
that —= = (3x+ )3
dx Y ] 1
price = |:| i |:|

23) If ax+2hxy+by* = 0 then show

r @3): find & | if y = xto0+ 10+

that f = dx
e Solution:- Let y = x(&d+ 10~
[ Activities ] ] "
Letu=x&  v=10°
(1): y = (6 — 55 + 2x + 3) find ¥
dx y=u+tv

Solution:- Given
y=(6x*—5x>+2x + 3)
Letu = [6x* — 5x3 + [ ]+ 3]

Now, u = x'o#*

Taking log on both sides, we get

logu = logx'o¢*
co ] _ logx
Sy u logu — logx ogx.logx
. D 5ut logu = (logx)’
du
Diff. w.r.to x, we get
du .
st 5 = 24 X2 L og et
u dx dx
By chain rul
y chain rule Cdu ) Xl
Q:@xi ..E—u ogxx
dx = dX

1
o _ x'og{z []x i} ......... (1)
dy 0 dx
= =5(6x* — 5x3 +2x + 3)

dx Now, v =10"
x (24x° ~15x+[]) Diff.w.r.to x, we get
ST
(2): The rate of change of demand (x) of a oodr

commodity with respect to its price (). Substitution equation (II) & (III) in

If y=30+25x +x? equation (I), we get




. dy . Vi
Y _ X8 {2logx+l} +10".10g(10) 5:Find 2 ifx=e,y=¢
dx X dx
. . Vi
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dc ]
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e
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.2 (i_lj =[]~ logy [
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Applications of Derivatives

7 Let's Study

e  Meaning of Derivatives
e Increasing and Decreasing Functions.
e  Maxima and Minima

e Application of derivatives to Economics.

N

Introduction

Derivatives have a wide range of
applications in everyday life. In this chapter,
we shall discuss geometrical and physical
significance of derivatives and some of their
applications such as equation of tangent and
normal at a point on the curve, rate measure in
physical field, approximate values of functions
and extreme values of a function.

Let's Learn

4.1 Meaning of Derivative:

Let y = f{x) be a continuous function of x.

It represents a curve in XY-plane. (fig. 4.1).

v y=/)
Q

(@) a a+h

Fig. 4.1

Let P (a, f(a)) and Q (a + A, fla + h)) be two
points on the curve. Join the points P and Q.

fla+h)—f(a)
h

Theslope ofthe chord PQ=

Let the point Q move along the curve such
that Q—P. Then the secant PQ approaches the
tangent at P as h—0
Sfla+h)-f(a)

h

- lim =1
- ol (slope of secant PQ) %715}

Slope of tangent at P =f"(a) (if limit exists)

Thus, the derivative of a function y = f(x) at
any point P(a,b) is the slope of the tangent at the
point P(a,b) on the curve.

The slope of the tangent at any point P(a,b)
is also called gradient of the curve y = f(x) at

point P and is denoted by f"(a) or E%j )
X
p

Normal is a line perpendicular to tangent,
passing through the point of tangency.

Slope of the normal is the negative
reciprocal of slope of tangent.

-1 -1
Thus, slope of normal = =
b 7@ ( dy]
dx J,

Hence,

(1) The equation of tangent to the curve
y = f(x) at the point P(a,b) is given by
(v - b)=f(a)x - a)

(i1)) The equation of normal to the curve
y = fix) at the point P(a,b) is given by

-1
f'(a)

v-b= (x—a)




( SOLVED EXAMPLES )

1)  Find the equation of tangent and normal to
the curve y =x*> +4x + 1 at P(-1, -2).

Solution: Given equation of curve is
y =x*+4x+1

Differentiating with respect to x

% =2x+4
dy
(Ejp(_m) =2(-1)+4
=2

The slope of tangent at P(—1, —-2) is 2

The equation of tangent is

y+2=2x+1)
y+2=2x+2
2x—y=0

Now, The slope of Normal at
-1
P(-1,-2)is —
( ) 5
The equation of normal is
-1
yt+2= > (x+1)

20+ 2)=-1(x+1)
2y+4=—x-1
x+2y+5=0

2)  Find the equation of tangent and normal to
the curve y = 6 — x* where the normal is
parallel to the line x —4y + 3 =0.

Solution: Let P(x,,y,) be the point on the curve y
= 6 — x> where the normal is parallel to the
linex—-4y+3=0
Consider, y =6 — x*

dy

—_— =_2
dx X

2.
dX X=X

The slope of the tangent as P(x.y)
=-2x
1

The slope of the normal at P(x.y)

_ L
2x,

1
Now, slope of x —4y +3=01s 2

1
The slope of the normal = 2 (since

normal is parallel to given line)

SLE
2x, 4
x, =2
P(x,y,) lies on the curve y = 6 — x*
y,=6-x7
y,=6-4
Y, =2

The point on the curve is (2, 2)
The slope of tangent at (2,2) is
—2x =-22)=-4

The equation of tangent is
y-2)=—4x-2)
y—2=-4x+8
4x+y—-10=0

The equation of normal is

1
(=2)=; (x-2)

4ry-2)=1(x-2)
4y -8=x-2
x—4y+6=0




.

EXERCISE 4.1 ‘j

Q.1

Q.2

Q.3

4.2

Find the equation of tangent and normal to
the curve at the given points on it.

i) y=3x*-x+1lat(13)

i) 2x*+3y’=5at(1,1)

i) x> +y*+xy=3at(1,1)

Find the equation of tangent and normal to

the curve y= x? + 5 where the tangent is
parallel to the line 4x —y + 1 =0.

Find the equation of tangent and normal to
the curve y = 3x2 — 3x— 5 where the tangent
is parallel to the line 3x —y + 1 =0.

Increasing and Decreasing Functions:
Definition : The function y = f(x) is said
to be an increasing function of x in the
interval (a,b) if flx,) > f(x,), whenever
x, > x, in the interval (a,b).

Y
A
X% @ ¥ b "X
v
Y’
Fig. 4.2

Geometrically, as we move from left to
right along the curve y = f(x) in (a,b), then
the curve rises. (see fig. 4.2)

Slope of tangent at x: f'(x) > 0

The slope of the tangent is positive.
Iff'(x) > 0 for all x € (a,b) then, y =f(x) is
an increasing function in the interval (a,b)

Note: Sign of the Derivative can be used to
find if the function f{x) is increasing.

Definition: A function y = f(x) is said to
be a decreasing function of x in an interval
(a,b).if fix,) < f(x,), whenever x, > x, for all
x,, x, in the interval (a, b).

Y

A

Fig. 4.3

Geometrically, as we move from left to
right along the curve y = f(x) in (a,b), then
the curve falls. (see fig.4.3)

Slope of tangent f/'(x) <0
The slope of tangent is negative.

If f'(x) <0 in (a,b) then f(x) is a decreasing
function in the interval (a,b).

Note: Every function may not be either
increasing or decreasing.

SOLVED EXAMPLES )

)]

Test whether the following function is
increasing or decreasing.

fix)=x*-3x>+3x-100,x € R

Solution: Given fix)=x*-3x>+3x—-100,x € R

f'(x)=3x*—-6x+3
') =30 -1y

Since (x — 1)? is always positive, x # 1
f'(x)>0,Vx e R—- {1}

Hence, f(x) is an increasing function,
VxeR-{l}




2) Test whether the following function is
increasing or decreasing.

fx)=2-3x+3x>—x}, Vx e R
Solution: f{x) =2 — 3x + 3x? — x3

f'(x)=-3+6x—3x2
f'x)=-3(x*-2x+1)
S =30 -1y

Since (x — 1)* is always positive, x # 1
f'(x)<0,VvxeR- {1}

Hence, function f{x) is decreasing function

VxeR-{1}

3) Find the value of x, for which the function
flx)=x3+ 12x* + 36x + 6 is increasing.

Now, f'(x) <0
6(x—1)(x-2)<0

(ifab<0eithera<0andb>0ora>0and
b <0)

Casel](x—1)<0O0andx—-2>0
x <1 and x > 2 which is contradiction
Casell]x—1>0andx—-2<0
x>landx<2
I1<x<2

fix)=2x> —9x*+ 12x + 2 is decreasing
function if x € (1,2).

EXERCISE 4.2 ‘j

Solution: Given f(x) = x> + 12x*+ 36x + 6 Q.1 Test whether the following fuctions are
F1(x) = 332 + 24x +36 increasing or decreasing
£ =3(x +2) (x + 6) ) fix)y=x-6x>+12x—-16,x € R
Now, f'(x) > 0, as f(x) is increasing. i) fix)y=x- 1 ,xeR,x#0
X
3x+2)(x+6)>0 7
(ab>0<a>0,b>00ra<0,b<0) iii) ﬂx):;_3’XER’x¢O
CaseI[Jx+2>0andx+6>0 Q.2 Find the values of x, such that fx) is
x>-2and x> -6 increasing function.
X>-2 e, ) i) flx)=2x"—15x* +36x + 1
CaselI]x+2<0andx+6<0 i) flx)=x*+2x-5
x<—-2and x <—6 i) flx)=2x"—15x*— 144x -7
X<—6 10) Q.3 Find the values of x such that flx) is
o L decreasing function.
From case I and II, f{x) is increasing if
fix)=x*+ 12x>+ 36x + 6 is increasing i) flx)=x"-2x+1
if and only if x <—-6 or x > -2 i) flx)=2x>—15x> — 84x -7
Hence, x € (-0, —6) or x € (-2, ).
4.3 Maxima and Minima:
4)  Find the values of x for which the function . . .
A1) = 2% — 9x2 + 12x + 2 is decreasing. a) Maximum value of f{x): A function f(x) is
said to have a maximum value at a point
Soluction: Given fix) = 2x? — 9x? +12x + 2 x = c if flx) <flc) for all x = c.
S'(x) = 6x* —18x + 12 The value f{c) is called the maximum value
f'(x) =6(x — 1)(x - 2) of flx).
| 106 |




b)

Thus, the function fx) will have a
maximum at x = c if f(x) is increasing for
x < ¢ and f(x) is decreasing for x > ¢ as
shown in Fig. 4.4

Y 4
(¢, f(c)
/ \ /@)
X'« (0] c—IS c c+3 >X
%l
Fig. 4.4

Minimum value of f{x): A function f{x) is
said to have a minimum at a point x = ¢

if f{ix) > f(c) for all x # c.
Y1 )
\@()/
O c-8 ¢ c+§
v
Fig. 4.5

The value of f{c) is called the minimum
value of f(x).

The function will have a minimum at
x = c¢ if fix) is decreasing for
x < c and f(x) is increasing for x > ¢ as
shown in fig. 4.5

At x = c if the function is neither increasing
nor decreasing, then the function is
stationary atx = ¢

Note: The maximum and minimum values
of a function are called its extreme values.

To find extreme values of a function, we
use the following tests.

First Derivative Test : A function
y = flx) is said to have a maximum
value at x = ¢ if the following three
conditions are satisfied.

) fl)=0

i) f'(c—h)>0

iii) f'(c +h) <0 where 4 a is small
positive number (see fig. 4.4)

A function y = f(x) is said to have a

minimum value at x = ¢ if the following

conditions are satisfied.

) f)=0

i) f'lc—h)<0

iii) f'(c+ h) >0 where & is a small

positive number (see fig. 4.5)

Remark :

If f(c) = 0 and f(c — h) > 0, f'(c + h) > 0

or f(c —h) <0, f'(c + h) <0 then f{c) is neither
maximum nor minimum. In this case x = ¢ is
called a point of inflection (see.fig. 4.6)

Y
IR AS;

' < C_,h >
X'« O c+h -X
v
Yl
Fig. 4.6

A function may have several maxima and

several minima. In such cases, the maxima are
called local maxima and the minima are called
local minima. (see. fig. 4.7)

J(b)

S(@)

H c

e

Fig. 4.7
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In this figure the function has a local

maximum at x = a and a local minimum atx=b

and still f{b) > f(a).

(

SOLVED EXAMPLES )

2)

1) Find the maximum and minimum value of

the function
fix)=3x>—-9x*-27x + 15
Solution: Given f{x) = 3x*> — 9x* - 27x + 15
f'(x)=9x* - 18x - 27
f"(x)=18x—18
For the extreme values f'(x) =0
Ox?—18x—-27=0
9(x*-2x-3)=0
x+DEx-3)=0
x= —lorx=3
Forx = —1,f"(x)=18x— 18
f"(=1)=18(-1)—- 18
= —18-18
= -36<0
f(x) attains maximum at x = —1

Maximum value is

A-1)=3 (1) =9(=17=27(-1) + 15=30

Forx=3, f"(x)=18x— 18

Divide the number 84 into two parts such
that the product of one part and square of
the other is maximum.

Solution: Let one part be x then other part will

be 84 - x
fx)=x>(84 —x)
fx) = 84x> — x*
f'(x) = 168(x) — 3x?
f"(x) =168 — 6x
For extream value f'(x) =0
168x —3x>=0
3x(56 —x)=0
x=0orx=>56
Ifx=0, f"(x) =168 — 6x
f"(0) =168 - 6(0)
=168>0
f(x) attains minimum at x = 0
Ifx =56, f"(x) =168 — 6x
f"(x) =168 — 6(56)
=-168<0
f(x) attains maximum at x = 56
Two parts of 84 are 56 and 28

A rod of 108 meter long is bent to form a
rectangle. Find it's dimensions if the area is
maximum.

Solution: Let x be the length and y be the breadth

of the rectangle.

f"(3)= 18(3) - 18 2x + 2y =108

= 54-18 2y=108—2x

2y =2(54 —
= 36>0 Y= 25470
. o y=54—-x e (1)

Jix) attains minimum at x =3 Now, area of the rectangle = xy
Minimum value is, =x (54 —x)

f3)=33)-9(3)*-27(3) + 15=—-66 fx) =54x — x*

The function f{x) has maximum value f'(x)=54-2x

30 at x = —1 and minimum value — 66 F(x)=-2

atx=3

| 108 |
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For extreme value, f'(x) =0

54-2x=0

2x =54
x=27
f"27)=-2<0

Area is maximum when x =27, y =27

The dimension of rectangle are
27m x 27m.

It is a square.

: EXERCISE 4.3 j

Q.1 Determine the maximum and minimum
values of the following functions.

1) fix)=2x-21x*+36x - 20
i1)  flx)=x. logx

16
i) flx)=x*+ —

X

Q.2 Divide the number 20 in to two parts such
that their product is maximum.

Q.3 A metal wire of 36cm long is bent to form
a rectangle. Find it's dimensions when it's
area is maximum.

Q.4 The total cost of producing x units is
Rs. (x* + 60x + 50) and the price is
Rs. (180 — x) per unit. For what units is the
profit maximum?

4.4 Applications of derivative in Economics:

We ave discussed the following functions
in XIth standard.

1. Demand Function D = f{P).
Marginal demand = D_= @
dP

2. Supply function S = g (P)

) dsS
Marginal supply = P

3. Total cost function C = f{x), where x is
number of items produced,

Marginal cost=C_ = ac
dx
C
Average cost=C, = —
X

4.  Total Revenue R = P.D where P is price and

D is demand.
R PD
Average Revenue R ===

D D
Total profit=R - C

With this knowledge, we are now in a
position to discuss price elasticity of demand;
which is usually referred as 'elasticity of demand'
denoted by 'n'.

—P dD

Elasticity of demand n=—.—

D dP

We observe the following situations in the

formula for elasticity of demand.

1)  Demand is a decreasing function of price.

—_—< 0

dp
Also, price P and the demand D are always
positive.

77D ap
i1) Ifm =0, it means the demand D is constant

function of price P.

—< 0

dP
In this situation demand is perfectly
inelastic.

i) If 0 < m < 1, the demand is relatively
inelastic.

iv) Ifn =1, the demand is exactly proportional
to the price and demand is said to be unitary
elastic.




v) Ifn > 1, the demand is relatively elastic.

Now let us establish the relation between
marginal revenue (R ), average revenue
(R,) and elasticity of demand (1)

As, R = ﬁ
m dD
But R = PD.
d
R = —(PD
. dD( )
= P+D —
- P(HEQJ ...... (1)
dD
R
o D P
1_Da
n PdD
Substituting in (1) we get,

n
n

Marginal propensity to consume: For
any person with income x, his consumption
expenditure (E ) depends on x.

~E =fx)

Marginal propensity to consume

(asR,=P)

(MPC) = dE,
dx

Average propensity to consume

E
(APC) = ==
X

Marginal propensity to save (MPS): If S is a
saving of a person with income x then

MPS = @
dx

S
Average propensity to save (APS) = —
X

Note here thatx =E_+ S
Differentiating both sides w.r.t.x
dE, dS

+ R
dx dx

MPC + MPS =1
Alsoasx=E_+S,

E S

l=—+—
X X

1=

1 =APC + APS

( SOLVED EXAMPLES )

1) The revenue function is given by
R = D? — 40D, where D is demand of the
commodity. For what values of D, the
revenue is increasing?

Solution: Given R = D? — 40D
Differentiating w.r.t.D

ﬁ—2D 40
D~ 2D-

As revenue is increasing

R
dD

~2D-40 >0
D > 20

Revenue is increasing for D > 20

2)  The cost C of producing x articles is given
as C = x* — 16x? + 47x. For what values of
x the average cost is decreasing?

Solution: Given C = x> — 16x> + 47x
Averagecost C,=—

CA=x2— 16x +47

Differentiating w.r.t.x




3)

dC,
dx

=2x—16

. ... dC,
Now C, is decreasing if y <0
X
thatis 2x - 16 <0
x<8

Average cost is decreasing for x < 8

In a factory, for production of Q articles,
standing charges are 500/-, labour charges
are 700/- and processing charges are 50Q.
The price of an article is 1700 - 3Q. For
what values of Q, the profit is increasing?

Solution: Cost of poduction of Q aricles

4)

C = standing charges + labour charges +
processing charges

C =500 + 700 + 50Q

C=1200+50Q
Revenue R = P.Q.
= (1700 -3Q) Q
= 1700Q - 3Q?
Proit =R-C

1700Q —3Q*— (1200 + 50Q)
1650Q — 3Q* - 1200
Differentiating w.r.t.Q,

ST

9% 650-6
aqQ ~10°0-9Q
. . dn
If profit is increasing, then E >0
1650 - 6Q >0
That is 1650 > 6Q
Q<275

Profit is increasing for Q <275

Demand function x, for a certain commodity
is given as x = 200 — 4p, where p is the unit
price. Find

1) elasticity of demand as a function of p.

1) elasticity of demand when p = 10;
p = 30. Interpret your results.

1) the price p for which elasticity of
demand is equal to one.

Solution: (i) Elasticity of demand

_Tp &
n= x dp

For x =200-4p,

? - 4
v -p dx
L
- —P (4 (Forp<50)
(200—4p)
n = (501119) (For p <50)
(i) When P=10
10
7 (50-10)
10
T 40
=0.25<1
Demand is inelastic for p = 10
When p =30
30
N7 (50-30)
30
)
=15>1

Demand is elastic when p = 30

(111) To find the price when n =1

Asn=1,
p=350-p
2p =50
p=25

For elasticity equal to 1 then price is
25/unit.

| 111

N——



S)

If the average revenue R, is 50 and
elasticity of demand n is 5, find marginal
revenue R .

.

EXERCISE 4.4 'j

1)
Solution: Given R, = 50 and n =5,
R = R, l—lj
n
1
= 50| 1-=
3 >
= 50 fj
5
R = 40 3)
6) The consumption expenditure E_. of a
person with income x, is given by
E. = 0.0006x* + 0.003x. Find average
propensity to consume, marginal propensity 4)
to consume when his income is Rs. 200/-
Also find his marginal propensity to save.
Solution: Given E_= 0.006x* + 0.003x
E.
APC = — 5)
X
= 0.0006x + 0.003
At x = 200,
APC = 0.0006 x 200 + 0.003
= 0.12+0.003
= 0.123 6)
MPC = i
dx
d
= £(0.0006x2 + 0.003x) 7
dx
= 0.0006 (2x) + 0.003
At x = 200,
MPC = 0.0006 x 400 +0.003
= 0.24 +0.003
= 0.243
MPS =1 - MPC
=1-0.243
= 0.757
1A )

The demand function of a commodity at
L P

price is given as, D =40 — % . Check

whether it is increasing or decreasing

function.

The price P for demand D is given as
P =183 + 120D — 3D? find D for which
price is increasing.

The total cost function for production of
articles is given as C = 100 + 600x — 3x%.
Find the values of x for which total cost is
decreasing.

The manufacturing company produces
x items at the total cost of Rs. 180 + 4x.
The demand function for this product is
P = (240 — x). Find x for which (i) revenue
is increasing, (ii) profit is increasing.

For manufacturing x units, labour cost is
150 — 54x and processing cost is x?. Price
of each unit is p = 10800 — 4x°. Find the
values of x for which.

1)  Total cost is decreasing
i1) Revenue is increasing

The total cost of manufacturing x articles
C = 47x + 300x*> — x*. Find x, for which
average cost s (1) increasing (i1) decreasing.

i) Find the marginal revenue, if the
average revenue is 45 and elasticity of
demand is 5.

1) Find the price, if the marginal revenue
is 28 and elasticity of demand is 3.

i) Find the elasticity of demand, if the
marginal revenue is 50 and price is
Rs. 75/-.
+6
If the demand function is D = [p—?)j,
p_
find the elasticity of demand at p = 4.




9) Find the price for the demand function
_ 2p+3
- 3p-1°

when elasticity of demand is
11
14°

10) If the demand function is D = 50 — 3p —p*.

Find the elasticity of demand at (i) p = 5

(i1) p = 2. Comment on the result. )

11) For the demand function D = 100 — %

Find the elasticity of demand at (i) p = 10
(i1) p = 6 and comment on the results.

12) A manufacturing company produces
X items at a total cost of Rs. 40 + 2x. Their
price is given as p = 120 — x. Find the value
of x for which (i) revenue is increasing.
(i) profit is increasing. (iii) Also find
elasticity of demand for price 80.

13) Find MPC, MPS, APC and APS, if the
expenditure E_of a person with income I is
given as

E.= (0.0003)I2 + (0.075)I
when I = 1000.

IﬁLet's Remember

e A function f is said to be increasing at a
point ¢ if f'(c) > 0.

A function f'is said to be decreasing at a
point c if f'(¢c) <O0.

Elasticity of demand 1 = —. %2
astiCl (0] cman =
y n=0 s

wor)on ]

e  For a person with income x, consumption
or expenditure E_and saving S,

(i) x=E +S
(i) MPC + MPS = |
(iii) APC +APS = 1

A function y = f(x) is said to have local
maximum at x = ¢, if f'(c) = 0 and /"(c) < 0.

e A function y = f{x) is said to have local
minimum atx =c, if f'(c) =0 and f"(c) > 0.

E: MISCELLANEOUS EXERCISE - 4 :]

I) Choose the correct alternative.

1) The equation of tangent to the curve
y=x*+4x+1at(-1,-2)is

(@) 2x—y=0 (b) 2x+y-5=0
c) 2x—y—-1=0 (d) x+y-1=0
2) The equation of tangent to the curve

x* +y* =5 where the tangent is parallel to
the line 2x —y + 1 =0 are

@) 2x—y+5=0;2x—-y—-5=0

(b) 2x+y+5=0;2x+y—-5=0

(c) x=2y+5=0;x-2y—-5=0

(d x+2y+5x+2y-5=0
3) If elasticity of demand n = 1 then demand

is

(a) constant (b) in elastic
(c) unitary elastic (d) elastic
4) If 0 <n <1, then the demand is

(a) constant (b)

(d) elastic

in elastic
(c) unitary elastic
5) The function f{x) = x* — 3x*> + 3x — 100,
xeRis
(a) Increasing forallx € R, x # 1
(b) decreasing
(c) Neither, increasing nor decreasing

(d) Decreasing forallx € R, x # 1

6) Iffix)=3x>—9x? —27x + 15 then
(a) fhas maximum value 66
(b) fhas minimum value 30
(¢) fhas maxima atx =—1

(d) fhas minima at x =—1
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)
1

2)

3)

4)

S)

110))

1))

2)

3)

4)

V)
1)

2)

Fill in the blanks:

The slope of tangent at any point (a,b) is
called as ..........

If filx) = x* — 3x> + 3x — 100, x € R then
FX) IS e

A rod of 108m length is bent to form
a rectangle. If area at the rectangle is
maximum then its dimension are ...........

If f(x) = x.log.x then its maximum value is

State whether each of the following is
True or false:

The equation of

y:@@au—Lf%)mye+4=0

tangent to the curve

x + 10y + 21 = 0 is the equation of normal
to the curve y = 3x? + 4x — 5 at (1,2).

An absolute maximum must occur at a
critical point or at an end point.

The function f{x) = x.e*!™ is increasing on
-1
—, 1).

( 3 )

Solve the following.

Find the equation of tangent and normal to
the following curves

. c .
i) xy=c?at(ct, 7) where t is parameter
il) y=x?+ 4x at the point whose ordinate
is -3
1 1
i) x=-,y=t——,att=2
t t

iv) y = x* — x> — 1 at the point whose
abscissa is —2.

Find the equation of normal to the curve
¥= /x -3 which s perpendicular to the line

3)

4)

5)

6)

6x+3y—-4=0
x—2

Show that the function f(x) = ]
is increasing T

,x#—1

3
Show that the function fix)= —+ 10, x#0
is decreasing X

If x + y = 3 show that the maximum value
of x?y is 4.

Examine the function for maxima and
minima f{x) = x> — 9x* + 24x

[ Activities ]

(1) Find the equation of tangent to the curve

Jx— Jy=1atP©94).

Solution : Given equation of curve is

V- Jy=1

Diff. w.r.to x

d) 93
e )20 g2
.3

slope of tangent is >
Eqation of the tangent at P(9.4) is
y—4=L1x-9
200 —-4)=3(x-9)
2y — I:l = I:l +27
3x—2y+8+L 1=0
3x—2y+35=0




(3): Find the value of x for which the function

(2): A rod of 108 meters long is bent to form
flx) =2x* = 9x? + 12x + 2 is decreasing.

rectangle. Find its dimensions if the area of
rectangle is maximum. .
Solution: Given flx) =2x* - 9x* + 12x + 2

Solution: Let x be the length and y be breadth of
the rectangle. Lo fe=e -]+ []

2x +2y =108 Lo =6x-D( )

x+y=|:| Now f'(x) <0

y:54_|:| o6 —1)(x-2)<0
sinceab<0<a<0&b>0ora>0

Now area of the rectangle = x y
&b<0

=x I:l
fx)=54x || Case ] (x—1)<0andx—2>0
e =[]-2x o ox<[ Jandx>[ |
S =]
For extream values, f'(x) = 0 Casell[x—1>0andx-2<0
54-2x=0 X>|:|andx<|:|
~2x =[] 1<[ <2

f(x) is decreasing if and only if x € (1,2).

Which is contradiction

~54
x = —_ -

)
.
f"27)=-2<0

area is maximum when x =27, y = 27

The dimensions of rectangles are
27m x 27m




Integration

7 Let's Study

e  Method of Substitution
e  Some Special Integrals
e Integration by Parts

e Integration by Partial Fraction

% Let's Recall

° Derivatives

5

5.1.1 Introduction

In this chapter, we shall study the operation
which is an inverse process of differentiation. We
now want to study the problem : the derivative
of a function is given and we have to determine
the function. The process of determining such a
function is called integration.

Consider the following examples:

(1) Suppose we want to determine a function
whose derivative is 3x%. Since we know that

dx’ . :

di = 3x% Therefore, the required function
h

is flx) = x°.

x* is called integral of 3x* w.r.t.x and this is
written as | 3x? dx = x>,

The symbol [ , called the integration sign,
was introduced by Leibnitz. 'dx' indicates
that the integration is to be taken with
respect to the variable 'x'.

(2) Suppose we want to determine a function

T
whose derivative is — Since we know that
X

d
—(log x) = l Therefore, the required
dx X

function is logx. Using the integral sign, we

1
can write | [—j dx =logx, x> 0.
X

-
& 2 Let's Learn

5.1.2 Definition: Integral or primitive or
antiderivative of a function.

If f{x) and g(x) are two functions such that
o [f(x)] = g(x) then f(x) is called an integral of
X

g(x) with respect to x. It is denoted by | g(x) dx
= fix) and read as integral of g(x) w.r.t.x is f(x).
Here, we say that g(x) is the integrand.

This process of finding the integral of a
function is called integration. Thus, integration
is the inverse operation of differentiation.

For, example,
d 4\ — 3
e (x*) =4x
o4 dx =y
But, note that

d
E(x4 +5) =4x°

d

— (= 8) =4y

i (x ) =4x

What is the observation? Can you

generalize from the observation?

In general,

d
E(x4 +c¢)=4x*

where, ¢ is any real number.
Hence, in general, we write
Al de=xt+c

The number '¢' is called constant of

integration.

1 116 |
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Note: (i) From the above discussion, it is clear that integration is an inverse operation of
differentiation. Hence integral is also called antiderivative.

(ii) In [ fx)dx, fx) is the integrand and x is the variable of integration.

(i11) 'T" is used to denote an integral.

Integrals of some standard functions.

1 d n+l

_xn:nxn—l d (ax+b) n

— =(ax+b
dx el dx{(nJrl)a ( )
o xrdx = a +ce,nz-1 + )
n+l .'.I(ax+b)”dx=u+c,where,n¢—1
a(n+1)

2 ilO X = l d 1 +ph) = i +ph) =

dx & X 2 og(ax +b) = ax+b dx (ax+5)= (ax+Db)

1
| (—] dx=log|x|+c
. g | x| I( 1 jde log|ax+b|+c
ax+b a

3

K a‘log a iap”q = ap“q(loga)i(px + q) = @ "1.ploga

dx dx dx

avdx = te,a>0,a#1 | - [grragdy = . +c,a>0,a#1

loga ploga ’ ’

! ie"Ze"logeZex 4 1’”‘7=epx+q£(px+q)=ep”q.p

dx dx dx

px+q
wledx=ete s ertady = +c
Z

Rules of integration:

5.1.3 Theorem 1: If f is a real valued
integrable function of x and £ is a constant, then

j [k.f(x)]dx=k j F(x)dx

Theorem 2: If f and g are real valued
integrable functions of x, then

[[F0)+g@)]dr =] fx)de+ [ g(x)ex

Theorem 3: If f and g are real valued
integrable functions of x, then

[[F )= g()] e = [ f(x)de— [ g(x)dx

[k fi @) £k, £y %tk £, ()]

=k [ fdetk, [ £ (et 2k, [ £,(x)dx
Result 1:
[ f()de=F(x)+c then
J.f(ax+b)dxzm+c
a

(

(1) Evaluate [(7x — 2)2dx

SOLVED EXAMPLES

2+1
Generalization of (1), (2) and (3) Solution: 1= Ux=2y"
2+1)7
Corollary 1: If f, £, .......... f are real ( X )
integrable functions of x, and k, k, .......... k are _ (7Tx-2) ‘e
scalar constants then 21
| e




(2) Evaluate | {(11—9 +(4t+5)4}dt

7
Solution : I= I(n—éj dt+ (4t +5)*dt

7+1
(11_9 4t+5)" 1
= —x(—3)+¥x—+c
4+1 4

8
11-= +L+(4t+5)5+c
3 20

I
!
|,
VR
~

(3) Evaluate | { L1 }dx
(6x+5)* (8-3x)
Solution : 1= [(6x+5)*dx—[(8—3x)dx

(6x+5)7 Xl_|:(8—3x)_8}<%+c

3 6 -8
et
— | — = |——+c
18 ) (6x+5)° \ 24 )(8-3x)

d
(4) Evaluate JJ_+—\7_2
X+~x—

Solution: 1= | 1 f—ﬁ
NP J—_JT
N =
= x-2) —EI(\/Q—\/E)dx

= E[le/zdx—f(x—2)”2dx]
1 x3/2_(x_2)3/2
2{3/2 32 }C

_ %I:xm —(x- 2)3/2] T

3
(5) Evaluate: f(x+lj dx
X
. ;1 3
Solution: I= [| x +— +3x+— |dx
X X

= i—L+£+3lo |x|+¢
4 2x° 2 8

4 2
X

= —+3i+310 |x|—L+c
4 2 e
(6) Evaluate | %(2x+1)3a’x

3 2
I(SX +1+12x +6x)dx

Solution: 1= >
X

= j(8x+12+6+i)dx 4x* +12x+6log|x|—7+c
X x

IS(X +1)
x2+1

(7) Evaluate

57 +D(x* =x* +1) "

Solution: I = f >
(x*+1)

= [5(x*=x*+Ddx=x° —§x3+5x+c

2
(8) Evaluate [x*° (2——) dx
X

Solution: I = fx (4—E+ijdx
X X

[(4x* =12x% +9x)dx

4 3 2
X

4% 12X 19 4o
4 3 72

9
x4—4x3+5x2 +c

3 2
(9) Evaluate | x +4x" —6x+5 dx
X

Solution: I = j(xz +4x—6+§)dx
X

fxzdx+4fxdx—6fdx+5fldx
X

3 2
X

T4 —6x+5log|x|+c
3002

(10) Evaluate j(ealogx + exloga) dx

Solution: I = J‘(elOgex" n elogeax )dx

a+l ax
+

= [(x"+a )dx—
a+1 loga

+cC




(11) Evaluate [ R
St+1

. 1
Solution: I = Je"™"dt +] dt
S5t+1

(=51
N +{log|5t+l|J+c

T (-5) 5

(12) If f'(x) = 8 + 3x* — 10x — k, £{0) = —3 and

A=1)=0, find f(x)
Solution: By the definition of integral

A= [ f'(x)dx = (8> +3x> —=10x — k) dx

= 8Jx’dx+3]x*dx—10]x dv—k [ dx
X x’
=8—+3—-10——kx+c
4 3 2
fix)=2x"+x"-5x" —kx+c
Now f{0) =-3 gives c = -3
and f(-1)=0 gives k=7
fx) = 2x* +x° =55 - Tx -3

: EXERCISE 5.1

. -2

(i) Evaluate | dx
J5x—4—+[5x-2

2
(i1) Evaluate I(l +x+ %J dx

I3X3 —2\/;

X

(iv) Evaluate [(3x* —5)%dx

dx

(ii1)) Evaluate

(v) Evaluate | dx
x(x—-1)

5.2 Method of Change of Variable or Method
of Substitution

In this method, we reduce the given
function to standard form by changing variable
X to t, using some suitable substitution x = ¢(¢)

Theorem 4 : If x = ¢(?) is a differentiable
function of 7, then

[fode =] f[p@)] ¢ ')t

5.2.1Corollary 1:

" ' ( ) n+l
(/] o= %H

( SOLVED EXAMPLES )

7
1. Evaluate | de
x

Solution: Put log x = ¢

la’x =dt
X
7+1

I=ft7a’t:t
7+1

+c=é(logx)8 +c

2. Evaluate | _ dx
2x+x"

Solution: I = I;dx

2x+ (lnj
X

n

= [—*
2x" 41
Put x"*" =¢
(n+1)x"dx=dt
dt
n+l
J- 1 dt
- X
2t+1) (n+1)

x"dx =

(vi)

If f'(x) = x* + 5 and f{0) = —1, then find the
value of f(x).

(vii) If £'(x) = 4> — 332 + 2x + k, 10) = 1 and

1) =4, find fix)

2

(viii) IE£'(x) = ——kx+1, 0) = 2 and 13) = 5,

find f(x)

B 1 I dt

 (n+1)? 21+
1

1 og|2t+1|+c

n+1 2

I= St log‘Zx"+1 +1‘+c




4dx—6

3. Evaluate | dx

3

(x* =3x+5)2

2(2x-3)
——dx

(x> =3x+5)2
Put (x* =3x+5)=¢

(2x—=3)dx =

Solution: I = |

I=j%=2!t(2)dt

+c

Vx?=3x+5

4.  Evaluate

| (x+1)(x+log x)* d
—3x

Solution: I = (——jf(x+logx) ( +1jdx
X

(—ljf(x+logx)4[l+ljdx
3 X

Put x+logx=t.. (1+l]dx=dt
X

(Ae-(3)

(—%j (x+logx)’ +c

+cC

5.2.2 Corollary 2: J.[f())} dx=log f(x)+c

3x

5. Evaluate | i dx

e +1

Solution: Put & +1=1¢

1 dt 1,1 1
I[=]-— =—]-dt = —log|t|+
155 = 3lid = loell+e
=  —log e3"+1‘+c
6. Evaluate | v
x(logx—1)
Solution: Put logx—1=¢
la’xza’t
X
g,
(logx—1) x
f%dt:log|t|+c:10g|10gx—1|+c
i(e + X)
7.  Evaluate f dx =] dx—dx
e e +x

e"+x‘+c

-1 e—1
8. Evaluate [£ *X .
e’ +x°
Solution: Put e* + x°=t¢
(e +exNdx =
e(e” +x")dx =
(e +xdx = dt
e
I= fl dt = lfldt = llog|t|+c
re et e
= e +x°
e
1
9. Evaluate | x
xlog x.log(log x)
1 1

Solution: I = | )
log(log x) x.logx

Put log (logx)=t¢

3¢ dx = dt ! ldx =dt
dr logx x
3xdx
dx = dt
xlogx
1 120 |




I=I%dt :log|t|+c
= logllog(logx)|+c

10x° +10".1og10

10. Evaluate |
10" +x'"

dx

Solution: Put 10" +x' =¢
(10".10g10+10 x")dx =

I:I%dt:log|t|+c

= log‘le +x10‘+c

11. Evaluate | !
1+e™* 1+ L
ex

o —(e +1)
Solution: I = [ de=] dx dx

e +1 e +1

ex+1‘+c

Zx_l

12. Evaluate I =I ezx N ldx
e

e'(e"—e
Solution: I = I(—) dx

e'(e"+e™)
ex_e :;I(e +e )
e
e +e” +e
e +et|+c

5.2.3 Corollary 3: j&%} =27 (x) +c

5.2.3 Corollary 4:

S, @]
J{W:‘ dx = +c

13. Evaluate : .[

xn—l
dx
V1+x"

Solution: Put x" =¢

nx"dx = dt
X"dx=dt/n
1
I= =— 1+12dt
'[\/1+t j( )

(1+r)(2) vol
&
2

2
14. Evaluate | LAY
1+x°

1+x" +¢

_ !
- -

Solution: Put 1+x° =¢
3xldx=dt

ia’z 3x’dx = dt

I:J-\/;

= Wi+e=241+x  +¢

Integral of Type: I(ax +b)Jex+d dx

15. Evaluate [(2x+1)x—4dx

Solution: Put (x—4)=t
dx = dt
x=t+4

I = [[20+4)+1Nt di =2t +9Wr dr

3 1
= I(ztz +9t§jdt=2jt2dt+9j't2 dt

IGIH : ;

= 2ﬁ+9m+c:%(x4)2+6(x4)2+c
2 2

-1
16. Evaluate j (5-3x)(2-3x) 2 dx




Solution: Put2 —3x=¢
3dx=dt
dx=—dt/3 Alsox=2-1/3

NS

= Zs-as t)(t)(_zl)dt
|

%1 j (3+ t)(t)(_zl]dt

-1 . 1

3 [3@)(2] : (z)@]d’
= J' t dt j 72

1

—1? lt2
= ——=———+c

o)

3

2 2
-——(2-3x)+c
5273

2
17. Evaluate Jw dx

3

(2x+3)?
Solution: Put2x+3=¢

2dx=dt

dt
dx=—
2

t—3
Also x:(—)
2

2
5(1_3} +4(1_3)+7
= 2 2 dt

—— dt

18.

Solution: Let, I= |

dt

1 052 =30t +45+8t—24+28
_I [zj

4r?
1 ¢5¢2 =22t +49
_.[—

3
- = j (51 221[ 1)+49t(_23]]dt

- —jz dt—— t(_l)dt 489 Udt

Sl el

GGG

5
= —(Qx+3)"
¢ )

dt

11
——(2x+3)"?
5 )

= 429(2x+3) Yy

Evaluate | dx

1+ x4)2
X7 X4X3
A+x)? T (1+xt)

Put [+ x* =¢

4x°dx = dt

a4




: EXERCISE 5.2 j ( SOLVED EXAMPLES J

Evaluate the following.

@) j xy1+x2dx

(1) Evaluate j4e =25

2e¢" -5

dx

Put Numerator = A (Denominator + B

3
X
. d
(i) I 14 o (%Denominator)
(1i1) I(ex +e ) (e —e V)dx 4e" -25 = AQe" -5) +B[di(2e" —5)}
(iv) I I+x ’
V _ X _ X
e = AQQe" -5)+B(2¢")
V) j(x+1)(x+2)7(x+3) dx = (24+2B)e" -54
Comparing the coefficients of e* and
(vi) I “lo gx constant term on both sides, we get
24+2B=4 & -25=-54
A=5and B=-3
4e* —25=5(2¢" —5)-3(2¢"
(...)I 2x+6 Lo (2¢7=5)=3(2¢)
viii X &y x
Tovenes 1= 39730,
2¢" -5
i) [ L & 3(2¢")
Vx +x = []5-222 |ax
2e" -5
1
(x) dx
Ix(x6+1) = 5ldx- 3I de
2¢" —

= —3log|2e" —
[ Activities ] Sr-3loglae’ -5+
For each of these integrals, determine a : EXERCISE 5.3 j
strategy for evaluating. Don't evaluate them,
just figure out which technique of integration Evaluate the following.
will work, including what substitutions you 3% 45
will use. 1 dt
5 ) I4e2’ -5
1 dx 2 ———dx
) leogx ) J.x2+5x+4 20—-12e"
2) j ==
. 3" -4
x+5 e
[ ——d a0 [
VxT+5x+7 36—¢™" 3" +4
3) '[ 2¢" -8 at

“+b x
5.3 Integrals of the form j aex = dx 4) J‘ 2¢" +5 i
where a,b,c,d € R ce + 2¢" +1




5.4.1 Results

3 JA; dx
’ Vox? +25

1 1 xX—a
1. dx=—1Io +c
sz—az 2a gx+a
1 1
Solution: I= = | —=dx
2. I 21 - dx =Llog ary. . 3‘[ 25
a —x 2a a—x X+ 9
3. J.; dx:log‘x+\/x2+a2‘+c :lJ‘ 1 dx
\/)62+a2 3 5 2
2
X+ =
1 2 2 (?J
4. j—dleog‘x+ X —a|+c
VX' —a’ :
= llo X+ [x7+ > +c
( SOLVED EXAMPLES ) - 38 3
Evaluate the following.
1 4 J‘; dx
Lo Jom— g J4x? -9
Ox" -4
. 1 1
Solution: I = lj.;z dx Solution: 1= E.[ 9 dhx
0
x — J—
3
X_E = lj 1 dbx
1) 1 3 27, 3 ’
= - > log >te X' ==
o) b 2
3 3
B 1 3x-2 = —logx+ +c
= —log ¢ \/
12 3x+2
) I 1 d 5. J‘;dx
C 6o xy/(logx)* =3
. 1
Solution:IzilJ‘ dx Solution: Put logx=t ..—dx=dt
9116, x
9 1
[=|———adr
_ lI; J -5
9° 4y
3) 7" = loglt++/t* = (+/5)
—+x
= |
= . log +c o8
9 (4) 4
2 _ R
3 3
1 14+43x
24 4-3x
| 124 |




5.4.2 Integrals of the form I ) dx where  5.4.3 Integrals of the type J‘;dx

degree (P(x)) > degree (Q(x)).

P(x) I

O(x)

1. Divide P(x) by O(x).

Method: To evaluate I

After dividing P(x) by QO(x) we get

quotient ¢(x) and remainder 7(x).

2. Use Dividend = quotient x divisor
+ remainder

ax’ +bx+c

In order to find this type of integrals we
may use the following steps :

Step 1 : Make the coefficient of x? as one if

.. 1 1
it is not, then — J. —dx
, b c
X +—x+—
a a

Step 2: Add and subtract the square of the

2
half of coefficient of x that is (;j to complete
a

P(x) = q(x) x O(x) + r(x) X 1 i | p
_ X =
P(x) (%) the square )7 ( b j ( b j c
—= = g¥)+ — x| | o 2]+ <
0(x) 0(x) a"\2a) \2a) "a
1 1
P(x) —J. dx
—dx = x) dx + 2 2
IQu) Jat IQ() a x+bj L[ 4ac—b
2a 4a®
3. Using standard integrals, evaluate 1.
( SOLVED EXAMPLES ) ( SOLVED EXAMPLES )
{ Evaluate the following.
1. Evaluate [ = fﬂdx 1
x* -1 1. _[2— dx
5 2x"+x-1
. X +x+1
Solution: 1= Iz—dx 1 1
x -1 Solution: I = Ej.ﬁ dx
x=0 X x——
D=x"- 1)x3+x+1 2 2
CP U UL S
1 1

]:I(Q+%j dx

I j{ 2x+l}dx

x2 -1

1 4) 4
= J.xa'x+J‘ 22x dx+j 21 dx = 5 3 log 1 3 tCe
X -1 X -1 2 - Xx+— |+=
5 : 4 4) 4
- 2 _ _
= +log‘x 1‘+-‘-x2—12 dx+c 1
e = —log|" o|+c
= —+lo x =1+—=lo +c
2 g‘ ‘ g x+1 x+1
1 125 |




1 2x—1
—log +c
3 2(x+1)
1
2. —— dx
J‘1+x—x2
1
SOlution:IZJ- 1 dx
I+———+x—x
4
J 1 : h
- (1+j_(x2_x+]
4
1
I > 2a’x
= (s} (1
2 2
5 1
1 2 2
log +c

1

—lo
J5

5_
—|+c
gJ§+LQx

ex
3. —  dx
j e +6¢"+5
Solution: Put e* =¢
e'dx =dt

[ = IL
£ +61+5

_ I dt
£ +6t+9-9+5
_ jL
(t+3)*-2°

|@+3 2|,
2@) |a+3+2

1

j\/(x—z)(x—s) “

1

Solution: I = IZ— dx
Nx“=5x+6

Solution: [ = I

Solution: x+1=4

=.[ ! dx

\/x -5x +§—§ 6
4 4

= lo (x—éj
8 2

I 2x+1

Vx? +2x+3

(2x+2)-1

VxP+2x+3

I 2x+2

dx
d —
Vx? +2x+3 ) J.\/x2+2x+3

L
\/(x2 +2x+1)+2‘

2Jx* +2x+3 —log

2Vx° +2x+3—log‘(x+1)+\/x2 +2x+3‘+c

I x+1

VxP+3x+2

—(x2+3x+2)+B
dx
x+1=A2x+3)+B=2Ax+34+8B

24=1 and 34+ B =1 Solving we get

A ! d B -
= — an = —
2 2

= llo e +1 +c
4 %o s —@x+$—5
I: %dx
+3x+2
[126) 2 To8




1 2x+3 2
R Rl Neres T s3] e

Y R — fogltog -+ (g 17 5] +c
x+=| - =

\/( 2) (2) 5 IL

(x+§)+m *C¢ Solution: Put x* =¢

3x2dx:dt:x2dx=%

VX +3x+2—% log

5.4.4 Integrals reducible to the form

. I B J' 1 dt
[—— N
vax® +bx+c
To find this type of integrals we use the - g".\ltz +2t+1+2

following steps: 1

= —log|(t+1)+~t* +2t+3

Step 1: Make the coefficients of x? as one 3
1

if it is not, ie I— —log|(t+1)+~t* +2t+3]|+¢

Va c 3

[ e |

@ (x3+l)+\/x6+2x3+3‘+c

= —log
Step 2: Find half of the coefficient of x. 3

5.4.5Integrals of the form f

px+q
Vax? +bx+c

To find this type of integrals we use the
following steps:

2 2 2 2
(x+ij + 4ac—2b or 4ac—2b _()H_ij Step 1: Write the numerator px + ¢ in the
2a 4a 4a 2a following form

Step 3: Add and subtract ( coeff.of x)*
inside the square root so thagt the square
root is in the form

Step 4: Use the suitable standard form for d
px+gq =Ad—(ax +bx+c)+B
hx

evaluation.
( SOLVED EXAMPLES ) Step 2: Obtain the values of A and B by
equating the coefficients of same power of
dx x on both sides.
xy/(logx)* -5 Step 3: Replace px + ¢ by A(2ax + b) + B

Solution : Put log x = ¢ in the given integral to get in the form of

px+q

dx
7:‘# J‘\/ax +bx+c

2ax+b

1
_ dt =A dx+ B —d
b= J.\/t2—5 Iwc Ya +bx+c Vax’ +bx+c )
1

Il
—
3

—— d
t2—(\/§)2 =A ‘ax2+bx+c‘+B\/ax2+:;C_‘_c
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( SOLVED EXAMPLES )

I 2x+38 v

VXt +6x+13

Let2x+8=4 di(x2+ 6x+13)+ B
X

2x+8=A4(2x+6)+B

A=1,B =2
2x+6 2

- dx + dx
I\/x2+6x+13 '[\/x2+6x+13

= \/xz+6x+13+210g‘(x+3)+\/x2+6x+13‘+c

(using J.%dx =3/ f(x) +c inthe 1*integral)

2. I x+1dx
x+2

(x+1)(x+1) "

(x+2)(x+1)
_[ x+1
Vx* +3x+2

Letx+1=4 —(x2+ 3x+2)+8B
dx

Solution: I = J

=A(2x+3)+B
Comparing the coefficient of x, we get
1=24 and 1=34+8B

A= —and B= —

)_i

x+1
J. x +3x+

_ 2
VxP+3x+2 '[

dx  Solution: I = I

;(2x+3) ;
- [ [—2—
J.\/)cz+3x+2 '[\/x2+3x+2
1
N —Elog
3 3V (1Y
X+= |+, x+=| —| = | |[+¢
2 2 2
1
_ lj (2x+3) ] 2 &
2V [ axa2 J{ 3) U
2
= \/x2+3x+3—%10g (x+%j+\/x2+3x+2 +c
3 J‘ 2x+1
NxP+2x+1

Solution : Let 2x + 1 A di(x2 +2x+1)+B
X
AQx+2)+B

2Ax +(24 + B)

2x+ 1
Comparing the coefficient of x, we get
2=2A and 1=24+ B
A=1 and B=-1

j 2x+1)- 1
VXt 4 2x+1
(2x+2) 1
= | —=dt — | ——=dx
J.\/x2+2)c+1 J‘\/)52+2x+1
(2x+2) 1
——dx — | ——=dx
'[\/x2+2x+1 j\/(erl)2

= 2UxX+2x+ —log|x+1|+c

4, J 1—I—Txabc

(1+x)(1+x) ”
x(1+x)




:J' (1+x) i
\/x +Xx

Letx+1=4 —(x2+x)+B
dx

x+1 =A2x+ 1)+ B=24x+(A + B)

Comparing the coefficient of x, we get

1=24 and 1=4+B

A : dB :
= — andB= -
2

2
(2x+1)+l
J~ x+1 J‘2 2dx
Vxi+x Jxi+x
1
~(2x+1) -
= 2 dx+j 2 gy
X +x X +x
1
1.‘-(2x+1) J- 9
B VRO
**2) 72

1.5 1 1 1 (1Y
—2Vx"+x+—log| x+— |+,/| x+=| —-| =
2 2 2 2 2

Vx* +x+%log (x+%j+\/x2+x

+c

.

EXERCISE 5.4

Evaluate the following.

1) j4x21_1dx
1
D e
1
3) J.4962 —20x+17dx
4 I4x4—2xox2—3dx

5) J.x—dx
6) Iﬁdx

1
——dx
7 J‘7+6x—x2

1
———dx
'[\/3362 +8
1
[t
Vx*+4x+29
1
0 [

8

N’

1
1) | ——dx
Jsz —8x-20

5.5 Integration by Parts.

5.5.1 Theorem 5: If u and v are two functions of
x then

[uv dc=ufv dx—j[jv dx%} dx

The method of integration by parts is used
when the integrand is expressed as a product of
two functions, one of which can be differentiated
and the other can be integrated conveniently.

Note:

(1) When the integrand is a product of two
functions, out of which the second has to
be integrated (whose integral is known),
hence we should make proper choices of
first function and second function.

(2) We can also choose the first function as
the function which comes first in the word
'LAE' where

L - Logarithmic Function
A - The Algebraic Function

E - The Exponential Function




SOLVED EXAMPLES

) = J(logt).1 dt

Solution: = xJe ™ dx— I [% (x)j ezxdx} dx

2.

[x e*dx

[logx dx

Solution: I = J(logx).l dx

3.

= (logx) [ Ldx - J[%(logx)jl.dx} dx

= xlogx — J.lxdx+c
X

= xlogx—fdx+c
= x(logx—-1)+c

[ x*log x dx

Solution: 1= (log x)x* dx

= (zogx)j Py — j {%(logx) j x3dx} dx

= (logt)jl dt — j { (logt)j 1 dt}
= tlogt- J' tdt +c
= tlogt— _[ dt+c

=  tlogt-1)+c

= (logx).(log (logx)—1)+c
5. j x.2 7 dx

. _ —3x d —3x
Solution: I = xJ- (27)dx — J[a xj (2 )dx} dx

@) @)
= 3(log2) ] —3(log2)dx+c
x(2—3X)

= 3(log2) 3(log2 j(z Jebere

x(2 3x> 1 2—3)(
- +e
B —3(log2) —3(log2) —3(log2)
—x27 11
3(10g2) 9 (log2)?

—3x

Integral of the type Ie" {(f(xX)+ f'(x)}dx
These integrals are evaluated by using

[ert/ )+ frtde=ef(x)+c

_ x'logx 1 4
= p —ij dx+c 1 J-ex(xlongrlJ i
\ X
x'logx ¢1lx
- 4 _.[ZT detc Solution: I = I (logx+ j dx
_ X logx x* Put logx = f(x) f'(x)z—
4 16 X
et/ )+ f (e =" f(x)+¢
log(log x) 1
4, IT dx=f10g (logx) . dx = elogx+c
Solution: Put log x = ¢
1 (1+X )
—dx=dt 2. Je
B x (1+x)°
I = Jlogtdt 2-1)+2
¢ Solution: I = Iex G =h+2 )_; dx
(I+x)
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Put /(x) =1

x+1
2
f(X)_(x+l)2

[t/ @+ ode=e f(x)+¢
x(x—l)
= e|—|+c
x+1

[e* —(x+3) dx

3 (x+4)
Solution: I = [¢* (x+—4_21)dx
(x+4)
= j.ex{ ! - ! 2i|dx
x+4 (x+4)
1 N
Put f(x):x+4 and f'(x)= —(x+4)2

et/ G+ £ @ldx =" f(x)+¢

X

= e
x+4

+c

Integrals of the type J\/f +a’dx, j \/x2 —a’dx

2

j\/a2+x2d =§\/a2+x2+%log‘x+\/a2+x2 +c
2

I\/xz—azd =§\/x2—a2 —%log‘er\/xz—az +c

In order to evaluate integrals of form

I\/ ax” + bx + ¢ dx we use the following steps.

Step 1: Make the coefficients of x* as one
by taking a common.

2
Step 2: Add and substract (ij in

X+ b x+< to get the perfect square
a a

. ( b jz 4ac —b*
ol x+=—| 4+ -
2a 4a

After applying these two steps the integrals
reduces to one of the following two forms

Na* +x* dx,jxlxz —a’ dx which can be

evaluated easily.

( SOLVED EXAMPLES )

1. J.\/4x2+5 dx

5
Solution: I = J.2,/x2 +Z dx

= 2I x2+(§j2 dx

= 2 E‘/x2+§+ﬂlog x+‘/x2+§ +c,
2 4 2 4

= %\/4x2+5+%log‘2x+\/4x2+5‘+c

2. [Nox’—4 ax
[, 4
Solution: I = I3 X2—§ dx
2
= 3'[,/)62—[%) dx

_ 3[5 xz—ﬂ}—tﬁlog

+¢
2 9

x+,/x2—ﬂ

9
_ §\/9x2 —4—§log‘3x+\/9x2—4‘+c
3. .[sz—4x—5dx

Solution: I = j\/(xz —4x+4)—9 dx

= [J(x=2)' -3 ax
= x;2\/x2—4x—5
—210g ‘(x—2)+\/x2—4x—5‘+c
2




4. J- J1+ (logx)? i
x
Solution: I ZJ-\II + (logx)’ ldx
X

Putlogx=t

la’x:dt
X
- j\/1+12 dt

- % 1+¢° +%lo<g‘t+\/l+t2

(logx)\/1+ (logx)’
2

+%log ‘(logx) + 1+ (logx)?
Iex Ve +1 dx

Leter=t¢

+c

+c

Solution: Put e*dx = drt

6.

I

= I\/12+1 dt
= % t2+1+%log‘t+\/12+l‘+c
X / 2x
= %+%log ex+\/62x+1‘+c
I\/x2+4x+13 dx

Solution: I = _[\/xz +4x+4+9 dx

= J‘\/(x+2)2+32 dx
= x;2\/(x+2)2+32

32
+=-log ‘(x+2)+\/(x+2)2 13

7. _[\/x2+x+1 dx

/ 1 3
Solution: I = I X Hx+—+= dx
4 4
— j x+l 2+ ﬁ zd
2 2 | ¢

\/5 2
_ 1 x+l VXt +x+1 (2]
= 20" "2 N
2
log x+%+\/x2+x+1 +c

Integrals of the form f(px +q)ax® +bx+c dx

( SOLVED EXAMPLES )

[=I(3x—2)\/x2+x+ldx

Solution: We express 3x—2=4

d(x2+x+1)+B
dx
3x-2 =A2x+1)+B

= 2Ax+(A+B)

Comparing coefficients of x and constant
term on both sides.

2A=3andA+B=-2
A=3/2and B=-7/2

[:J.B(2x+1)—ﬂ\/x2+x+ldx
= %J‘(2x+l)\/x2+x+1 dx
—f%\/x2+x+ldx

Let

L= Q@x+ IV +x+1 d,
I, :_77J.\/x2+x+1 dx

+c
Put x> +x+1=¢ inl
+2
- xz VP +4x+13 sl= [Nede=gi"di
9 t3/2
+Elog‘(X+2)+\/x2+4x+l3‘+c = 3/2+c
1 132 ]




I = %(x2+x+1)3/2+01

I = ;J\/x2+x+ldx
- _—7{1()6+%j\/x2+x+1 +§log

2|2
Kx+%j+‘\/mu+c2

I = I+

ﬁ EXERCISE 5.5

Evaluate the following.

) [xlogx
2)  [xPetr
3) I > e dx
4 [xeax

(1L
5) Ie (x xzjdx

. X
6) Ie (x+1)2dx

. ox—1
7) je (x+1)3dx

8) Ie" [(logx)2 + %ﬁ} dx
X

1 1
0 | [@_Uogxf} o

logx
10) I (1+logx)

5.6 Integration by method of Partial
Fractions:

5.6.1 Types of Partial Fractions.

(1) If f{x) and g(x) are two polynomials then
f(x)/g(x) is arational function where g(x)=0.

(2) If degree of f(x) < degree of g(x) then f{x)/
g(x) is a proper rational function.

(3) If degree of flx) > degree of g(x) then
flx)/g(x) is improper rational function.

(4) If a function is improper then divide
fix) by g(x) and this rational function
can be written in the following form

X . Remainder
ACD) = Quotient+ ———  and can

g(x) g(x)
be expressed as the sum of partial fractions
using following table.

Type Rational Form Partial Form
{ pxtq A N B
(x—a)(x—b) x—a x-b
) pxziqxir A n B n C
(x—a)(x=b)(x—c) x—a x-b x-c
X+ A B
3 P 6]2 - .
(x—a) x—a (x—a)
Ztgxt A B C
4 px _qu_r N _+
(x—a) (x—-b) x—a (x—a)” x-b
px2 tgxtr A B C D
5 3 _ + _ 2 _ 3 + _b
(x—a)’(x—b) x—a (x—a) (x—a) «x
px>tgxtr A N Bx+C
6 (x—a)(ax® tbx*c) x—a ax’tbxtc
where, ax’ +bx + ¢ is non factorizable
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( SOLVED EXAMPLES ] -

11 1

= —j—d -2 dx
49 x+3
x+1 1 11
L J-x2+5x+6.dx = Zlog|x—l|—210g|x+2|+zlog|x+3|+c
x+1
jon: [= | ——— dx 1
oo I(“ 2x+3) ] (1+1 0?(11 )
x(1+1logx ogx
Consid x+1 A N B s s
onsider (x+2)(x+3) Cx+2 x+3 Solution: Put log x = ¢
x+1=A(x+3)+B(x+2) la’xza’t
X

Put x =-2 and we get A= -1

Pur x = -3 and we get B=2
x+1 -1 N 2
(x+2)(x+3) x+2 x+3

x+1
N J.x +5x+6 _I(x+2 x+3jdx

S e e

= —log|x+2|+2log|x+3|+c

2
5 J‘ x +2
(x—-D(x+2)(x+3)
Solution: I = Consider
X’ +2 A4 N B . C
(x-D(x+2)(x+3) x-1 x+2 x+3

P+2=AKx+2)(x+3)+Bx-Dx+3)+ 4
Cx-1)(x+2)

I:J‘;dt

(1+6)2+1)

t _ 4 N B
A+0)2+1) 141 2+t
Putt=-1 A=-1
Putt=-2 B=2

Consider

= —log|t+ 1| +2log|t + 2| + ¢
= 2log|log x + 2| — log|logx +1| + ¢
= log|(logx + 2)|* - log|(logx + 1)| + ¢

‘[x3—4x2 +3x+11

> dx
X +5x+6

x+1=0

Putx=1 A=1/4
o [D=x* —5x+6)x’ —4x* +3x+11
utx =— = B
x =3x+11
2
1x+22 3:1/41+ 22+11/;1 — (x}=5x+6)
(x-D(x+2)(x+3) x-1 x+ X+ 275 R
X +2
= 3 4.2
I(x—l)(x+2)(x+3) Express al 421x +3x+11:Q+£
x"—=5x+6
11
— 2x+5
1/4 2 4 (x+D)+————
= — + dx 2
I '[ x—1 x+2 x+3 x°=5x+6
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dx

_ J-x3—4x2+3x+11
x*=5x+6
2x+5

j(x+1)d +j o
S5x

x° 2x+5
= —+X+.[2—
x =5x+6
2x+5 A N B
x*=5x+6 x-2 x-3
2x+5=A(x-3)+Bx-2)
Putx=2 we get4 =-9

dx+c

v

Express

Putx=3wegetB=11

2x+5 -9 11
I[= — = +
x =5x+6 x-2 x-3
2
[=x—+x+j( - + 1 de+cv
2 x—2 x-3
3 4.2 2
[:J-x 421x +3x+11dx:x_+x
x —=5x+6 X
—9log|x—2|+lllog|x—3|+c
J‘ 3x+1
——— dx
(x—2)*(x+2)
Express
3x+1 A B C
2 - + 7t
(x-2)y'(x+2) x-2 (x-2)y x+2

x+1=4x-2)x+2)+Bx+2)+
C(x-2)

Putx=2 B=7/4

x=-2, C=-5/16

Comparig Coefficients of x* on both sides
we get

A+C=0 A=5/16

S 7
Sx+l 16 .4 16
2 - 2
(x-2)y(x+2) x-2 (x-2)y x+2
[T NS SERN
16 (x—2) 169 x+2

5 1
I—Elog|x— |———2)—Elog|x+2|+c
E’ EXERCISE 5.6 j
Evaluate:
2x+1
1 _exTt
) J(x+1)(x—2) g
J‘ 2x+1 ax
2) x(x—-1)(x—4)
Pyx— 1
3) -[ Ty x— 6
K J‘(x 1)? (x+2)
3x-2
°) J(x+1)2(x+3) g
1
2 '[ x(x* +1) dx
1
7 JAx(x”Jrl)dx
8) J-5x2+20x+6dx
X’ +2x% +x
[ Activity ]
Evaluate: Ix—l
(x=3)(x-2)
Now, =t 1] L]
T (x-3)(x-2) (x-3) (x-2)

There is no indicator of what the numerators

should be, so there is work to be done to find
them. If we let the numerator be variables, we
can use algebra to solve. That is we want to find
constants A and B that make equation 2 below
true for x = 2,3 which are the same constants that
make the following equation true.
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-1 A B 1 loglax+b
el 1B, g el
(x=-3)(x-2) (x-3) (x-2) (ax+b) a
x—1=A(x-2)+B(x-23) 2) o
ax+ e
[ Jx+[ 1=0 Il e 3 Jemdr=—c
N ote:‘ Two po.lynomials are equgl if Jab“k e gk e
corresponding coefficients are equal. For linear 4 " blo oa
functions, this means that ax + b =cx + d for all
x exactly whena=cand b=d 5 J‘./x2 +a° dx
Alternately, you can evaluate equation (2) 5
for various values of x to get equations relating = EJ\/ X+at+ a_log‘ x+xr+at |+
A and B. Some values of x will be more helpful 2 2
than others 6 J‘ m dx
[ 1=1 ] 2
- = J‘E\/xz—az—a—log‘x+\/x2—a2 +c
[1=1 ] 5 5
continue solving for the constants A and B. £(x)
=1
A= .B= 7. J.f(x) dx 0g|f(x)|+c
x-1 [ ] N [] 8. J.jﬁdx=2 7(x)+c
(x=3)x-2) (x-3) (x-2) J&) |
" ]
N R [] de+ | [l 4 o [/l f@d=tm—rens -
(x=3)(x-2) (x-3) (x—-2) | |
I=[ 1+1 ]+¢ 10. J-xz_azdx:zlog a +c
g 11. I 21 zdx:ngaH +c
Let's Remember a —x 2a “la-x
dx 2
Rules of Integration: 12. I [+ a? B log‘x+ X ra ‘Jr ¢
1. J[fx) £ g(0)] dx = fix) dx + [g(x)dx
. 13 J. dx =log‘x+\/x2—a2 +c
2. Jkfx)dx=k[f(x) dx ; where kis a constant. B e
3. If] fix) dx = g(x) + ¢ then,
[ flax + b) dx = lg(aerb)Jrc;a;«éO
a
Standard Integration Formulae.
n+l
I [(ax+bydx ) S T
a(n+1)
|




i MISCELLANEOUS EXERCISE - 5 :|

c) —logx+log(l—-x)+c

d) log(x—x*)+tc

I. Choose the correct alternative from the
following. 9 J. dx B
1)  The value of J. dx is (et
NI
a) Llog x+2 +c
a) 2Jl—x+c b) 2JI—x+c 15 “fx-l
1 x+38
c) + d) x+c by —lo +c
e TR
2) J.\/1+x2 dx: C) ilog x_8 +c
15 x+7
a) §1+x2+%log(x+\/l+x2)+c d -8 (x-7)+c
b 2 2N\3/2
) —(d+x7)" " +c LY
3 7) _[x+— dx =
L 2y d IR x
C —(1+x")+cC e
) 3( ) VI+x? 1 1 4
a) —(x+—j +c
\ 4 X
) [ de= 3 o
a) 3x3 b) i+c b) x—+3i+310gX—L+C
(3)" +c 3.log3 4 2 2x?
9 logd3®) +c ) FG) c) x_4+£+310gx+i+c
4 2 X
x+2 4x+6 1 d) (x-xT)+ec
4 —— dx= —_—  dx+—
) I2x2+6x+5 pI2x2+6x+5 2
d er_l_e—Zx
I—z al then P=7? 8) J[—x]d -
2x°+6x+5 e
1 1 1
a) — b) — e — +c e+ +c
) 3 ) 3 3) 3¢ b) 3¢
1 S d) e+ ! +
C) Z d) 2 C) € + 3e3x +c ) 3e3x ¢
,2 _
o [ 9 [a-x7dv =
(x—x?) a) (+x)'+c b)) (-x)"+c
a) logy—log(1-x)+c ) (I-x)"'—l4+c d) (I-x)"+l+c
) (I-x) ) (1-x)
b) log(l—-x*)+c
= ~=\




) j (o +3x2 +3x+1) W IV. Solve the following:
(x+1)’ 1) Evaluate.
5
-1 -1 5x° —6x+3
_ — | +c i = -
R ® (x+1) L B
c) logx+1)+c d) loglx+1P+c 4
ii) j (5x+1)° dx
II. Fill in the blanks. {
5(x° +1) i1 -[ 2x+3 dx
1. I 5 dx=x"+..X +5x+c (2x+3)
x +1
x—1
24— v) dx
2. I%dx=x+ ...... +c '[Vx+4
x—2)(x—
| S v) If f'(x) = x and (1) = 2 then find the
3. If f'x)= . +x and f(I)= B then value of f(x).
2 . .f <
f(x)=logx+—+....... Vi) J.|x|dx ifx <0
4. To find the value of |V
- 1o find the value o N t 2) Evaluate.
proper substitution is .........
5. J.L}[log xqz dx = p(logx)’ +c then P = i) Find the primitive of l1+e"
X
...... ii) J‘ aeix + beix x
(ae™™ —be™)
III. State whether each of the following is 1
coe dx
True or False. 1i1) _[ St Arloor 3xlogr
1. The proper substitution for
[ () (2logx+1)dxis () = . 1
1v) I NE dx
2. Iffxe*dxis equal to *f(x) + ¢ where C is
. . . (2x-1) 2¢" -3
constant of integration then f{(x) is V) I dx
2 4e* +1
VAC)) 2
3. Iffxflx) dv="—— then f{x) = e
fx) 2 ) 3) Evaluate.
(x—1) dx . dx
4. If | ———==4 log|x+1|+Blog|x—2 T
[y = A logintl+ Blogh2 i) [ =
thenA+B=1 P
. X
-1 R e e
5. ForI se'dx = e flx) + ¢, flx) =
(x+1) e
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[ Activities ]

iv) j = ¢ dx
Ve +4e" +13

J- dx
v) x[(logx)* + 4logx —1]

1
H [——2xd
) I(x2—5x+4) e

Solution: 2 = ¢ + D
o T 14
: =Cx-4)+D(x-1)
Vi J.25x x(logx)’ - C= D=

j(x D dx:j{(x—l) " (x—4)} dx
4) Evaluate. -

1) j (logx)*dx

i) [e BLLL N
(2+x)

I(x—l) dx+‘[(x_4) dx

= + +c

x13/2 l+x5/2 I/de
iif) [ xe™d 2 [+ )

Solution: [xTx¥2 (1 + x°2) dx = |(x*?)? x3?

iv) Jlog(xz + x)dx (1 +x°?) dx
let 1 +x2=1¢
Ie&dx
dx = dt
vi) I\/x2+2x+5dx )
[ = gf(t—l)ztmdt
.. T
vii) I\/x 8x + Tdx . % i
5) Evaluate. 2
= 5l dt=| dt + df]
O el 4
2x"—x-1 )
3 a2 = —{ - + 1 +c
i) J-Zx 2?ax 9x+1dx 5
2x"—=x-10 p
x .
i) I (1+1logx) " 3) Im = e (given)
x(3+logx)(2+3logx)

I ! dx=tan"' x+c

2
1 I:I Bx+C

x +1
Solution:
(x+2)(x* +1) (x+2) (x* +1)




1=A*+1)+Bx+C)(x+2) 1
1 4) Ifj ——dx = f(x)+¢=fix)+ C, then the
Putx=-2 wegetA=§ XX
Now comparing the coefficients of x* and value of J. X dxisequalto ............
constant term, we get x+x
O=A+B 41
]ZJ- x +1 Iy —
and 1=A+2C R
-1 2 1 1
B=— , C== =|—dx-
5 5 J.x dx J.x5+xdx
1 _L 1 Ox+O I= -  +c
(x+2)(x" +1)  (x+2) (' +1) I=logx—f(x)+¢, ... ¢ =—c
B J~ dx (Ox _[ dx
(x+2) “x*+1 x> +1
= - + +c
DR R 8
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Definite Integration

SOLVED EXAMPLES

7 Let's Study (

Ex 1: Evaluate:

e  Definite Integral
e  Properties of Definite Integral

S,

Introduction

We know that if f{x) is a continuous function
of x, then there exists a function ¢(x) such that
¢'(x) = f{x). In this case, ¢(x) is an integral of
flx) with respect to x and we denote it by
[7(x) dx=d(x)+c. Now, if we restrict the domain of
flx)to(a,b), thenthedifference d(b) - ¢(a)is called
definite integral of f(x) w.r.t. x on the interval

b
[a, b] and is denoted by j S (x)dx .

Thus [/ (x)dx = §(b) - o(a)

The numbers a and b are called limits of
integration, 'a' is referred to as the lower limit of
integral and b is the upper limit of integral.

Note that the domain of the variable x is
restircted to the interval (a, b) and a, b are finite
numbers.

Let's Learn

6.1 Fundamental theorem of Intergral
Calculus.

Let f be a continuous function defined on
(a, b)

[/ (x)dr = o) +c

b
Then [/ (x)dx = [¢(x)+c]’
‘ = [¢(b) +c] - [¢(a) + ¢]
= ¢(b) — ¢(a)
There in no need of taking the constant of
integration c, because it gets eliminated.

i)

iii)

Solution:

i)

iii)

J

0

3
[x
2

*dx

1

dx
(2x+5)

0\/l+x+\/;

Here f(x)

jf(x) dx

0

o'~—.~

3
[x
2

*dx

dx
(2x+5)

1

NEEEN

|
RE=3

x

5
x4, o(x) = x?+c

[6() T,
{xST 35_25
5757
23 3 _on
5 5 5

1

5 [log|2x + 51",
1

=5 [log7 —log5]

L7
= plogy

(

1
1

1+

X

V+x—x
) (Vi x =x)

NETE

+Xx—X

dx




(M—\/;)dx [x3+x2+ax]10=0

I
O ) —

W | N

~

p—

+

=

N—'

[SRR"}

|

I

=

N W
L 1

(1+1+a)-0=0
2+a—-0=0
3 3 3 3 a=-2
— 3(1+1)5—3(1)5 - 3(1+0)5—3(0)5 a
. )
3 3 3 3 i1) J.3x dx =38
_ 0
20 2 2 374
- 22—1}5[1—0] {x_} g
L 3 o
2 a*-0%)=8
L a’ =8
- a=2
- 2 22-2]
3— b b
3 ) 2
1i1) Ix dx=0 and Ix dx=§
— i \/5_1:| a a
3L o b & b 5
|:_:| =0 and |:—:| ——
Ex 2 : Evaluate: 4 a 3 a 3

1 L/, 4 1 5 3 2
D If [Bx +2x+a)dx=0; find a. Z(b ~a*)=0 and 0 -a)=3
0

b*—a*=0and b'-a*=2

i) If [3¥°d =8 find the value of a. . b =d* - b=ta
g s
b b ) But b = a does not satisfy »* — a*=2
iii) [x'dv=0 and [xdx= - Find the -
values of a and b. Soob=-a
a Substitutingb=-ain p’ — g’ =2
iv) If [4x’dc=16, find a We get (—a) —d* =2, —2a°=2
0
We geta=-1
v) Iffix)=a+bx+ cx? show that
S b=-a=
‘ 1 1 Ca=—1 . b=1
[feode=—| fO)+4f| = |+ 1) noa=-l,
) 6 2
Solution: iv) _[4x3dx =16
0
1 x4 a
i) I(3x2+2x+a)dx=0 o4 216
0 4 0
1 4
Then 3x—3+2£+ax -0 —[a4—0}:16
4
372
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a*=16 Solution:

a=2 2
i) j4+ 1_ _dx
1 o 4+x—x
v) !f(x)dx i I L
1 - 0—x2+x+4
= I(a+bx+cx2)dx 2 1
01 1 1 - I2 11 &
0x" —x+————4
= aIldx+bedx+ch2dx 4
0 0 0 2 1
bt o] = j 2 7
= |lax4+—+— 0 x_l _ ﬁ
2 3 2 2
_ ael2iC (1) )
23 = 1 s
Now f{0) =a + b(0) + c(0)>=a a O(JﬁJ —(x—ljz
A12)=a+b(1/12) + (122 =a + b2 + c/4 2 2
andfill)=a+b+c BN ( lj :
1{f(O) 4f(1j f(l)} - |l
- +4f] = |+ =
6 2 V17 \/;7_(36_;)
L 0
= %{a+4(a+%+%)+(a+b+c)}
- 2
1 logJﬁ+2x—1|
= é[a+4a+2b+c+a+b+c] \/ﬁ_ \/ﬁ—2x+l‘0
— U6ar3prac] = L ling Vi7+4-1 _log Vi7-1
6 , 17 J17-4+1 J17 +1
= a+ 248 (2)
23 B Llo J17+3 b J17 -1
From (1) and (2) - AR WY IR WS
‘ 1 1
= If(x)dx=g[f(0)+4f(5j+f(l)} _ L \/ﬁ+3xx/ﬁ+1
’ Ji7 B\ 73 T
Ex 3 : Evaluate: _ 1 log 20+4:17
. 2 | J17 20-44/17
l) J.4+)c—x2d)C
0 B llo 54417
N7 5o

ii) T—de
0 )C2 +2x+3




. ¢ dx . tlog x

ii) —_— ii) dx
}[\/x2+2x+3 ‘!.

4

J- 1

N+ 2x+1-1+3

2 2 i}
4 1 -1 1({x
1 - —dx= | == =
_ dx = .[logx.xz.dx— (logx(xﬂ '!.x(—l

'([\/(x+1)2 +(\2)
o 1:

dx = jlog X.
1

I
1

—_

@]

oQ

=
7 N\
= | L
N

|
= | =
L 1
—- N

e+ D+ (x+1) +(2)?

Il

|

—

o

[0}

[\

+

—_

®)

0=}

[S—
N
|
VR
N | —
|

—_ —
N

4
= [log‘(x+l)+\/x2 +2x+43 ]
0
— 1
= log(5++/16+8+3) —log(1++/3) = 710g2+5
= log(5+343) —log(1++/3) _ l(—log2+1)
2
- 1o 5+3\/§ 1
£ (1_,_\/§) = E(—log2+loge)
1 e
Ex. 4: Evaluate: = —log—
2 2
2
J. log x dx Ex. 5: Evaluate:
1
tlog x i j;dx
i | Sd DG e 3)
1 , 1
Solution: i1) I —dx
2 L x(1+x7)
) J= J. log x dx Solution:
2
2 j)
1= [log1.x !(x+1)(x+3>
1 A B
21 Let = +
= logxx I—xdx (x+D(x+3)  (x+1) (x+3)
X
‘ 1= A +3)+ Bo+1) (1)
- logx—x]
[x g x]‘ Puttingx+1=0
= [(21082 —llogl)]—[z —1] i.e.x=-1 in equation (i) we get 4 = %
= (logd—0)-1 Puttingx +3=0
= log4-1 1.e. x = -3 in equation (i) we get B = _?1
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1 1

1 2 . 2
(x+D)(x+3) (x+1) (x+3)
~!.(x+l)(x+3)

) E" m

= %[log |x+1]—log|x + 3|]12

= %(10g3—log2)—%(log5—log4)

-1 lo g—lo Bl
2 g2 g4

3

-! (1+x)

Lol 4 Bree
x(1+x) x 1+x

1= A0+ X)) +(BX+C)X o, 1

Putting x = 0 in equation (i) we get 4 = 1
Comparing the coefficient of x* and x, we
getA+B=0, B=-1&C=0

1 1 X

x(1+x%) x4y

b dx
~!.x(1+x %)

3
|
1
- [log|x|]13 —%[log‘l + xzuf

3
X
dx — dx
~!.1+)c2

==

= (log3—logl)—l(log10—10g2)

SCOE

(log3- % log5)

= log3-log5"* =log3—log+/5

()

: EXERCISE 6.1 j

Evaluate the following definite intergrals:
9

1. J%dx

4

N
Le—w
=
=+ f—
W

(O8]
—_—
><N
=
[a—

1 2
4 X +3x+2dx

> Ax

-!(x+2)(x+3)

dx

P
X +6x+5

—_——

7. If I(2x+ 1)dx =2, find the real value of a.
0

8. If [(3x’+2x+Ddr =11, find a.
1

) 0\/l+x+\/;

10 j L
T (9% -0

3
11. Ilogxdx




6.2 Properties of definite integrals b 1)
4.
In this section we will study some properties -!: f(xX)+ f(a+b+x) *
of definite integrals which are very useful in
evaluating integrals. (1= x2
( 5. Iz(—x)z dx
Propertyl:_[f(x)dsz , X+ (11-x7)
b a Solution:
Property 2 : Jf(x) dx = —jf(x) dx | . 1
b" b ’ Lo Jr@de = [ () de+ [ f(x)
1 -1 0
Property 3 : j F(x) dx = j £(2) dt . 1
a a = j(l—zx) dx+j(1+2x) dx
b c -1 0
Property 4 : dx = d
perty !f(x) X Z[f(x) X _ [x_xz]iJr[szl
b
+[ /(x) dv, where a<c<b = [0-(-1-D]+[A+D)-0]
‘ = 2+2=4
b b ! i
Property 5 : If(x) dx =_[f(a+b—x) dx 2. Jx(l—x) dx
a a 0 a a
a a By property | f(x)dx=| f(a—x)dx
Property 6 : I f(x) dx =j f(a—x) dx '! ;.;
0 0 1 n
2 . . [ = j(l—x)[l—a—x)]
Property 7 : | /() dv=[f(x) dv+ [ f(2a-x) dx )
0 0 0 1
[If f{(—x) = f{x), fix) is an even function. - ! (1= x" dix
If f(—x) = —f(x), f(x) is an odd function.] 1
a a _ (xn _ xn+l)dx
Property 8 : I S(x) dx= 2Jf(x) dx  if fis an '([
. - ' a1 ! ni2
even function _ | x | >
=0 if fis an odd function |:n+1:|0 [n+21)
( SOLVED EXAMPLES ) L (e
Ex. Evaluate the following integrals: n+l n+2  (n+1)(n+2)
1 1-2x;x<0 _ 1
-1
a : 3 (X+ 4) dx
1-x)"d 3. Letl=|77——F7— .. 1
2. [x-sras = |y (M)
3 3 a a
[ By property [ f(x)dx = [ f(a—x)dx
0 %/ x+4+ i/ T—x 0 0
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1=I JG-x)+4 ”
0 YB-x)+4+37-(3.—x)

_ j T
e ()
On adding equations (1) and (2)
3
21 = j V1-x |

\/7 x+\/x+4 \/7 x+\/x+4

x4 +3(7-%) "
_03/x+4 +%/(7—x)

= J.l dx
=[],
21 =3
3
I: —
2
; I(x+4) P
o{/(x+4)+i/ﬂ 2
4. i S ) A (1)
> f(x)+ fa+b+Xx)

By property | f(x)dx = [ f(a+b—x)dx

J- fla+b—x) i
> fla+b—x)+ fl[(a+b—(a+b—x)]

f J@rb=X) 2)
s fla+b—x)+ f(x)

Adding equations (1) and (2) we get,
1= j' J(x) dx +
2 J(X)+ fla+b-x)

I flatb-x)
o J(a+hb=x)+ f(x)

Q C— >

,[f(X)+f(a+b+X)
o J(X)+ fla+b—x)

:jldx

JAC))

f(x)+ f(a+b—x)

j (11-x%)
4x +(11- x)

By Property

jlf(x)dxzjf(a+b—x)dx

Adding equations (1) and (2)

(11-x%)
x>+ (11-x%)

(x*)+(11-x%)

!
j-(x)+(11 x)dx
!




.

EXERCISE 6.2

1y

Evaluate the following integrals:

[feodx= j () dx+i F(x)dx

b b
- D [fde=[f @
1) J —dx o a
A4—x . .
a 5 [fx)dx=]f(a-x)dx
2) Ixz (a—x)"*dx 0 0
0 b b
6) [f(dx=[f(a+b-x)dx
; g g
) J; Ux+5+ \/ 9-x " 2a a a
7 [ f@de=[f(x)dc+ [ f(2a—x)dx
4) j_ \/; 0 0 0
————dx a a
x T -x 8) j Fx)dx=2 j £ (x)dx, iffis even function,
5 [ 4 =0 , if fis odd function
U v e !
T Ux E: MISCELLANEOUS EXERCISE - 6 :j
6) I \/_—dx
SNX +V9—x
I) Choose the correct alternative.
1 9 3
7 log| ——1 |dx Y -
) ! g( j 1) £ et
! a) 0 3 ¢ 9 d -9
8) Ix(l x) dx
0 v odx
z 2) J; x+5
Let's Remember g ]
_loo| 2 log| =
®  Rules for evaluating definite integrals. 2) log(?,j b) og(3j
b b b 3 3
j [ £(x) % g(x)]dx = j [ £(x)dx+ j 2(x)dx ¢) log(gj d) —log (gj
b b 3
ka(x)dx:kff(x)dx 3y X
a a S x’ -1
o l:roperties of definite integrals a) log(gj b) -—log (gj
Jraax=0 1. (8 1.8
p Zlog| = ol
b . © 2 Og(3j 9 2 log3
[ reode==[ r(x)ax
a b
1 148 |




j_ dx II) Fill in the blanks.
4 [=-= 2
) v 1) _[ e'dx = v
a) 9 b4 ¢ 2 d o )
5) If j3x2dx —8 thena="? 2) J;x“dx = e,
' 8 1
a) 2 b) 0 c) — d a dx
3 3 3) ! R
6 xtdx = a
) ! 4) 1fj3x2dx:8thena = e,
1 D i E 0
Vo7 D3 990 95 9
2 5) J‘de T
7) j e'dx = a VX
a) e—1 b) 1-e 6) Iﬁdx: .................
c) 1-¢? d -1 ’
¢ dx
b 7) J;m: .................
8) [f(v)dr =
a b x’ _
9 [rmd b o[ f@a R e
c) _jf 7(x)dx d) T f(x)dx IIT) State whether each of the following is
Y 0 True or False
9 ‘7[ x’ dr — 1) J.f(x)dx::[f(x)dx
d x*+7 a b
7 b b
a) 7 b)) 49 ¢ 0 4 2 2) [ fde=]r@d
R 3y [ rde= | fa- s
0 [ e
7 5 b b
) 5 b 3 )7 d) 2 4) _[f(x)dx:'[f(x—a—b)dx
5 x3
5) .[5 = dx=0
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o

2
X
6 ——dx=— 12) | x*dx
) '!.\/3—x+\/; 2 '!.
7 \/; 9 *11
) '!.\/;4-\/9—)(? 2 ,4x
7 0 1
(11-x)* ) 14) | ————>dx
8) !(11 e Y l\’““\/;
4 1
15 - -
IV Solve the following. ) l (2 9re3 +3dx
3
1) — dx Fox
'!(x+2)(x+3) 16) -!.x2+ldx
3 (1
p) R s 17 dx
!x(x+2) ) £2x—3
3 2 2
Sx
3)  |x’logxdx 18
.[ ) -!x2+4x+3
1 2
> d
4) Ie" X dx 19) I - >
o 1 x(1+1og x)
2 9
1 1 1
5 e | ——— |dx 20 dx
) J; (x 2x2j )'([1+\/;
01
6 —dx
) ! Jx [ Activities
tol
7) I —dx 1) Complete the following activity.
S X+5
b
3 X dx=0
8) J~ zx dx If '[ then
> X —1
4D
fxP+3x+2 (X_] =0
9) [T« 1),
0 \/; 1
5 Ho-o)-
dx 4
10) |
VX +4+4x -2 Soobt = 1=0
3 (b*—a’)[J+[D=0
[
> X" +1 SB[ ]=0 as a*+b>#0
b=+[_]
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2)

3)

j dx

4+ x—x°

_ j- dx
=+ I+
h dx

0—x2+x+i—|:|—4

1 log 20+ 417
J17 S\ 20-4017

1
= jlog(gjdx ............
0 I-x

Adding (i) and (i1), we get

8 xs
4 d
) J;l—x2 g
5
X
f(x)_l_xz
O
A x)_l—x2 -y
Hence fis [ | function
8 x5
Jl_xz dx:l:l

-8




7 Applications of Definite Integration

o 4. x*=-4by
Introduction

d

The theory of integration has a large variety < >

of applications in Science and Engineering. In < >
this chapter we shall use integration for finding X X

the area of a bounded region. For this, we first
draw the sketch (if possible) of the curve which
encloses the region. For evaluation of area
bounded by the certain curves, we need to know
the nature of the curves and their graphs. Fig. 7.1

The shapes of different types of curves are 7.2 Standal;d forms of ellipse

discussed below. 1) x_z +2 o1 (a>b)

b
7.1 Standard forms of parabola & their shapes Y

Q

P L (ae, 1)

1. y2 =4ax da AY
P (x17yl) /‘/‘\’\
[« 2
M a, P O

~ |~ —

«—

3 f X' S'[(~ae,0) St (ae,0)
pra k Y
x z| o\ [S@0 X .
2

P’ L
Va2 ’
a,
vY'
by .
Fig. 7.2
2 yz——4ax Y A4 Ad

2 2
2) x—2+i—2:1 (a<b)

>
x—a=0
>

Q

C Y
= S(-a, 0)5 o |z d
L B(0, b)
Y' W
1S
(0, be)
3.
0 X
T(0,—be
X
BO.-0)
b z | y+b=0
yY'
Fig.7.3
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7.3 Area under the curve

To find the area under the curve, we state

only formulae without proof.

(1) The area "A" bounded by the curve
y = flx), X-axis and bounded between the 4
lines x = a and x = b (fig 7.4) is given by

A = Area of the region PRSQ

j). ydx = xj.b f(x)dx

Y
A
S
R_y=/ f
/]
x=a A x=b
X' <
(0] P Q
v
Y‘

Fig. : 7.4

(3) The area of the shaded region bounded by
two curves y = f(x), y = g (x) as shown in
fig. 7.6 is obtained by

Y

e} x=a x=b

Fig.: 7.6

x=b

A= T F(x)dx — j g (x)dx

xX=a

where the curve y = fix) and y = g (x)
intersect at points (a, f(a)) and (b, f(D)).

Remarks:

(2) The area A bounded by the curve x = g(y), (i) If the curve under consideration is below
Y-axis and bounded between the lines y = ¢ the X-axis, then the area bounded by the

and y = d (Fig. 7.5) is given by

d y=d

A=Ix.dy= f g(y)dy

c y=c

Q y=d AN

A x=g(y)

P y=c N\

Fig.: 7.5

curve, X-axis and lines x = a, x = b is
negative (fig. 7.7).

We consider the absolute value in this case.

x=b
Thus, required area = j S(x)dx
Y
X' < 0 x—a x—b »X
y=/x)
A
Fig. : 7.7




(i1)) The area of the portion lying above the

X-axis is positive.

(ii1) If the curve under consideraion lies above
as well as below the X-axis, say A, lies
below X-axis and A, lies above X-axis (as

in Fig. 7.8), then A, the area of the region is

given by,
A=A +A
Y

Fig. : 7.8

A=

jf(x) dx

and 4, = if(x)dx

Area A bounded by the curve y = 2x, X-axis
and linesx= —2and x=41is A +A,.

0
|A1|: I vy dx

x=-2

]).(Zx) dx

0
= 2.dex
-2

P 0
_ {z_x_}
2 )

= [0-4|=4 sq. units

4

4 vxz
A, =[2xdx=2| = | =(4-0°)=16-0=16
2 ) 2,

A=A +A =4+16=20sq. units

SOLVED EXAMPLES )

Find the area of the regions bounded by the
following curves, the X-axis and the given
lines.

(a) y=x* x=1, x=3
(b) y*=4x, x=1, x=4
(c) y=-2x, x=-1, x=2

Solution: Let A denote the required area in

each case.
N
YT Y
/’y _ 2x A
2 2 0 S .
N : 2 4 X VAl
— A )
4 x =3
X' < t t t > X
O 1 2 3 4
V(2.4
v
- Yl
vV
Fig.: 7.9 Fig. : 7.10
| R\




3 Required area A=A + |A |
(a) A = j v dx 0 2
! A, = [ (-2x) dx+{[ (-2x) v
3 -1 0
= J.)c2 dx .
2 B 272
1 X 2x
1 1,3 3 1 - {_25 :| " Tj|
313
= 5 [.x ]1 = 5(3 —1 )25(27—1) -1 L 0
0 2
26 = | x| +|x°
= 3 5 units [ g 11 [ ]0
) = (0+D)+4-0)
(b) A = '[ydx A =35 sq. units
1
4 2.  Find the area of the region bounded by the
= _[2\/; dx parabola y? = 16x and the line x = 4.
1
_ 22 7] = i(43/2 _ Solution: y* = 16x
3 3 y = +4/x
~ 4 8-1= ? sq. units A = Area POCP + Area QOCQ
3
v = 2(Area POCP) (why?)
A — 4
L>y2: 4x = 2Iy dx
s x=4 0
x = 1< ” * 4
X' < {(£24 t > X
ON1l 2 3 4 =2I4.\/;dx
0
v Y
Y' A
Fig. : 7.11 P —
éx:4
(c) A = (Areabelow X-axis) + X' < X
(Area above X-axis) O % C(40)
N
YT Q\
Yl
Fig. : 7.13
1 2
< ’ > -» y lies above X-axis
- X
A,
2
= 8. 3 1
y=2x\ 16 8] 128 "
= —.[8]=— sq.units
| 3 3 ™
\
Fig. : 7.12
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3.  Find the area of the region bounded by the

curve x> =16y,
lying in the first quadrant.

Solution: Required area = Ix.dy

1
4 4
J‘,/16y dy = 4Iy%.dy
1 1

4
_ sz%} _8.5
37 ] 3

A

56 ”
—- Sq. units.
3 q

Y

A

| | > y=4

A

< \\ / > y=1
X'e > X

‘VO
Y'
Fig. : 7.14
2 2
4.  Find the area of the ellipse x_2 n y_2 ~1-
a b

Given

2
I\/az —x? dngxlaz —x? Jra?sin*1 (fJ
a

y=1,y=4,and the Y - axis

Y
Q (0,)
\/F @0)
%V
Fig. : 7.15
y = a’ —x
- In first quadrant, y > 0
A =

4.jydx
0

j Na' —x* dx

4p x l(xJa
= —|= —x +— sin” | —
al?2 ajl,
= 4—{a—sml(l)——sm (0)}
a | 2
b a &
= = =—=-0
a 2 2

= T ab sq.units.

T
sin!(1)= 2 ,sin'(0)=0 5.  Find the area of the region bounded by the
curve y = x* and the line y = 4.
Solution: From the equation of ellipse Solution:
Xy . . .
pel + I8 =1 Equation of curve is y =x>  ......... (1)
y | 2 and equation of lineis y =4 ... (ii)
b’ a Because of symmentry,
b, Required area = 2 [Area in first quadrant]
y» o= @ -x
a 4
A = 2.J.x.dy
y = - a—x 0
a
|




4
= 2-[\/; dy
0

E MISCELLANEOUS EXERCISE - 7 :l

b 4 I) Choose the correct alternative.
= 2><_[y3/2]4 — _(43/2 _ 03/2) )
3 o3 1) Area of the region bounded by the curve
4 1 x? =y, the X-axis and the lines x = 1 and
-3 (8-0)= 5 sq.units. x=31is
26 3
a) — sq.units b) — sq.units
1{ ) 3 q ) 26 q
\ y/ c) 26 sq. units d) 3 sq. units
y=4
2)  The area of the region bounded by )* = 4x,
the X-axis and the lines x =1 & x =4 is
X ) »X a) 28 sq. units b) 3 sq. units
% c) ? sq. units d) 3 sq. units
Fig. : 7.16 .
3) Area of the region bounded by x* = 16y,
y =1 & y =4 and the Y=axis. lying in the
first quadrant is
e j a) 63 sq. units b) Si sq. units
Find the area of the region bounded by the 56 ‘ 63 ‘
following curves, the X-axis and the given c) 3 $q.units d) E3 $q.units
lines:
) y=xx=1x=5 4)  Area of the region bounded by y =x*, x =1,
x =5 and the X-axis is
i) y=+6x+4 ,x=0,x=2 3140
a) —— sq.units b) sq. units
i) y= 16—y, x=0,x=4 S
142 . 124 .
iv) 2y=5x+7,x=2,x=8 c) 3T sq. units  d) 3 sq. units
v) 2y+x=8,x=2,x=4
Vi) y=x+1,x=0,x=3 5) Using deﬁn}te integration area of circle
X +)?=251s
i) y=2-x,x=-1,x=1
vi) y o o a) 5msq. units b) 4n sq. units
Find the area of the region bounded by the ) .
parabola y*> = 4x and the line x = 3. c)  25msq. units d) 25 sq. units
Find the area of circle x> + y* = 25
x2 2
Find the area of ellipse —+ R
4 25
| pupy—N




1L
1)

2)

3)

4)

5)

110))

1)

2)

3)

4)

5)

V)
1)

2)

Fill in the blanks.

Area of the region bounded by y =x*, x=1,
x =5 and the X-axis is

Using definite integration area of the circle
x*+)?=491is

Area of the region bounded by x* = 16y,
v =1,y =4 and the Y-axis lying in the first
quadrant is

The area of the region bounded by the
curve x? = y, the X-axis and the lines x = 3
andx=91is

The area of the region bounded by )? = 4x,
the X-axis and the lines x =1 & x =4 is

State whether each of the following is
True or False.

The area bounded by the curve x = g(y),
Y-axis and bounded between the lines y = ¢

d y=d
and y = d is given by jxdy = I g(y)dy

y=c

The area bounded by two curves y = f(x),

y =g(x)and X-axisis

if(x) dx—jg(x) dx

The area bounded by the curve
v =f{x), X-axis and lines x =a and x = b is

j).f(x) dx

If the curve, under consideration, is below
the X-axis, then the area bounded by curve,
X-axis and lines x = a, x = b is positive.

The area of the portion lying above the
X-axis is positive.

Solve the following.

Find the area of the region bounded by

the curve xy = ¢?, the X-axis, and the lines
x=c,x=2c.

Find the area between the parabolas
y*=Tx and x*> =7y.

3)

4)

S)

6)

7)

Find the area of the region bounded by the
curve y = x* and the line y = 10.

2 2

Find the area the ellipse Yo
16 9

Find the area of the region bounded by
y=x%the X-axisandx =1, x = 4.

Find the area of the region bounded by the
curve x> =25y, y =1, y =4 and the Y-axis.

Find the area of the region bounded by the
parabola y? = 25x and the line x = 5.

[

SR s ]

From the following information find the area
of the shaded regions.

1))

2)
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Differential Equations and Applications

7 Let's Study

e  Differential Equation

e  Ordinary differential equation

e  Order and degree of a differential equation
e  Solution of a differential equation

e  Formation of a differential equation

e  Applications of differential equations

Iﬁ\\ Let's Recall

Independent variable

Dependent variable
e  Equation
e  Derivatives

e Integration

& Let's Learn

8.1 Differential Equations:

Definition: An equation involving
dependent variable(s), independent variable
and derivative(s)of dependent variable(s) with
respect to the independent variable is called a
differential equation.

For example :

d
1) d—i+y:x

2
2) xzﬂ+xﬁ+y=0

4) rﬂ+ee =8
do

2

5) /1+d—y:d—{
dx  dx

6) xdx+ydy=0

8.1.1 Ordinary differential equation

A differential equation in which the
dependent variable, say y, depends only on one
independent variable, say x, is called an ordinary
differential equation.

8.1.2 Order of a differential equation

It is the order of the highest order derivative
occurring in the differential equation.

ﬂ+y=x 1s of order 1
dx
2
x2d_{+xd_y+y:0 is of order 2
dx dx

2
d? a
(dfj +xd—y=2y is of order 2
X X

2d .
e is of order 1
dx

8.1.3 Degree of a differential equation

It is the power of the highest order
derivative when all the derivatives are made free
from fractional indices and negative sign,if any.

For example -

) 1
1) xz[f]x);] +x%+y20

dx’ d . . . o
o * In this equation, the highest order derivative
2 2
3) Zlf =2t is — and its power is one. Therefore this
t X
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equation has degree one.
2 2

dx dx

In this equation,

the highest order

d’y
dx’
this equation, first we have to remove the cube

derivative is

but to determine the degree of
root by raising both sides to the power 3.

2 3 2
(%) :1+(Z—yj . the degree of this
X X

equation is 3.

dy 2x+7
3) —=
dc dy
dx
The equation can be written as

2
(@j = 2x+ 7. Now highest order derivative is
dx

d : . .
d_y and its power is two.Hence the equation has
X

degree two.

We have learnt:

To find the degree of the differential
equation, make all the derivatives free from
fractional indices and negative sign, if any.

8.1.4 Solution of a Differential Equation:

A function of the form y = fix) + ¢ which
satisfies the given differential equation is called
the solution of the differential equation.

Every differential equation has two types
of solutions: 1) General and 2) Particular

1) General Solution:

A solution of the differential equation
in which the number of arbitrary constants is
equal to order of differential equation is called a
general solution.

2) Particular Solution:

A solution of the differential equation
which can be obtained from the general solution
by giving particular values to the arbitrary
constants is called a particular solution.

( SOLVED EXAMPLES )

1)  Verify that the function y = ae* + be™, a,b
€ R s a solution of the differential equation

d’y dy
—Z 4= =2
dx?  dx Y
Solution: Consider the function
y=ae +be™ ... ()

Differentiating both sides of equation I
with respect to x, we get

d
d_i =qe* — 2be™

Differentiating both sides of equation II
with respect to x, we get

2

d
i ae +4be™ i, 11
d’y dy
Now, LH.S = —= + =
ow dx*  dx

= (ae'+4be>) + (ae* — 2be )

(from II and IIT)
= 2ae +2be™
= 2(ae*+be™) =2y (fromI)
= R.H.S.

Therefore, the given function is a general
solution of the given differential equation.

2)  Verify that the function y = e* + ax
+ b, where a, b € R is a solution of the

dzyJ
— |=1
dx

Solution: y=e™>+ax+b .....cuueuun....... |

differential equation ¢* (

Differentiating both sides
with respect to x, we get

of equation I

1 161 |
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Differentiating both sides of equation II
with respect to x, we get

d’y
= e_x
dxz 2y
Consider L.H.S. = ¢* el e (e™)
=e’=1=R.H.S.

Therefore, the given function is a general
solution of the given differential equation.

: EXERCISE 8.1 j

1. Determine the order and degree of the
following differential equations.

d*x (dcY
i —+|— | +8=0
1) dr’ (w]

Y ()

ii) 2 +(—y) —a"
dx dx

3

Vi)

d3 1/6
vii) (d_x{j —9

2. In each of the following examples, verify
that the given function is a solution of the
corresponding differential equation.

iii) [y =, dy
dx 7
iv) |[y=1-logx xzd_2y:1
dx’
V) |y=ae"+be™ d*y
a7
2 2 2 —
vi) lax* +by* =5 ; d2y+x dy2: dy
9% de a ydx

Solution D.E.
i) [xy=logy+|y(1-x)=)
k
11) y=x xdey_nX@—'_n 0
dx’ dx Y

8.1.5Formation of a differential equation:

By eliminating arbitary constants

If the order of a differential equation is n,
differentiate the equation n times to eliminate
arbitrary constants.

( SOLVED EXAMPLES )

1. Form the differential equation of the line
having x-intercept 'a' and y-intercept 'b'.

Solution: The equation of a line is given by,

LA A I
a b
Differeentiating equation I with r. t. x we
get,
Lld ol 1
a bde ~  bdx a
dy —b
T T T e II
dx a

Differentiating equation II with . t. x we
2

get, e 0 is the required differential

equation.

2. Obtain the differential equation from the
relation Ax*> + By* = 1, where A and B are
constant.

Solution: The given equation is
Ax*+By*=1

Differentiating equation [ twice with
respect to x, we get,

1 162 |
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P _
2Ax +2 By y =0
h

d
Ax+By L =0 1l and
dx
d*y (dyY
A+B£y—;v+(—yj ] P il
ax dx
since the equations I, IT & III are consistent
in A and B,
x° y? 1
dy
X — 0=0
4 dx
d’y (dy Jz
1 —+ =] 0
4 dx* (a’x

is the required differential equation.

3. Form the differential equation whose
general solution is x* +)* = 4ax

Solution: Given equation is
x* +y* = 4dax

Since the given equation contains only
one arbitrary constant, the required differential
equation will be of order one.

Differentiating equation I with respect to x,
we get,

d
3x2 + 3y? Y —4a
dx
To eliminate a from the equations I & II,
substitute the value of 4a from equation II
inl

d
x4y =x(Bx*+3)? d—y)
e

d
X+ =3x*+3x)7 d_y
e

d
that is 2x* - y* + 3x)? 2o,
dx

is the required differential equation.

We have learnt:

To form a differential equation by
eliminating arbitrary constants, if 'n' arbitrary
constants are present in the given equation
then differentiate the given equation 'n’' times./

: EXERCISE 8.2 'j

1. Obtain the differential equation by
eliminating arbitrary constants from the
following equations.

i) y=Ae*+B.e™
i) y=c,+ L

X
iii) y=(c, +cx)e'
iv) y=ce+ce”

v P=rey

2. Findthedifferential equation by eliminating

arbitrary constants from the relation
x*+y?=2ax
3. Form the differential equation by

eliminating arbitrary constants from the
relation bx + ay = ab.

4. Find the differential equation whose
general solution is x* + * = 35ax.

5. Form the differential equation from the
relation x* + 4y* = 4b%,

8.2.1 Solution of a Differential Equation:

Variable Separable Method.

Sometimes, a differential equation of first
order and first degree can be written in the form

) de+g()dy=0 e I

where f{x) and g(y) are functions of x and y
respectively.




This is said to be Variable Separable
form, whose solution is obtained by integrating
equation I and is given by

[fx)dx + [g(y) dy= ¢, where c is the constant
of integration.

Now, we solve some examples using
variable separable method.

( SOLVED EXAMPLES )
. . .oody 1+y
1. Solve the differential equation — = ——
dx l+x

Solution : Separating the variables,the given
equation can be written as,

dy dx

1+y Cl+x
Integrating both sides we get,
Iﬂ Y LI

I+y I+x

log (1 +y)=Ilog (1 +x)+logc

log[“—y] =logc
I+x

. . . dy
Solution: Given equationis y —X o =0
A%

Separating the variables we get, Integrating

@ = @ both sides we get,
X Yy

L[

X y

logx = logy + log ¢
log x - logy =log c

log(x/y)=log c .. oo

Note - When variables are not separated
we use the method of substitution

( SOLVED EXAMPLES )

1. Solve

(2x-2y+3)dx—(x—y+1)dy=0, hence
find the particular solution if x =0, y = 1.

Solution : The given equation is
2x-2y+3)dx—(x—y+1)dy=0
(x—y+1)dy=(2x—-2y+3)dx

Dty
S l+x dy  2x-2y+3 2(x—y)+3
dc  x-y+l1  x—y+l
2. Solve the differential equation . ) ) . .
. _ This equation cannot be written in variable
Jeddx + (1 +¢)dy=0
separable form.
Solution : Gi tion 1
ofution : Ltven equation 15 Use the method of substitution.
3edx+(1+e)dy=0
© ( ) dy Putx—-y=t
This equation can be written as
L b b
3exx dr + dy=0. Cdx de  dx dx
I+e Using these in given equation we get,
Integrating both sides we get, di 2143
J'3€xdx+hdy:() dx t+1
I+e | 2+3 _dt
S 3log(1+e)+y=c t+1  dx
d
3. Solve y—X—y =0
dx
| N




dt _t+1-2t-3 —1-2
dx r+1 r+1
LAS

t+2

Integrating we get, .[ % dt=—[ldx+¢
t+

J. t+2 dt—j l.dx+c

j(1——j dt = [~1.dx+c

t—log(t+2)=—x+c,
Resubstituting the value of t, we get,
x—y—log(x—y+2)=—x+c
2x-y—-log(x—y+2)=c
which is the required general solution.
To determine the particular solution
we have x = 0 and y = 1, Substitute in I
2000-1-1log(0-1+2)=c,

c=-1

2x —y—log (x —y +2) +1=0is the
particular solution.

We have leant:

To solve a differential equation of first

order and first degree, separate the variables
and integrate the equation.

For each of the following differential
equations find the particular solution.

) (x=yx)de—(+x%)dy=0,
whenx=2,y=0

i) (x+1) %— 1=2e7,
wheny=0,x=1

iii) y (1 +logx) dx/dy - x log x =0,

whenx=¢, y=¢%

d
iv) d—y=(4x+y+l),wheny=1,x=0
X

8.3.1 Homogeneous Differential Equation:

Definition : A differential equation

fix, y) dx + g(x, y) dy = 0 is said to be

Homogeneous Differential Equation

if f(x, y) and g(x, y) are homogeneous
functions of the same degree.

For example:

1))

2)

x3dx +)*dy=0is homogeneous differential
equation because x* and y*are homogeneous
functions of the same degree.

xXydx + 87dy = 0 is homogeneous
differential equation because x?y and )?
are homogeneous functions of the same
degree.

8.3.2 Solution of Homogeneous Differential

Equation:

Method to solve Homogeneous Differential
Equation:

g EXERCISE 8.3 ‘j To solve homogeneous differential
equation
1. Solve the following differential equations
& q Foe)dx + 20e) dy =0, oo
1) Z:—y =xy+y we write it as
g I ACSY) I
a0 o )
i) —=-k(©O-0,) gy
To solve this equation we substitute
i) -y dy+(0?+tx?)dx=0
y=tx
d dt
dx dx dx dx
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Then equation II is converted into variable
separable form and hence it can be solved.

Let's note : After solving equation II,
resubstitution t = X will give the required
X

solution of the given equation.

( SOLVED EXAMPLES )
1. Solve: (1+26dex+Zey(l—£jdy:0
v

Solution: The given equation can be written as

X

dy 1+2e’

A x)
T e El—xJ
y

This is Homogeneous Differential Equation
To solve it, substitute y =t x

differentiating with respect to x we get,

equation I can be written as
1

dt 1+ 2e!
T T
v 2e4(1—j
t
dt 142¢

w1
dx o (1— j

¢
—(1+2e% +(z—1)2e“’)

2¢ (1—1)
t

(1+2te% )

Integrating both sides, we get

J-Ze%(l—l/t) Crdv
142 X

log [1+2t(e")]+logx=logc

log [1+2te"]x=logc

x(1+2te)y=c

Resubstitute the value of t = % We get
x£1+2()/)eyJ =c,
X

x+2ye”=c

which is the required general solution.

2. Solve:(x*+)y*)dx—2xydy=0
Solution: The given equation can be written as

(* + %) dx =2xy dy

&y _(x+r) I
dx 2xy
To solve it, substitute y =t x.

Differentiating with respect to x we get,
dy dt

—=t+x—
dx dx

Equation I can be written as

dt 2417y 20+1Y)  1+4
Hx_:(x x) _x( ) _

dx 2xitx 2x%t 2t
xﬁ_lﬂz 17
dx 2t 2t
2 a=t
1—t¢ X

which is variable separable form.

Integrating both sides, we get,

2t dx
J.1—12 dt:J‘?

—log (1 —t*) = log x + logc,

log x +log (1 —t})=log c




log x (1 —t*)=log c,

x(1—t?) = c. Resubstitute the value of t = % ,
we get
2 2 2
X(l—y—zJ:c , _x(x 5 Y ):C
X X
(¢ —)*) =cx
which is the required general solution.
N\

/
We have learnt :

To solve a homogeneous differential

equation, separate the variables using
substitution % =t and integrate it.
: EXERCISE 8.4 j

Solve the following differential equations.
I. xdx+2pdx=0

2. Ydx+(xy+x?)dy=0

3. xXydx—(x*+))dy=0

Q+x—2y
dx 2x-y

=0

5. (*=y)dx+2xpdy=0
6. xydy/dx=x*+2)°
7. x*dyldx=x>+xy-)*

8.4.1 Linear Differential Equation :
General Form

The general form of a linear differential
equation of first degree is

where P and Q are functions of x only or
constants.

8.4.2 Solution of Linear Differential
Equation:

To solve i +Py=Q
dx

The solution of equation I is given by

y.(LE)=[Q. (LF) dx + ¢
where LF. (Integrating factor) = eP®
Let's Note: If given equation is linear in x,

d
that is d—x + P.x = Q, where P and Q are functions
'y

of y only then its solution is given by
x(LF)=]Q.(LE)dy+c,
where LF. = elrdv

Working rule to solve first order Linear
Differential Equation.

1. Write the equation in the form

dy
= +Py=0Q.
e y=Q

ii. Find LF = el

iii. The solution of the given differential
equation is y. (LF.) =JQ. (LF.) dx + ¢

( SOLVED EXAMPLES )

1. Sol Q—XWL
. 0ved)C y

Solution : Given equation can be written

y
as ——y=x
dx Y

Here P=—-1and Q=x

IF — ejpdx _ e_‘-—ldx _ eix

Hence the solution of the given equation is
given by
ye = J‘x.e’xdx +c

et = xe1 _J-e 1

dx+c

yve =—e " (x+D)+c
x+ty+1=ce
dy Yy _ 3
2. Solve —+==x"-3
olve — -+
Solution : Given equation is of the type.

dy
—+Py=0,
e Y 0




1
where P= — and Q =x’* -3
fra
[F.= eP&r=¢" =gler=yx
The solution of the above equation is

given by

y(LF)=JQ.(LE) dx + ¢

y.x=J(3=3).xdr+c

xy=J(x*=3x)dx +¢

5 2
X

xy = — ———+¢, which is the solution of
5 2

the given differential equation.

/ \
‘We have learnt:

To solve first order Linear Differential
Equation

d
1. wirte the equation in the form - Py=
dx
Q.
ii. Find LF. = el

iii) The solution of the given differential
equation is y.(LLE.) = JQ.(LE.) dx + ¢

E EXERCISE 8.5 ‘j
Solve the following differential equations

1. % +y=e"

1. % +y=3

iii. xﬂ+2y:x2 log x
dx

dy
iv. +y)—=1
v. y)dx
v.  ydx+(x—y)dy=0
dy
i —+2xy=x
i dx 4

Vii. (x+a)@:—y+(a)
dx

viii. dr+(2r)d0 =846

8.5.1 Applications of Differential Equations

1) Population Growth and Growth of
Bacteria.

If the population (P) increases at time t
then the rate of change of P is proportional to
the population present at that time.

.. dp dp
Thisis —oc p, —=
ai Py
where k is the constant of proportionality.
Integrating jd—p = Ikdt +c
p
log P=kt +c

S P=¢ekt = a .eMwhere e =a,

which gives the population at any time t.

( SOLVED EXAMPLES )

1. Bacteria increase at the rate proportional
to the number of bacteria present. If the
original number N doubles in 3 hours, find
in how many hours the number of bacteria
will be 4N.

Solution: Let x be the number of bacteria at
time t. Since the rate of increase of x is
proportinal to x, the differential equation

. dx
can be written as E o X

dx .
E = kx, where k is constant of
proportionality. Integrating we get,

g [Ldt+c

X

Solving this differential equation we get,
logx =kt + c,

x=ae" wherea=¢€................ I

given that when t =0, x = N.

From equation I we get N =a.l,

a=N, x=Ne ... II

Also whent=3, x = 2N,

From equation II, we have 2N = N ¢’




ek=21e. eX=2"" TII

Now we have to find out t when x = 4N
From equation II, we get 4N = N e
4=¢k 22=20{3=2 t=6.

Hence number of bacteria will be 4N in 6
hours.

2. The population of a country doubles in
60 years, in how many years will it be triple
when the rate of increase is proportional to
the number of inhabitants

(given log 3 =1.5894)
Solution:
Let P be the population at time t.

Since the rate of increase of Pis proportional
to P itself, the differential equation can be

written as d_p o p
dt

dp

= =k

dt P

where k is the constant of proportionality
. dp
Integrating I - = jkdt )
p

logP=kt+c........ (D)
1) t=0,P=N fromI

we get logN=0+c,c=IlogN
i1) whent=60, P=2N,

log 2N =60 k + log N

log 2N — log N =60 k

log2
60

log 2N/N = 60k, k =
iiil) Now P=3N,t=7?

log2
from (I) log P = Wt + log N

log2
log 3N — log N =t
og og 50
log3
282 60 =t,
log 2

t=1.5894 x 60=95.36 years.

We have learnt :
For growth

If the population (P) increases at time t
then the rate of change in P is proportional to

. .4
the population present at that time 76 o<p.

% = kP, where k is the constant of

d|
proportionality. Integrating I P - Ikdt ,
p

we get log P =kt + ¢, P = ekt = aeM
(where e“ = a)

Radio Active Decay:

We know that the radio active substances
like radium, uranium etc. disintegrate with time.
It means the mass of the substance decreases
with time.

The rate of disintegration of such elements
is proportional to the amount present at that time.

If x is the amount of radioactive material
present at time t then

dx

dt
proportionality and k # 0. The negative
appears because x decreases as t increases.

= — kx, where k is the constant of

sign

Integrating we get,

d
f—x —_[kdt+e
X

logx=—kt+c,x=e*c=¢gMer

x=a.e™ (wherea=¢°) .............. I

If x_ is the initial amount of radio active
substance at time t = 0, then from equation I

x,=al, a=x

0)

( SOLVED EXAMPLES )

1.  The rate of disintegration of a radio active
element at time t is proportional to its mass
at that time. The original mass of 800 gm
will disintegrate into its mass of 400 gm
after 5 days. Find the mass remaining after
30 days.




Solution:

If x is the amount of material present at
time t then

dx
dr
proportionality

= —kt, where k 1is constant of

dx
?:—J'kdt+c

logx=—-kt+c
x= e—kt+c — e—kt _ec

x=a.e™ wherea= € ....cccoocevenr.n. I
Given whent=0, x =800

From I we get, 800 =a.1 =a

x=800e™ ..o II
when t =15, x =400 from II
400 = 800 ek
ek = l

2

Now we have to find x, when t = 30
From II we have
x =800 e3% =800 (e)¢

=800 l6—@—125
- 2) 64 T

The mass remaining after 30 days will be
12.5 mg.

We have learnt :
For decay

If x is the amount of any dacaying material
present at time t then

dx
dt
proportionality and k # 0. The negative sign

appears because x decreases as t increases,
Interating we get

= —kx, where k is constant of

d
J'_x:j—k dt that is log x = —kt + ¢
X

sologx=-kttc,x=elre=eNef

oo x=a.e™ where a=e".

EXERCISE 8.6 'j

@Let's Remember

In a certain culture of bacteria, the rate
of increase is proportional to the number
present. If it is found that the number
doubles in 4 hours, find the number of times
the bacteria are increased in 12 hours.

If the population of a town increases at a
rate proportional to the population at that
time. If the population increases from
40 thousands to 60 thousands in 40 years,
what will be the population in another
20 years?

3
(Given : \/; = 1.2247)

The rate of growth of bacteria is
proportional to the number present. If
initially, there were 1000 bacteria and the
number doubles in 1 hour, find the number
of bacteria after 5/2 hours.

(Given : 2 =1.414)

Find the population of a city at any time t
given that the rate of increase of population
is proportional to the population at that
instant and that in a period of 40 years the
population increased from 30000 to 40000.

The rate of depreciation ?of a machine
t

is inversely proportional to the square of
t + 1, where V is the value of the machine
t years after it was purchased. The initial
value of the machine was Rs. 8,00,000 and
its value decreased Rs. 1,00,000 in the first
year.

Find its value after 6 years.

An equation which involves polynomials
of differentials of dependent variables with
respect to the independent variable is called
a differential equation.




A differential equation in which the
dependent variable, say y, depends only on

MISCELLANEOUS EXERCISE - 8 :I

one independent variable, say x, is called 1)  Choose the correct alternative.
an ordinary differential equation. 3
dy) _dy .
Order of a differential equation : It is the 1. Theorder apd degree of i —X"‘ye
order of highest-order derivative occuring are respectively.
in the differential equation. a) 3,1 b) 1,3
Degree of a differential equation : It is the c) 3.3 d 11
power of the highest-order derivative when
all the derivatives are made free from 2)  The ordzer and degree of
negative and / or fractional indices, if any. PSRN
. . . 1+ & =89 are respectively
(i) General Solution : A solution of dx d’
differential equation in which the number
of arbitrary constants is equal to the order a) 3,1 b) 1,3
of differential equation is called a general ¢ 33 d1,1
solution. .
(ii) Particular Solution : A solution of a ~ 3)  The differential equation of y = & +;2 is
differential equation which can be obtained 7 y 7 d
from the general solution by giving a) { 2% b) x —{+2—y:0
particular values to the arbitrary constants. dx dx dx dx
Order and degree of a differential equation d’y dy ~0 d’y dy -0
.. . C) 5, T e = d) x—z_ — =
are always positive integers. dx dx dbx dbx
Homogeneous  Differential  Equation: . . . .
4.  The differential t fy=ke+ke™
Definition : A differential equation f(x,y)dx © GHierenhal equation oLy = emi,e - 18
+ g(x,y)dy = 0 is said to be Homogeneous e I
Differential Equation if f(x,y) and g(x,y) a) i) —y=e b) f +Z-o
. dx dx®  dx
are homogeneous functions of the same
degree. 2 2
o 0 Xy Poo g TLiyog
The general form of a linear differential dx dx dx
. )
equation of the first order is d—i =PY+Q 5 The solution of ;’l’_y —1is
. X
(I), Where P and Q are functions of x only a) x+y=c
or constants.
b) xy=c
The solution of the above equation (I) is
. _ c) x*+)y'=c
given by y. (LF.) = [Q.(LF.) dx + ¢ where
LF. (Integrating factor) = /P& d y-x=c
If given equation is not linear in y that i 2
dglv 1l CQUAtion 15 not Hheal 1y That 18 6) The solution of ﬂjtx_:o is
D px= Q then its solution is given by dx y
dx ; a) x>+ y*=7
x. (LE)=]Q. (LE.) dy +c, where LF. = ¢l b)) v 4rPmc
c) ¥+y’=c
d x+y=c
1)




111

State whether each of the following is

d
7) The solution of xd_y = legy 18 True or False.
2%
a) y=ac 1) The integrating factor of the differential
b = be* : .
) y=be equation & y=xise
c) y=be™ dx
d) y=e* 2)  Order and degree of a differential equation
8) Bacterial increases at the rate proportional are always positive integers
to the number present. If the original 3) The degree of a differential equation is the
number M doubles in 3 hours, then the power of the highest ordered derivative
number of bacteria will be 4M in when all the derivatives are made free form
a) 4 hours b) 6 hours negative and / or fractional indices if any.
4)  The order of highest derivative occuring in
8h d) 10h . . S
©) ours ) Ours the differential equation is called degree of
) . dy .. the differential equation.
9) The integrating factor of ——+y=e "is
dx 5)  The power of the highest ordered derivative
a)x b) —x when all the derivatives are made free from
0) e d) e negative and / or fractional indices if any is
called order of the differential equation.
2
10) The integrating factor of dxf —y=¢"ise* 6) The degree of the differential equation
. Lo W
then its solution is eé _ dy + is not defined.
a) ye*=x+c b) ye'=x+c dx
©) ye=2x+c d) ye*=2x+c 1V, Solve the following.
II.  Fill in the blanks. 1.  Find the order and degree of the following
1) The order of highest derivative occurring in differential equations:
the differential equation is called .............. d*y R y
of the differential equation. D) I e
2)  The power of the highest ordered derivative 5
when all the derivatives are made free from i) x+ @ 14+ ( Q ]
negative and / or fractional indices if any is dx dx
lled ............ f the differential tion.
cate . 0. cd . crentia faqua 10.n 2. Verify y = logx + c is a solution of the
3) A solution of differential equation which Py d
can be obtained from the general solution differential equation x—{+ D_y.
by giving particular values to the arbitrary dx”dx
constants is called ............. solution. 3)  Solve the differential equations
4)  Order and degree of a differential equation ) dy
. 1) —=l+x+y+xy
are always ................. integers. dx
5) The integrating factor of the differential i) el = x
equation & —y=xis ....... iii) dr=ardo-0dr
dx iv) Find the differential equation of family
6) The differential equation by eliminating of curves y = ¢ (ax + bx?)
arbitrary constants from bx + ay = ab is where A and B are arbitrary constant.
.................
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eQ_x+y+1

4)  Solv
dx x+y-1
2 1
when x = 3 andy =3 Where P = and, Q=
5)  Solve ydx — xdy = — log x dx LE. = e[t =
6)  Solve ylogy dx +x—logy =0 the sjolu‘Fion of the linear differential
dy equation is
7)  Solve(x+y)dy =a’dx y =[2x (LF) dx +c.
8) Solve @+gy:x2 yer = [2x dx+c
dx x
9) The rate of growth of population is  ye™=2[x dx
proporational to the number present. d
. . = 2{xferdx—] dx — dx} +c¢
Ifthe population doubled in the last 25 years . . dx
and the present population is 1 lac, when — — 5 ¢, 1% 1k
will the city have population 4,000,000? m m
10) The resale value of a machine decreases f .
over a 10 year period at a rate that depends e’ =—2xe™ +2] dx+c,
on the age of the machine. When the ey = —2xe~+2 +e,
machine is x years old, the rate at which _
its value is changing is ¥ 2200 (x — 10) per y+ + = ce' is the
year. Express the value of the machine as a required general solution of the given
function of its age and initial value. If the differential equation.
machine was originally worth ¥ 1,20,000
how much will it be worth when it is 10 b
years old? 2)  Verify y = a+— is a solution of
X
2 2 _ 2
11) yde+(xy+x7)dy=0 x%+2%=0
12) x*ydx—(x’+y)dy =0 xb *
y =a+—
dy _ 2 X
X—=Xx"+2
13) . o y dy _
dy dx
14) (x+2y")—== 2
) +2y)—m=y d y oo
15)  ydx—xdy +logxdx =0 dx 7 4
d Consider x—)2}+2—y
16) L =logx ddx
dx =x +2
d
17) ylogy=-=logy-x =
dx b
E Activitios :| Hencey = a+ . is a solution of
1) Complete the following activity. |
d
The equation d_y —y=2x is of the form
X
DR O
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Answers

2
1. Mathematical logic )

Truth values are

i) T i) F i) F
q Exercise : 1.1 h iv) T V)
Sentences (i), (x), (xiii), (xvi), (xvil), (evid), ) 1ruth values are
(xix), (xx), (xxiv) are statements and their truth i) F i) T i) T
valueis T. 1V) F V) T Vl) F
Sentences (i), (v), (vi), (xi), (xii), (Xiv), (xv) are 4 Truth val
statements and their truth value is F. ) futh values are
Sentences (iii), (iv), (vii), (viii), (ix), (xxi), ) F i) T i) F
(xxil), (xxiii), (xxv) are not statements in logic. 5) i) He swims if and only if water is not
warm.
ﬁ Exercise : 1.2 h ii) It is not true that he swims or water is
warm.
DD pva ) paq i) pva ii1) If water is warm then he swims.
V) prd V) g iv) water is warm and he does not swim.
2) truth values are
E ise : 1.5
) F ii) F iii) F [ Exercise J
iv) T 1) i) JxeN,suchthatx*+3x—-10=0
It is true statement, since x = 2 € N
q Exercise : 1.3 h satisfies it.
1) 1) Some men are not animals. if) dx €N, such that 3x -4 <9
ii) =3 is not a natural number It is a true statement, since
' x=2,3,4 € Nsatisfy 3x —4 < 9.
1i1) Nagpur is capital of Maharashtra
) i) VneN,n>1
v) 2+3=5
It is true statement, since all » € N
2)  Truth values are satisfy it.
i) F ii) F i) T iv) 3n e N,suchthat2n-1=35
It is true statement, since n = 3 € N
q Exercise : 1.4 h satisfy 2n — 1 = 5.
) y v) dye N,suchthaty+4>6
1) 1) p—q i) ~P i) ~PAq
] ) It is true statement, since y =3, 4, .......
V) peo~q V) peq Vi) poq € N satisfy y + 4 > 6.
| pEp——




v)

3y e N, such that 3y —2<9 3)

It is true statement, since y =1, 2, 3,
....... € N satisfy it.

i) Converse : If they do not drive the car
then it snows.

Inverse : If it does not snow then they
drive the car.

2)  Truth value are o )
' . Contrapositive : If they drive the car
i F i) T i) F then it does not snow.
v) F v) F i1) Converse : If he will go to college then
he studies.
q SO0 h Inverse : If he does not study, then he
ill not go to college.
1) i) TFTT ii) FFTT WITL not g0 1o cotlege
) Contrapositive : If he will not go to
i) TTTTTTTT v) TTFTFTFT college then he does not study.
2) 1) tatology 1) contradiction '
: : 4 1) @PA~Parpa~)
1ii) contigency iv) tautology
1) (pA~qQ AT
ﬁ Exercise : 1.7 h i) pA~qVv~r
) i) (pAQ) AT q Exercise : 1.10 j
i) ~@ErQVviIpA~(qv~1)] .
i) pA@ADZ(PAQAT 1) Venn diagrams.
V) ~(PVQ=~pA~q 1) U : The set of all students
] ) ) o S : The set of all hard working
2) 1) 13 is a prime number or India is a students.
democratic country.
. L O : The set of all obedient students.
i1) Karina is very good and everybody
likes her. g
ii1) Radha or Sushmita can not read Urdu.
iv) A number is real number or the square @
of the numbers is non negative.
SN0 # ¢
q Exercise : 1.8 h
ii)) U : The set of closed geometrical
1) 1) Some stars are shining and it is night. figures in plane.
i1) dn e N,suchthatn+1<0 The set of all polygons.
iii) V n e N, (n*+ 2) is not odd number F : The set of all circles.
iv) All continuous functions are not T
differentiable.
2 D Grenv-g ®©
i) (~pA~qQ)A~t1
i) (pv~q) v (qar) DAF=¢
| pupy—




iii) U : The set of all human beigns.
T : The set of all teachers.
S : The set of all scholars.

Where

U : The set of all human beings.
W : The set of all wicket keepers.
B : The set of all bowlers.

U
3) 1
N R Y
N-R=#¢
iv) U : The set of all quadrilaterals.
Where
P : The set of all parallelograms. i
U : The set of all human beings.
R : The set of all rhombus. . .
N : The set of all non resident Indians.
U R : The set of all rich people.
P
ii)
U
RcP
CNnR=
2)  Venn diagrams ¢
i) Where
U
U : The set of all geometrical polygons.
C : The set of all circles.
R : The set of all rectangles.
SNC # ¢
1iii)
Where U
U : The set of all human beings. O
S : The set of all share brokers. @
C : The set of all chartered accountants.
U Where
U : The set of all real numbers.
@ P : The set of all prime numbers and
n#2.
WNB = ¢
O : The set of all odd numbers.
1 176 |




E: MISCELLANEOUS EXERCISE - 1:]

L.

II.

I1I.

IV.

1)
5)
9)
13)

i)
iv)

vi)

d 2) a 3) d 4) b
c 6) ¢ 7) b 8) d
c 10) a 11) b 12) d
b 14) ¢ 15) c
Converse i) pAq iii)) F
No men are animals v) F
~p— ~q vii) different

viii) If the problem is not easy then it is not

challenging.

ix) T

1) False i1) True iii) False
iv) False v) False  vi) True
vii) True vii) False ix) False
x) True.

1) sentence (1), (ii), (iv), (v), (vi), (ix), (X),

2)

3)

4)

5)

(xi) are statements. in logic
sentence (i), (vii), (viii), (xii), (xiii)
are not statements in logic

sentence (ii), (iii), (iv), (vi), (vii), (ix)
are statement and truth value of each is
T.

Sentence (x) is a statement and its truth
value is F.

Sentence (1), (v), (viii) are not statement.

1)  paAq 1) pnq iii) peq
v) pArq V) p—q o Vi) peq
vii) peq viil) peoq ix) p—q
X) p—q xi) ~(pAq) Xxii) q—p
xiil) ~p Xiv) p—q

) pr~q 1) p—q o diD) ~(pAQ)
iv) qep

1) Sachin wins the match or he is the

member of Rajya Sabha or Sachin
is happy.

ii) If Sachin wins the match then he is
happy.

ii1) Sachin does not win the match or
he is the member of Rajya Sabha.

iv) If sachin wins the match, then he is
the member of Rajyasabha or he is

happy.

v) Sachin wins the match if and only
if he is happy.

vi) Sachin wins the match and he is
the member of Rajyasabha but he
is not happy.

vii) It is false that sachin wins the
match or he is the member of
Rajyasabha but he is happy.

6) i) F i) T iii) F
iv) T
7y 1) T i) T iii) F
iv) T
8) 1) Demand does not fall or price does
not increase.
i1) Price increase or demand does not
falls.
9) i) F ii) F iii) F
iv) T v) T
10) 1) AABC is not equilateral and it is

equiangular.

i1) Ramesh is not intelligent or he is
not hard working.

ii1)) An angle is a right angle and it is
not of measure 90°, or an angle
is of measure 90° and it is a right
angles.

iv) Kanchanganga is not in India or
Everest is not in Nepal.

v) x € (AnB)andx ¢ Aorxg¢ B.




13)

15)

16)

17)

18)

ii)

iii)

)

i) FTTF
iii) TTTTTTTT
v) TFTFTTFF

ii) FFFT
iv) FTTTFTTT

tautology i1) contradiction
contradiction 1v) contigency
contradiction

Converse : If 4 + 10 = 20, then
2+5=10

Inverse : If 2 +5 # 10, then 4 +10 = 20

Contrapositive : If 4 + 10 # 20, then
2+5#10

Converse : If aman is happy, then he is
bachelor

Inverse : If a man is not bachelor, then
he is not happy.

Contrapositive : If a man is not happy,
then he is not bachelor.

Converse : If I do not prosper, then I do
not work hard.

Inverse : If I work hard then I prosper.

Contrapositive : If [ prosper then I work
hard.

(pv~q) A (~pvq) = (pAQ) Vv ~(pvQ)

i) p A (@AD) = ~[(pva) A (119)]

iii) 2 is even number and 9 is a perfect

)

ii)

square.

A quadrilateral is not a rhombus or it is
not a square.

10—-3#70r10x3 %30

1i1) It does not rain or the principal declares

1)
ii)

a holiday.
(~pvA@PV~)A(~pVv~q)
pvgvr=pv(qvr)

) pA(@vr=@EAqvigAar)

v)

~pAQ=~pVv~q

19) Statement (i) and (iii) are identical
Statement (i1) and iv) are identical
20) 1) U : The set of all human being
A : The set of all men
B : The set of all mortal

U
B

®

AcB

i1) U : The set of all human beings.
X : The set of all persons.
Y : The set of all politician

U

Y-X#0

ii1) U : The set of all human beings.

X : The set of all members of the

present Indian cricket.

Y : The set of all committed members

of the present Indian cricket.

c U

C-M=¢

iv) U : Set of all human beings.
C : Set of all child.
A : Set of all Adult.




OO0

3)

1)  Singular Matrix
1) Singular Matrix
ii1) Non Singular Matrix

iv) Non singular Matrix

CnA=¢
. .. -6
21) 1) T 1) F i) T 4) i) k:7 i) k=6
iv) F
. | o i) k=2
22) i) 7 is not prime number orTajmahal is 8
not in Agra
i) 10<50r3>8
) ﬁ Exercise : 2.2 h
i11) I will have not tea and cofee.
iv) 3n e N,suchthatn +3 <9 s 4
> 2) A-2B+6l=
v) VxeAx+5>11. {_3 23}
3 C=7 93
ﬁ Exercise : 2.1 h |4 6
_ - i 2 ]
-1 =
0 1 5
4 2 Syl
D 0 oa=|Ll ol i) A=|-1 —4 15 3
’ 0 -3 19 26
2 1 LS 5.
L 2]
5 ANT=A 6) (ANT=A
s ) (A ) (D
lll) Azg 27 64 7) 32-4,b:_ ,C:—7
64 125
-3
8) x=7,y=5i,z=\/§
2) 1) Upper Triangular Matrix
i1) Column Matrix 9) i) A=A" .. Aisasymmetric matrix,
iii) Row Matrix ii) Neither A= A"nor A=-A" .. Ais
iv) Scalar Matrix neithgr symmetric nor skew symmetric
matrix.
v) Lower Triangular Matrix . .
iii) A=-A" .. Ais a skew symmetric
vi) Diagonal Matrix matrix.
vii) Identity Matrix
1 179 |




ot 2 1 -l 4 -7 6
10) A=[1 0 -1 B -
5 1 0 AB=|13 2 14 |and BA=|-1 -3 5
-6 3 -1 4 4 2
. Ais a skew symmetric matrix.
AB = BA
3 -1 11
s 4 s 1 Coo
I X=|° Ll Y= o 7y (A+D(A-D=|15 32 -2
i P ) 35 -7 29
) . 9) k=-7 11) a=2, b=-1
; 14 8 12) k=1 13) x=19,y=12
12) A= 3 3,
21 3 | 14) x=-3,y=1,z=-1
~ 15) Jay Rs. 104 and Ram Rs. 150
-10 -16
0o — =
B= 3 3
0 0 5 q Exercise : 2.4 h
13) x—_—l -2
17772
1 —4
2 9 T
14) a=1,b=0, c=—,d=— DDA _L 5}
5 5
15) i) Suresh book shop : Rs. 1050/- in 2 4
Physics Rs. 305/- in Chemistry and i) A"=|-6 0
Rs. 405/- in Maths. 1 5
Ganesh book shop : Rs. 350/- in 0 -2 -4 0 2
Physics Rs. 445/- in Chemistry and A=l2 0 —2| and AT=|—2 0 2
Rs. 1295/- in Maths. )
) 4 2 0 -4 -2 0
i1) The profit for Suresh book shop are
Rs. 665/- in Physics Rs. 705.50/- in Both are skew symmetric.
Chemistry and Rs. 890.50/- in Maths. 6 14
For Ganesh book shop are Rs. 700/-in ~ 6) C' :{ 6 -1 O}
Physics Rs. 750/- in Chemistry and I
Rs. 1020/- in Maths. - -
7 8 35 -10
7) i) -5 8 i) 25 15
q Exercise : 2.3 h 12 18 -15 10
6 —12 9 . L, B
) 1) 4 -8 6 i1) [8] 11) i) 2 + 2
2 4 3 LR 2
L 2 | 2
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6 1 -5 . 0 5 3
i) —| 1 -4 —4|+--5 0 6 4 4 2 B
-5 44 -3 =60 9) é 11 8 -5 10) |_
10 10 2
R’ Exercise : 2.5 h 2
o[22 . 4 2 Exercise : 2.6
1) 1) 3 _4} i1) {_5 J q h
) [ 3 9 3jand| 1 -1 1 i) x=1,y=2,z=1
-1 1 3 -1 5 3
1 -1 2 i) 5 -1
V) x=—=,y=— ,z=-
2 o1 2t 2 2
3
iy S B L
0 0 ? ) 1) x_27y_2 11) XxX=1Ly=
) . - _ i) x=3,y=2,z=1
-3 -1 5
) -8 -5 v) x=-2,y=0,z=3
3) i) i (-1 19 =21
-2 1 7 12 2 3) Cost price T.V. Rs. 3000 and cost price
B - of V.C. Rs. 13000. Selling price of T.V.
B -3 -1 =11] Rs. 4000 and Selling price of V.C.R.
=3 2 6 2 1] 4)  Cost of one Economics book is Rs. 300,
_ Cost of one Co-operation book is Rs. 60
5 ) I -1 i (s 2 and Cost of one Account book is Rs. 60.
12 3] 18| -4 2
E: MISCELLANEOUS EXERCISE - 2 :|
10 -10 2
iii) 1 0 5 -4 . 1) ¢ 2) b 3) d 4) ¢
00 o 5 5 a 6 a 7 b 8 d
9) ¢ 10) a 11) b 12) b
- -1 1 13)yd 14)c 150
L1l 2 .. ; : : :
6) 1) = i |-15 6 -5
512 -1 5 5 5 II. 1) Column 2) 2x3 3) 2
- 4) -1 5) 3 6) 2
4 2 2 13 2 -7 7 IAl 8 A 9 -1
1
7) g -3 0 3 8) -3 -1 2 10) {al b1}|:x:|:|:cl}
3.2 =2 2 0 1 a, blly] [©
Mot )




III. 1) True 2) False 3) True 3 -1 1

4) False 5) False  6) False iv) |-15 6 -5
7) False 8) False 9) False s o o
10) True
. 19 5 =27
-1
v k=2 2) x=3,y=5z=5 D A =512 10 -4
7 -3 -5 19
[5 —23}
4) A-4B+71= 26 30
) 15 14 18) i) x=— ,y=—
7 7
9 a=2 p-_2 i) x=3,y=12=2
7 7 iii) x=2,y=—-1,z=
-9 22 :
-11 13
s 6
11) x=-9, y=-3, z=0 W x=—y=7,2=
1 13
14) 1) Shantaram Kantaram i) x= 6" 32776
Rs.33000 Rs.39000) Rice
Rs.28000 Rs.31500 | Wheat 20) Three numberx=1,y=2,z=3

Rs.2e000 Rs.24000 ) Groundnut

ii) Shantaram Kantaram S Gentiation

Rs.3000 Rs.3000) Rice
Rs.2000 Rs.1500 | Wheat
Rs.0 Rs.8000 ) Groundnut

q Exercise : 3.1 j

2
15) i) Invertible ii) Not Invertible L 1) —(X + —j (1 - —2]
iii) Invertible iv) Not Invertible

2) %(a2 +x2)3

31
. 5 5 4 -1 3 2 8 2
16) 1) 51 i) 7 5 3) 9(5x" —4x” —8x)’(15x" —8x—28)
505
1
. _ IL 1)
-2 0 3 x.logx
51 1 5 ) (40x° +15x” — 6x)
iii) % 3 0 ) (10x* +5x° —=3x* +2)
21 =2 3 2ax+b
5 5 5 ax> +bx+c
M on )




I 1 10x—2). SxP-2x+4
) (10x-2).e III. 1) (logx)” [L + log(logx)} x x'¢ [@}
1 logx b
2) a""*loga.—
X 2) x"(1+logx)+a‘loga
+logx 1 * 10
3) sl )logS.(lﬁL—] 3) 10" x"logl0(1+logx)+10"
X
(10.x°)log10+10"".10" (log10)*
ﬁ Exercise : 3.2 h
L1 1 ﬁ Exercise : 3.4 ﬁ
10+50x
x—4 Y M
2) I 1) Y - 2 3
18x—71 x 3y +ax
3 1+x° 3 - 3 +2xp+y°
25x% +2x+25 x* 4+ 2xy+3y°
x logx
o e’ +ye &
LD l-x L h e" +xe’ %) (1+/ogx)’
S ik i 3) —i
1—4x—x°
2
2
3y —(2x-10) m. 1y 2 2) -
68 x *
3) -
ﬁ Exercise : 3.3 ; ) ¢
ﬁ Exercise : 3.5 ﬁ
I 1) xxzxxleogx 2(1+logx) +
x.logx 1 4 s
1) . 2) 3) 3¢
2) x‘e€ [l + logx}
X o vlog? 2 2
X ’ 2 V 2
3) e'x* [1+logx] v bu
3) x.5%(log5)
II. 1 1 Ly It 1 ! —1
Y +; 254 +; T1tx < Exercise : 3.6 h
(2x+5)"| log(2x+5)+—2= =
2) (2x og(2x 2x 15 LoD -2 2 20X 3) 56x7
1 Bx-1) 32 2 x (2x+1)
D 6o [Sx—l 2x+3+5—x} LoD e 2 477 3 0
IR

1 183 |
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E: MISCELLANEOUS EXERCISE - 3 :] 15 2x 6) e
a*loga.(1+x%) 10*.log10

: 17 -t 18) 1

1) a 2)c 3) a 4) b 5) ¢ 2 ar

6) b b & a 9 d 10c  19) e'(x’+4x+2)

II.
1 4. Applications of Derivatives
nH -1 2)y 3) x 4) y 5);

—1 e .
6 — 7 g’ 8) axy q Exercise : 4.1 h
X y -1
1 ) Sx—-y—-2=0; x+50-16=0
9 »y 10)my by g
i) 2x+3y—-5;3x-2y-1
1)  False 2) True  3) False 2) Ax-y+7=0& x+4y-38=0
4)  True 5) False  6) True 3) 3x-y-8=0&x+3y+14=0
7) False 8) True 9) False
ﬁ Exercise : 4.2 h
IV.
1) 10 (6x° —3x* —9x)*(18x* —6x—9) 1) 1) Increasing,x € R — {2}
4 -1 1) Increasing,x € R,x#0
2)  —(3x*+8x+5)° (6x+8) '
5 ii1) Decreasing, x € R, x #0
3 2log[log(logx)] 1 .
xlogxlog(logx) ) 30-2x 2) ) (22)UE )
5 ———— 6) x".(1+/ogx) PP
79 iii) (—o0, —=3) U (8, )

7) 2% x*log2.(1+logx) 3) i) -3 <x<S

(Gx—4)’ l{ 9 4 1 } i) —oo<r< >
(x+1)*(x+2) 2| 3x—4 x+1 x+2 2

8)
i) —2<x<7
9)  x*(1+logx)+(7x—1)* [log(7x—l) L }
Tx-1 ﬁ Exercise : 4.3 h
10) “3(x" +y° +2xp) 1 —(y+3x%)
(6xy+3x” 1) 2y +x) 1) i) maximum atx = 1, max value = -3 &

minimum at x = 6, min value = —128
x| 2-3x’° 1 1 isn 1 -1
12) ;{m} 13) / 14) 6_\/;e o il) minimum at x = o min value = o

11) minimum at x = 2, min value = 12




2)
3)
4)

1)
3)
4)
5)
6)

7)

8)

10)

11)

12)

13)

first part = 10, second part = 10
Length = breath =9 cm
30

q Exercise : 4.4 h

Decreasing function 2) D <20

x > 100
i) x<120 i) x<118
i) x<27 iii) x <30

i) x <10, C, increasing.

ii) x> 10, C, decreasing

i) R, =36 i)y P=42

i) n=3

3.6 9 P>
. ) P=2

7
1) m=65elastic 1i) 20 inelastic

1) mn =2 elastic i1) % inelastic

1) R increasing, x < 60

1) Profit increasing, x < 59

i) n=2

i) MPC=0.675, MPS = 0.325
i) APC=0.375, APS =0.625

|:: MISCELLANEOUS EXERCISE - 4 :|

I1I.

1) True
4)  True

2) False 3) True

IV.
1 i _¢ = i — ;
) ) (y tj o (x —ct)

C 2 .
(y-8] = e

i) for(-3,-3)2x+y+9=0;x-2y-3
=0and for (-1,-3) 2x—y—-1=0;
x+2y+7=0

i) 10x+2y—8=0;2x—-10y+14=0
v) lox—y+19=0;x+16y+210=0
v) x—-2y-2=0

vi) max at 2 and min at 4

5. Integration

ﬁ Exercise : 5.1 h

. 2 3/2 3/2
i) E((5x—4) +(sx-2)") +e

i) x+—+—
2 6
i) x—4x

5
1v) [9%] —10x* +25x+¢

x—1

V) log +c

X 3

L vi) fx)=x*+5and f0) = -1 fix)= %+5x+c
1) a 2)a 3)c 4)b 5S5a 6)c If x =0, then f{0) = ¢ < c=-1 Hence

3
IL F) = 5x-1.
1) gradient 2) 6(x—-1) 3
3) 14y 4y x=27,y=27 Vi) f(x)=x"—x"+x’ +2x+1

-1 PE.
) - viil) f(x) 0 2+x+2
| 185 |
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ﬁ Exercise : 5.2 h i) 1 log x—1 e
6 x+5
3
) l(1+x2)2+c i) 1log2x—5—2ﬁ|+c
; 82 |2x-5+242]
.. 1
i) —J1+x")+
2 (I+x7)+e iv) 1 log4xz_l_\/g|+c
L (e te) 137 |4x* —14413]
iy (el
3
V) il ﬁ‘i‘
1v) log‘xe"+1‘+c 16 8lar+5 " ¢
V) (x+2)1°_(x+2)8+c vi) ', a+bx e
10 8 2ab a—bx
vi) log|logx|+c 1 Lty
1 1 vii) §10g7 +c
vii) Z(xl+1)2—(x2+1)+§log(x2+1)+c —*
o1 -
viil) 24/x* +6x+3 +c viii) Elog‘ﬁx+\/3x +8‘ +c
i 21, +1]+ .
i) 2loglVx+1]+c ix) 10g‘(x+2)+\/x2+4x+29‘+01
l 6
X) glogx6+1+c X) Llog\/§x+\/3x2—5‘+c
NG)
. 2 2
ﬁ Exercise : 5.3 ; xi) log|(x—4)+(x—4) -6°|+c
1 2
1) —t+%log‘4ez’—5‘+c Xi) Iog‘(x—4)+\/x —8x—20‘+c
ii) 5x+log‘3ex—4‘+c
Exercise : 5.5
o x . ;
111) —x+2log‘2e —8‘+c
2 . 52 52
1)  —logx——+c
iv) 5x—810g|2ex+1|+c 2 4
4x
iy - 4e
4 2
ﬁ Exercise : 5.4 ;
111) —x2e3x—%xe3x+ e +c
) 1 2x—1
i)y —log +c 2
4 12xed V) | -De” +ef
| 186 |




v) e —+c I 1) ¥ =28 455+
X 3
+41 -+
vi) e ! +c 2) xrdloglr—D+e
x+1 x’
1 3) f(x)=logx+—+c
Vi) &' 2
x+1) 4) l1+logx=t
viii) e*(logx)’ +c¢ 1
5) p=-
. X 3
1X) l—+c
o8 II. 1) True 2) False 3) True
X
te 4) T 5) Fal
X) 1+ logx ) rue ) alse
. SxP 3x 21
ﬁ Exorcise 1 5.6 h IV. 1)1)T+T+§log|2x 3|+c
. 9 13/9
1) %log|x+l|+§log|x—2|+c i) 5(5x+1) e
... log2x+3|
B 1 3 1) ————+c
i) Zlog|x|—log|x—1|+zlog|x—4|+c 2
1v) z(x+4)3/2—10\/x+4+c
iii) x—log|x+3|+log|x—2|+c 3
2 3/2 4
X zlo X— 1| 1 V) ); E
S ) T
. x’
Vi) ——+c¢
x+1 5
v _lgl +3| 201 D)
X X 2) i) -logle™ +1]+c
L1 x’ .. 1
- —+c¢
) SZOg x’ +1 e 1 2(ae* —be™)
. , iy log[2+3logx]
vii) —Jog +c 3
n x"+1
iv) 210g‘1+\/;‘+c
viil) 6log|x|—log|x+1|—i+c
x+1 7 .
V) —3x+510g‘4e +l‘+c
E: MISCELLANEOUS EXERCISE - 5 :] 1 5
3) i) —loglx+,[x’—=|+c
2 4
. )b 2)a 3) b 4 c 5a 1 Ity
6c 7Hb 8 a 9 b 10)a i) g loglr—i+c
| 187 |
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1 3x-5 6. Definite Integral
Lo . grals
30 %83
q Exercise : 6.1 h
- 2\/4—13‘
1 8
|10gx+2 \/_| 1) 2 2) log[§j 3) —log(—]
V) ‘1 \/’ 3 2 3
ogx+2++/5 ‘ 32
el 1 9
| 4) 5 5) log 3436 6) —log(—j
1 5 3125 4 7
vi) log tc
85 |\5-4x] A
7 a=-2o0rl 8a=2  9) —(v2-1
1 S5+logx ’
vii) o # o Liog[ 3
—10g X ) 6 gl o 8
11 e’ —
viii) o8 1 +c 11) log?27—4or 3log3 —4

ﬁ Exercise : 6.2 h

4) 1 x(logx)’—2xlogx+2x+c

) ) 0 ) gy
if) +c ) ) 315 )
24+Xx
3
— 4 - 5 — 6) —
i) (2x-1) . ) 5 ) 3 ) 3
4 1
iv) x[log(xz+x)]—2x+log|x+1|+c N0 8) 42
v 2(Vx-1)et 4o [ MISCELLANEOUS EXERCISE - 6 |
vi) xTH x2+2x+5+210g‘(x+1)+\/x2+2x+5 +c L
1) a 2) b 3) ¢ 4) ¢
vii) %\/xz—8x+7—%log‘(x—4)+\/x2—8x+7‘+c 5) a 6) d 7 d 8) ¢
9) ¢ 10) b
. 2 510g|2x+1|
5) 1 z | et i |
) D) 3log|x 1+ e -
x? x+2) . 211 L
ii) ——x+lo + H De-1 2) —  3) Zlog
) 5 g(2x+5 ‘ 5 2 2
2 1 4) 2 5) 2 6) Liog[ 8
iii) ;log (3+10gx)+ilog(2+3logx)+c 5981 3
7) log(§j 8 0
3
| 188 |




I11. V) 5 sq. units vi) 12 sq. units
1) True 2) True 3) False vii) %sq. units

4) False 5) True  6) True 2) 83 sq. units

7) False 8) True 3) 257 sq. units

4)  10m sq. units
IV.

2) lo§6 3)  9og3- 236 L Da 2)c He  Hb 3
1 R I. 1) 3124 sq. units
Y2 R
. 2) 49 msq. units
6) 2 7)  log— 56
3 3) 3 s units
1 8 32
Z oo i
8 plogs 3 4 79 sq. units
3
1
10) 5(28_3\/3_7\/?) 1) log\2 5) ? $q. units
7
12) < 13) —log 4 M. 1) True 2) False
A 3)  True 4) False
4 5+34/3
14) —(v2-1 15) Io 5)  True
) 3( ) ) g( 1443 J
1 17 1 IV. 1) c?log2sq. units
—log| — ——log3
16) 2 og( 5 j 17 2 o8 2) ? sq. units
18) 5+l(510g3+8510g2—4510g2) 40410
2 3) 3 sq. units
log?2
19) T¥log2 20) 6 - 4log2 4) 127 sq. units

5) 21 sq. units
7. Applications of Definite Integral

6) 7?0 sg. units
ﬁ Exercise : 7.1 h

7) A:2jydx:2j5\/;dx
0 0

10035 ,
= Sq. units
ii1) 4w sq. units iv) 96 sq. units 3

i) 3124

sq. units i) 3 s units




q Exercise : 8.3 h
8. Differential Equations and Applictions

3

1. i 1 _X
q Exercise : 8.1 h .o 1) Ogy—?+x+c

11) 0 _ 90 — e—kt+c

1 1
order Degree i) logx—logy=—+—+c
Xy
i 2 1 .
: iv) 2y’ log|l+x|=-1+2y’c
il 2 2
111 4 1 2. ) ‘1+x2H1—y2‘:5
i 3 2
Y i) 3x-2¢"-1=0
\% 1 5
i) exlogx =
Vi 2 1 ) gxX =y
vii 3 1 i) 1 4x+6y+5 —x+tc
Exercise : 8.2
q h q Exercise : 8.4 h
. a’
DY é:%’ ) x*+2y°=c
dy’ dy 1 2y" +xy| 3 2y
e 297 i S logx +—log|———|+—log|——|=c
i x dx2+2xa’x 0 2) g 4 g x’ 4 gx+2y
3
iy DD 3 S =logye
i) Z——-2-24y=0 ) 3 gy
) T 3y
, d’y _dy 4) log x+y‘—llog‘x2—y2‘+210gx=logc
1v) —~—5—+6y=0 x=y| 2
dx dx
5) x*+y* =xc
v) @223)’ 2, 2 4
dx 2 6) X +y =cx
+
dy 7) x_y=cx2
2) 2xy—=—=y"—x X=y
dx
d’y
3) —=0 .
) i ﬁ Exercise : 8.5 h
dy
4 3.3 24y _
) 2x' =y’ +3xy 0 0 ) ye'=xto
5) x+4y@=0 2) ye =3¢ +c
dx
1 190 |




3)

4)
5)

6)
7)
8)

1)
3)

5)

, 4 4

VX :logx.?—£+c
x+y+l=ce’
3xy=y"+c

x2

¢ =—¢" +c
7
y(x+a)=ax+c

yezx =4e* +c¢

ﬁ Exercise : 8.6 h

8 2) 73482

4\
45248 4) 30000 (5)
Rs. 628571

C MISCELLANEOUS EXERCISE - 8 :j

L.

IL.
1)
2)
3)
4)
5)

I1I.

1)
4)

l1)a 2)c 3)b 4)a 5)d 6)c 7)d 8)b
9)c 10)a

Order of the differential equation
Degree of the differential equation

Particular solution

Positive )
d’y
—x 6 :O
€ ) dxz
True 2) True 3) True
False 5) False 6) True

IV.
1)

2)

3)

4)
5)
6)

10)
11)

12)

13)
14)
15)
16)

17)

1) Order: 3, Degree : 3
i1) Order : 1, Degree : 3

2
d);+Q:O
dx”  dx

2
1) log|l+y|=x+%+c

1) y=x(logx—-1)+c
1) logr=alog|l +0|+c

2 72
xd_zy_z)cz dy 5
dx dx dx
+2xy =0

+ xzy + 2y

1
logle+yl=y-x+7
loglx+y+1|=cx

2xlogy = (logy)* + ¢
y
' +x+y=ce’

5x%y =x°+c

50 years

Rs. 10,000
xy?=cXx +2y)

3

X
logy — §=c

x2 +y2 — CZx4
x=y(ct?)
y=cx—(1+logx)

y=xlogx—x+c

1
xlogy = 5 (logy)* +c¢
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