—CSM - 52/18
Mathematics
Paper-1|

Time : 3 hburs |

Full Marks : 300 |
The ] gures in the nght—hand margin :ndfcate maﬂfs'.
Candldates should attempt Q. No. 1 from
Section — A and Q. No. 5 from Section - B
which are compulsory and three ofthe

remaining questions, selecting at least
one from each Section.

- SECTION -A
1. Answer any fi five of the followmg

(a) ShowthatW {xy.2e R3:x+2y-z= 0 |
. 2x—y+3z=0}isa subspace of R%. Find a
- basis and dimension of W. ‘ 12' '

) The order of each subgroup of afinite group

* s adivisor of the order of the group. - 12

() Prove _th.at, for any positi_ve integer n, the ring
Z of all integers modulo n is an integral

domain if and only if n is prime integer. 12

BD-5258 = ( Turn over)



(d) Check whether the-matrix 11 -2
: : -2 1

| 0 1 -1)

is diagonalisable. If so diagonalise itand

also find the diagonalising matrix. 12

(€) Prove that the plane ax +by + cz = 0 cuts the
cone yz + zx + Xy = 0 in two perpenidicular
‘m%ﬁ%+%+%:a 2

() A variable sphere passes through
the point (0, 0, £ ¢) and cuts the straight'lines
y=xtanao,z= candy——xtan o, =—crn
the pomts p. p’ respectively. Mf p . p’ =2a,
wheré alis a constant then show that the .

_ centre of the sphere lies on the circle z = 0,
X2 + y2 (a2 c2)cose022a ) : - 12

2. (a Prove that the setS of all real numbers of

the form @ + b\/_ where a, bare integers, is N

an mtegral domarn wrth respect to usual e

' addrtron and multlphcatron B '-f-i:'.': - -15 |
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-(b) Show that the int‘eréection of two normal
sﬂbgroub‘s of a-group G isv alsoa normal =
subgroup of G - 15

(© Prove that the set Zg of :ntegers modulo 5

forms afi eld under multiphcation modulo 5.

15

f(a 0y . |
(d). LetR" = lo o aelR wherelklsaﬂng
4 0 :
andf: R——)Rbedef'nedbyf((o OD-a

, (a 0} L
- for all (0 0] e R’. Show that f is an
isomorphism. S 15
3, (a) Let V be the real vector space
spanned by the rows of the matrix
(3210 9 0
1 7 -1 -2 -1 __

“l2 14 0o 6 1
6 42 -1 13 0
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Find a basis for V. If (xq, X5, X3, X¢) I In' V,
what are its coordinates relative 'to the
ordered basis of V? 15
(b) The matrix of a Iinear_mapbing T:R3SRZ
' re[ative to the ordered bases {(0, 1, 1),
(1,0,1), (1,1, 0} of R® and {(1 0), (1, W} of

R2js {1 2 4 FindT- 15
2 10 -

(e) Show that, the elgehvafues of a real skew
symmetric matrix are either zero or pure
lmaglnary ?. o 156 .

@ Leta= 1 ‘73 2} Find a non-singutar

l2 5 8 |
matrix P such that D = PTAP i diagonal and
also find the s;gnature of A. 15

S 4;  (a) Show that only one tangent plane can be
drawn to the sphare X2+ y2 42220+ By + -
2z+8=0 through the straight Iiﬁe _.'3x — 4y~

8=0=y _3z+ 2, Also, find the piaﬁe. 15
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(b) If the two pair of Imes x2 — 2pxy —y2 = =0and
x2 2qu y2=0be such that each pair
blsects the angte between the other pair |

" "-:.:_then proye thatpg=—1. .15
(o) ffa enhe,fe'tcuches the planes 2x + 3y ~6z +
. 14=0and 2x+3y—6z+42=0andifits
centre lies on the strarght line. 2x +z=0,

y=0, fnd the sphere 15

C(d) A plane meets the coordlnate axes at
~AB.C such that the centrotd of the tnangle

" ABC is the pomt (0.. B y) Show that the -

" equataon of the plane is = + é + —{ =3.15

- SECTION — B

5. Answer any fi f ve queettons of the follownng

(a) Prove that every Cauchy sequence of real

numbers converges } '_ ) 12 -

(®) Examlne the ccnvergence of the series |
P— x>0 12
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8.

(©)

(@)

©)

)

(@)

The smaller segment of the ellipse
2 2 - '
. . X :
5—-+l%=1cutof_fby‘thechorci—+y-='l |
a“ b a b

revojves completely about this chord, find the -

volume of the solid spindle thus ge_nerated.1 2

USirig contour integration method, prove that ;
T cosmx T -

dx = = : o
2% +1 2° ,m>0. 12

Find the Laurent’s series of the fo!iowing
functions: | 12
) —= o2
i about the pointz = 2.

z-2°

22 T '
(i) - aboutthe pointz=0.
Z

Find the area of the surface of the cylinder
x2 + y2 = 4a2 above the xy-plane and bound -

bytheplanesy=0,z=aandy=z 12 |

Using Cauchy's residue theorem, evaluate

T 1 dx. ' : 15’

4
ox. + 1
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ysrn y)and @ = u+ivisan

nd f(z) in terms*
. 15

(b)- fu= = g¥(xcos Y —

analytic function of z=x+iy I

of z.

(© Provethat 2 {nx e~ (n- 1)xe'(“ )

converges on0<x<1 but not uniformiy. 15

ded sequence has a

(d) Prove that evenj boun
15.

N convergent subsequenoe

-(a) App\y Lagrange s Mean Value theorem

to the function l0de
~xt<t, foralix>0. 18

here E is the

y=
15

7.
(1+x) 1o show that

0 <floget * )

(b) Evaluate ﬂ -y dxdy s W

closed regron bounded by the lines y = X,

x-1,Y¥7 Oy 1.

(c) Show that -
[[yadydz + Ldzdx + xydxdy) = % —
S
“where S'is the outer su

rface of the sphere
;2 = 4 in the first octant '

X2 + Y2+ 15
- (Turn over)
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o (d)‘._Testthe conv‘ergence of;_ f .T_dx 15
8. (a)-lfr-] |where ,-x;+yj+zk fmdf(r) |
such that Vf—- andf(1) 0 16

oy L(b)_Venfy the dlvergence theorem for the vector -
X func!ron F 4xzr +y21 +yzk taken overthe'-
B cubeboundedbyx 0 X = 1 y 0 y 1
L z=0z=q B T R
N :uiEvaluate by Green s theorem_‘_;_
S G 55{(x2- cosh y)dx + (y + srn x)dy} where C 'S'::'

-f‘:the rectangle wrth vert;ces (0 0) (n, 0) N

o and (1, 0. L 1'5','

e (d) ::Verrfy Stokes theorem for F = (2x y)r

: :'Pyzzj - y2zk where S'is the upper haif
"lsurface of the sphere x2 + y2 + 22 1 and C; o
ir's' rts, boundary CL T 1 5
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